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Analisi m atem atica. —  Flows of heat. N ota di J o s e f  K r â l , 

presenta ta (#) dal Corrisp. G. F i c h e r a .

RIASSUNTO. — Sia D un insieme aperto con la frontiera com patta B =|= 0 nello spazio 
Euclideo R m , m  >  1. Fissiamo Ti <  T2 , poniamo F =  B x  (Ti , T2) , E =  D X (Ti , T2) e 
indichiam o con $ T l’insieme delle funzioni C°° (Rw+1) a supporto compatto contenuto in 
R.m X (■— 00 , T2). Per ogni misura di Borei p a supporto contenuto in F consideriamo il 
corrispondente potenziale del calore Up. e definiamo su S)Tz il funzionale H p come

(9 , Hp) =  

i
In  questa N ota sono studiate le proprietà dell’operatore H: p ->  H p e le sue applica­

zioni al problem a di Fourier.

3U p (z) dtp (.z)

y=i dz.
J

dz.J
-Up(^) 39 (z)

dz. &Z , 9 G 3)t

We shall deal with potentials associated with the well-known kernel

G O l , • • •, ZM+Ì) =  zm+{2) m exp I — E  zj!a Zm+\J , Zm+1 >  O ,

G (z± j * • •, o , zmjri fU o.

L et D be an open set with a com pact boundary B =j= 0 in the Eucli­
dean m -space Km , m  >  1, and put

C - = B x < T i , T a) , E =  D x (Ti , T 2),

where Ti <  T2 are fixed real num bers. Let cB' denote the class of all finite 
signed Borei m easures p in R ^+1 such th a t | p | (R m+1\ C )  — o, where 
I p I (M) denotes the variation of p on M C R m+1. gB' will be considered as
a B anach space with the norm  ]| p || =  | p | (C) , p e gB'. It is easy to verify
that, for each p £ cB', the corresponding therm al potential

U ji(* ) = J g (z —  Ç)dp(Ç)
c

has integrable derivatives ( j  =  1 on E. This permits us
j

to introduce the distribution H p  in the half-space R t 2 =  R m X (—  00 , T2) 
defining for 9 € 3>t2 ( =  the class of all infinitely differentiable functions in 
R m+1 with com pact support in R t 2)

<<P . H p) =  J
E

3U p (z) 3tp(s) _  u  (x (^) - 3<p(z)dz. dz, d*.
m+1

(*) Nella seduta dell’B febbraio 1969.
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H p  will be term ed the heat flow associated with p and E. We shall say 
th a t H p  is a m easure provided there is a v e ä '  such th a t

(<P » H(x> =  J <p dv , cp e $ T, .
c

If  this is the case then v (which is uniquely determ ined) will be identified 
with Hp. O ur m ain objective is to determ ine necessary and sufficient geometric 
conditions on D guaranteeing th a t H(i is a m easure for each p e SB' and 
to investigate relations between analytical properties of H and geom etrical 
properties of D. For this purpose it is useful to adopt the following concept 
of a hit as introduced in d), definition 1.5. Given x  6 R ” , r  >  o and 
0 e r  =  R O { 6 ; j 6 I =  I }, let Sr (0 , x) =  {x  -j- p0 ; o <  p <  r} . A  point 
j  6 Sr (6 , x) will be term ed a hit of Sr (0 , x) on D provided each neigh­
borhood of y  in Sr (0 , x) meets both D f iS r (0 , x) and Sr (0 , * ) \ D  in a set 
of positive linear m easure. I f  nr (0 , x) denotes the num ber (possibly o or 00) 
of all the hits of Sr (0 , r ) o n D  then, by proposition 1.6 in nr (0 , x) is a 
Baire function of the variable 0 e T and we are justified in defining

vr (x) =  j n r (0 , x) dc7r  (0), 
r

where d<rr  is the area elem ent on T. A rgum ents sim ilar to those used for 
the proof of theorem  1.13 in perm it one to establish the following result.

THEOREM i.— In  order that H \x be a measure fo r  each p, e cB' it is neces­
sary and sufficient that

( 1) sup vr (x) <  00 .
ieB

I f  the condition (1) is fulfilled then H : p -> H p is a bounded operator on

In  w hat follows we always assume (1). By lem m a 2.7 in d), this implies 
the existence of the density

d (x)  =  lim volume ( Dn { y  ; \ x  —y \  < r } )  
d {   ̂ > ^ 0+ . volume ({jr ; j x y  | <  r})

for a’ny  x  6 R  . Let IB denote the Banach space of all continuous functions 
on F  =  B X < T i,T 2) vanishing on F \ C  =  B x { T 2}, equipped w ith the 
suprem um  norm. For further investigation of H it is useful to have an 
integral representation for the operator W 0 on cB whose dual is H. Given 
*  e B ; 0 € T and r  >  o, we let s (r ; x  , G) == s ( =  ±  1) if there is a 8 >  o 
such th a t r +  ( r + s p ) 0 e D , r  +  (r  — s p ) 0 e R m\ D  for alm ost every 
P e (o . S); otherwise we set j  (r ; x  , 0) =  o (compare d>, 2.4). I f /  e SB , 7] >  o 1

(1) Josef Kràl. The Fredholm method in potential theory, «Transactions of the 
American M athem atical Society», J25, 511-547 (1966).
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and z  =  [x , t] G F, we put for 0 € F

0  ; ^ » 0) =  X / (* +  rO , t  +  — ) J (V ; * , 6) ,

the sum  on the right-hand side being extended over r  satisfying o < r  <  
<  2 [t] (T2 — / ) F 2. Then Ey (# ; 7) , 0) is defined for crr -a lm ost every 0 6 T 
and the integral

w < * )  =

00

W Yjl/2*» 2y ; 7] , 0) d<7r  (0)

is m eaningful for all z G F and /  6 cB. We have now the following analogue 
of lemma 3.4 in

P r o p o s i t i o n  i .—Given z — , • • •, ^m+i] e F  , let 5 =  , • • •, zm] and
define fo r  f  6 eB

W o / (*) =  2— 1 [W /W  +  2 7T1/2- d D (* ) /(* )] .

Wo f  € cB fo r  each /  E cB, operator Wo : f  Wo f  is bounded
on cB æzz<7 H A <7zzæ/ to Wo .

Consider now the operators

W a =  W 0 — 2w 7c1/2« a l  , oc-gRI,

where I is the identity  operator on cB. Since H =  (2w 7r1/2^ a l  + W a)' [here 
( . . . ) '  stands for the dual of ( . . . ) ] ,  it is im portant to evaluate

wWa =  inf ! W a —  T  I '
T

with T  ranging over all compact operators acting on cB. It appears that 
conditions guaranteeing the validity of the estim ate

(2) inf y <  2m je1/2 m
a + 0 I a'l

m ay be expressed in term s of the quantities V 0 (M) defined for M C B  as 
follows:

Vo(0) =  o,

V 0(M) =  lim sup vr (x) ,M  =j= 0  .
r->-o+ #eM

T hey are given in the following theorem  whose proof is based on propo­
sition I and reasonings sim ilar to those used in the proof of theorem  3.6 
in (i).

T h e o r e m  2.— Let A =  2 tu1/2 mjY  and pu t

Bi =  B n  {% ; do (x) =  1}, B2 =  B n  f i  ; dü.OO =  -T | •
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Then (2) is valid i f  and only i f  

(3) Vo (Bi) <  A  and V 0 (B2) <  -  A.

I f  the conditions (3) are fulfilled then y 6 R 1 \  {o } satisfying
CO W y inf coW„
I n  a 4=0 1 “ i

is uniquely determined and one may distinguish the following cases (i)—(iii) :

O') Bi =  0 ,

(it) B2 =  0  or Vo (Bi) >  Vo (B2) +  ~  A,

(iii) Bi =4= 0  =H and | Vo (Bi) — Vo (B2) j <  — A.

The corresponding values of y and a =  are then given as
follows-. 2"  Y *

(0  =* Y = ~  , TA« =  V o(B2),

(zt) y =  I , A  a =  Vo (B i) ,

(, ï Q ^ t = 3. +  J V ^ - V .( B ,)  f

4 2 Vo(Bx) — V0 (B2) +  | A

Com bining the above results w ith the Riesz-Schauder theory  one 
obtains the following corollary concerning the Fourier problem.

Vo(B1) +  V0 (B2) + - i - A

COROLLARY.— I f  D  fu lfils  (3) then H has a bounded inverse on cBr. 
Complete proofs together with further references will be given elsewhere.


