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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fìsiche, matematiche e naturali

Seduta dell’ 8 febbraio iç6 ç  

Presiede il  Presidente B e n ia m in o  S e g r e

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi funzionale. — On some classes of normaloid operators. 
Nota di G h e o r g h e  C o n s t a n t i n , presentata (,) dal Socio G. S a n s o n e .

RIASSUNTO. — In questa N ota si dà una generalizzazione del teorema di Arens d i 
localizzazione dello spettro per una classe di operatori normaloide e un teorema di stru ttu ra  
p e r1 gli operatori invariantem ente normaloide.

1. L et T  be a bounded linear operator on a H ilbert space H.
The operator T  is called norm aloid if

Sup {| <  T x  , x  >  I } =  I T  I 
ll*ll=i

The purpose of this Note is to obtain some inform ation about norm a­
loid operators. In  the first part of this Note an extension of theorem  of Arens 
about location of spectra is obtained. In  the second p art some structure 
theorem s for Riesz operators which are in some subclass of norm aloid opera- 
tors are given.

2. Let T  be an operator on H ilbert space H. Following [3] the operator T
is of class (N) if

||Tt |2 <  | t 2 * * * * * * * 10̂ ||

for every || x  || =  1.
In  w hat follows, using ideas of [1], we consider the problem  of location

of spectrum  for a class of operators defined below: for every complex num ber
X ,T  —  X is of class (N).

(*) Nella seduta dell’8 febbraio 1969.
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W e need the following

L e m m a  i . i . — The operator T  is normaloid.

Proof.— See [3].

L e m m a  1.2.— I f  T “ 1 exists then it is also o f class (N).

Proof.— See [4].
W ith these lemmas we prove.

T h e o r e m  i . 1.— I f  T  — A +  i B then every \ =  x  -f- iy  in  the spectrum  
satisfies the condition

I ^  cos 0 +  y  sin 0 | <  | A  cos 0 +  B sin 0 j|

W ith  O <  0 <  2 7t.

Proof.—The proof uses the ideas of Arens theorem  [1].
Let X0 , I X0 I >  J T  I . Then T  —  X0 has an inverse and is of class (N) 

and thus norm aloid. I t is clear now th a t there exists pi0 £ er (T) such that

J (T X0) J =  I [i0 X0 I .

Since for small X
00

(T —  X0 —  À)“ 1 =  (T —  Xo)-1 £  X” (T —  Xo)-*
0

and if g  =  (T —  X0) (T* —  X0) we have

and

But

and

||(T — X0)-*|| =  ||(T *~X 0r K !

R -1 =  I (T -  Xo)-1 « =  1 (T* —  Xo) - 11 =  1 g ~ l f /2.

T  —  X0 =  A  —  p cos 0 +  I (B —  p sin 0) 

T* — X0 — A —  p cos 0 —  i  (B —  p sin 0)

g  =  P2 C1 — w) =  P2 1
2 (A cos 0 4- B sin 0) 

P +
XX* 

P2 .

which gives
i

7 0 - 1 1  CO I D 1 / -  *

Thus, if T  —  X —  Xo has no inverse, X0 X =  x  +  iy  is in the spectrum  
and thus

I X I >  R
which implies for p -> 00

x  cos 0 T~ y  sin 0 <  IA  cos 0 +  B sin 0 ||

and for 0 +  f i
—  x  cos 0 — y  sin 0 <  || A  cos 0 +  B sin 0 1| 

and the theorem  is proved.

COROLLARY.— I f  T  has real Spectrum then T  is self adjoint.
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3. In  this section we prove some theorems on operators of Riesz type. 
The concept of an operator of Riesz type was introduced by A. F. Ruston 
by using as an axiom atic system  those properties of com pact operators used 
by F. Riesz in his original discussion of integral equations.

If  M , N are closed subspaces of H invariant under T  such tha t H is 
the direct sum  M © N, the pair (M , N) is said to reduce T.

A  Riesz point of a (T) is a point X of a (T) such that

.H =  N (X ; T) © F (X ; T)

where dim  N < 0 0  and F is closed, the pair (N , F) reduces T, and X —  T 
restricted to N is nilpotent while X — T  restricted to F  is a homeomorphism.

D E FIN IT IO N . 2 .1 .—T is a Riesz operator on H i f  each po in t o f er (T) —  {0} 
is a R iesz point.

A subclass of norm aloid operators—the class of invariant normaloid 
operators;—is given by

D E FIN IT IO N  2 .2  [5 ] .—A n  operator T  is invariant normaloid i f  the
restriction to every invariant subspace is also normaloid.

This class contains operators of class (N) (see [5]) and also the class of 
hyponorm al operators [3].

PROPOSITION 2 .1 .— I f  T  is a Riesz invariant normaloid operator, then T 
is normal.

Proof.— Since T  is a Riesz operator and norm aloid there is a X.€ er (T) 
such th a t I X I =  [[T  || and t)t  (X) =  {x  : T x  =  Xx} =|= {0}.

Thus X 6 er (T*) since we have

|| T* x  —  Xx f  =  I T* x  f  —  X <  x  , T* x  >  — X <  T* x  , x  >  +  | X2 | || x  f  <  o

for every x  E t)t  (X) and therefore T/y]t (X), the restriction of T  onto y)t  (X) 
is normal.

Since T  is invariant norm aloid and y]t  (X) reduces T  (this means tha t 
t)t  (X) is invarian t under T  and T*), if we denote M =  y)T (X) it follows th a t 
T/Mj is a Riesz norm aloid operator. If  we continue in this way we obtain th a t 
{ y)t  (X) : X E Gp (T)} is a m utually  orthogonal family which reduces T. To 
complete the proof of the proposition we have only to prove th a t the restric­
tion T 1 of T  onto H i =.H jJ“ is zero. Suppose the contrary. T hen T x is a non­
zero Riesz norm aloid operator and it follows th a t there exists a point 
[T E er (Tx) such as | (jl | =  || T x |.  Hence T 1 x  =  [i x  for some non-zero vector 
'x E H]l. This is a contradiction which implies Ti — o and T  norm al.

Remark.— If T  is an invarian t normaloid operator such th a t T n T  is 
a Riesz operator for some integer n  >  0 then T  is normal.

The proof follows from  Theorem  3 [5] since T n T  n is a self-adjoint Riesz 
operator and thus it is a com pact operator.
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PROPOSITION 2 .2 .— I f  A  and  B are bounded linear operators on H which 
commutes and  A  —  B is a Ries2 operator then they have the same spectrum  
w ith except the eigenvalues.

Proof.—We have to prove th a t if X e a (A) —  ap (A) then X e a (B). 
Because this property is invariant to a translation with X, we can consider 
the case X =  o. If  o 6 a (A) —  cr^(A) then A is not an invertible operator but 
the hull space N(A) coincides with {0} and we prove th a t B is not invertible.

Suppose the contrary  and let

(0  A  =  B +  (A — B) =  B (I — B -^ A  — B)).

Since AB =  BA it follows that B -1 A =  A B “ 1 and 

B “ 1 (A —  B) =  (A —  B) B “ 1

Since A  —  B is a Riesz operator and B “ 1 is a bounded operator it follows 
th a t B - 1 (A +  B) is a Riesz operator and by relation (1) it follows th a t — 1 
is an eigenvalue for B -1 (A —  B) and thus N(A) =f= {0} or 1 -f- B “ 1 (A — B) 
is invertible bu t this implies th a t A  is invertible which is a contradiction and 
we conclude th a t o E g (B).
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