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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — Unigueness and almost- periodicity theorems
Jor a non linear wave equation . Nota di Luict AMERIO ¢ GIOVANNI
Prousk, presentata ©” dal Corrisp. Luict AMERIo.

RIASSUNTO. — Si dimostrano un teorema di unicithd di soluzioni limitate e un teorema,
di quasi periodicitd, concernenti I’equazione delle onde con termine dissipativo funzione
discontinua della velocita.

1. - In the present paper, closely related to [1], we consider the follow-
ing non linear wave equation:

(I‘I) A<x> .y<l‘! x) “_ytt@’ x) 'i_f(t’ x) = B (yt (t)x»

being x € Q (open, bounded and connected set CR”), £€] = — 0o ™ -+ oo.
All functions are supposed to be real and the derivatives are taken in the
sense of distributions.

Setting
1---m
] )
(1.2) AW =3 (4@ ) —a @,
we assume, as usual, that
@i (%) , ag(x) €L=(Q); a3 (%) = ay (%) 5 ay(x) =o0;

(1.3) 1o m n
%djk@)aj@e szjij VE, -, E5)€ER” (v>o).

(*) Istituto Matematico del Politecnico di Milano. Gruppo di ricerca n. 12 del Comi-
tato per la Matematica del C.N.R.
(*¥¥) Nella seduta del 19 novembre 1968.
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Moreover B (n) is supposed to be a non decreasing function of the variable
N€a b, a<o< b, such that B(0-) <o < B (o*) and

(L)  B@)=—oc0 if a>—o00 , B@)=-+oo if b<+oo.

We shall denote by {x,} the sequence of points at which B (n) has discon-
tinuities.

Setting y () ={y (¢, 1) ;7€ Q}, YO ={y.(, 0;x€Q}, y'()=
= {7 %) ;x€Q}, Ay()={A@Wy@x);x€Q}, fIO)={ft7;x€Q},
By (@) ={B(3:(,x);x€Q}, we can also write equation (1.1) in the
operational form

(1.5) Ay () =" O +FO=pO).

Let E be the energy space (E = HjxL?, where Hj = H{(Q), L* =L*(Q))
and
1/2

y

17Ol “% / (I?QMM@ aya(i;x 2L 1 ay(@) 520, x))dx

ly @l = {ly Ol + 1O
Following the definition given in [1], we shall say that y (¢) is a solution
of (1.5) on the interval Jy =ty + oo, satisfying the boundary condition
(I‘6> y@:x)IxeaQ =0 (tEJ0>,
i

D y®,y®eCPo; Hy; »'@), Ay @ €L (o LY;
2) 4t results, almost-everywhere (a.e.) on Q = JoX Q,

(1.7) a <y (t,x) <6, |
(1.8) AW y(t, %) —yu(t, %) + £, %) €, 2) ) TIB (2, D)D) .

Setting B(0) =o0, B() =B(n) on 0o~ b, Bl =B@x*) on a o,
assume that: w, € HO ,Auo el?; wmeH;, ur(x)€a~ b a.e. on Q, B(w) el?;
F o) €LY, f(£) € Line(Jo; LY. There exists then (as has been proved in [1]) one
and only one solution, y(t), of problem (1.3),(1.6) such that y(ty) =uo, ¥'(ty) = 1.

We shall say, moreover, that y (¢), defined on all ], is a solution of
problem (1.5), (1.6) if conditions 1) and 2), in which we substitute Jo by |, hold.

In the present paper we prove, at § 2, a uniqueness theorem for solu-
tions bounded for t—-—oco: we define such boundedness in the following
sense:

0
1/2
(to)  max tim | [yl + [y G+ D dn| <+ oo,
21

In an analogous way we define bowundedness for ¢t — + oo and, conse-
quently, boundedness on J.

We show afterwards, at § 3, utilizing this theorem, that 7f f @) is a. p.
and if there exists a solution y (t), bounded on J, then y (f) is a. p.
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Let us prove now that, ¢f (1.9) kolds, then y(¢) results E—uniformly
continuous and has a E-relatively compact range R,y on every interval
— oo <t <t.

The same properties hold, moreover, on |, if y (£) is bounded on ].

y (@) is E-u.c. since it is, for o<t<1, £< 1, by (1.9),

¢

(1.10) Hy@—w@—ﬂthMWMMMSMW%

t—7

where M? denotes the supremum of the integral, in (1.9), for —oco<z< 1.
Let us prove that &, ,# <I, is E-r.c. If not, there would exist
p >o and a sequence {#,},%, <1, such that

(1.11) ly@)—y @)= e (J == A).

Taken §,0< 8< 1, such that NIBI/Zg%, let us consider the interval
(¢,—® 1z, Since

¢

sy @i+ iy@pal” <,

£,—d
there exists 7, € (4, — &)1 #, such that
1Ay @)+ [y ()Y < M8 e

Hence {y (n,)} and {y'(n,)} are, respectively, Hi and L%r.c. sequences.
Therefore we can select a subsequence (that we shall denqte again by {y (x,)})
such that

(1.12) ly (i) — () fy < £

It follows, by (1.11), (1.12) and since 1\7[81/23%,

@)=y @ <ly@ —y@) e+ 1y @) —y @)l +

+ly o —y@h<e

which is absurd.

2. — L. (Uniqueness theorem). Assume that B (v) s strictly increasing on
a~ b and continuous at the point m = o.
Then, tf
) : 2 . [V
(2.1) max lim § ”f(z‘-]—*q)“lﬁdv]s = K;< + oo,
t—>—o00 | . /
21

there exists at most one solution, vy (£), bounded for t - — oo.
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Let 2 (#) be another solution, bounded for # - -— oo, and consider, on
every interval A, =—p "Ip(p=1,2,--.), the sequences {y (¢ —#)},
{2(¢t—n)}, where z =0,1, -

As y (¢) and & (¢) are E-u.c. and have E-r.c. ranges on the interval
— oo~ p, it is possible, by the (vectorial) theorem of Ascoli-Arzeld, to select
a subsequence {7;}C {7} such that
(2.2) limy (¢t — #)) = y@ o, limz@E—n) =20

J—>00

J—>00 E

uniformly on A,,Vp. By (1.9), (2.1) we assume, moreover, that it is, Vp,

lim*y'(t —n;) = ¥ , lm*2@¢—n) = @),
j—>00 L2 (A4 E) ) L2(84:E) )

(2.3) lim* Ay (z — n]») = Aj(@ , lim*Az (t— nj) = AZ ()
j—>00 Lra i1 j—>o0 L2 (A3 L)
lim*f(¢—mn) = g(@),
j—>00 L2(A, ;L3

where, by (2.1), (1.9),
0
, 12
Sljlp§ [Hg@ +0)Ldnp <Ky,

Z1

(2.4)

0
sup| [(147 ¢+ 0 +17C+ Den| <+ oo

and analogously for Z(#). Setting Q, = A,XQ, we deduce moreover from

(2.2), Vp,
(2.3) imy, ¢—wn;,x) = §,(¢,x) , limsg @E—n,x)=2Z2(,x).
J—>00 . L2 (Qﬁ) J—>00 L2 (Qp
Hence we may assume that it results, a.e. on Q = JXQ,

(2.6) limy, (¢—wn;,2)=9,(¢,x) , lims @E—wn,x)=2%(,x).

J—>0 J—>00

Let us observe that (since §, (¢, x), %, (¢,x) €L*(Q,) ,Vp) ¥ (¢, x),
% (¢, x) are continuous functions of # € J, for all € Q, with the exception of
those belonging to a set of measure zero. Furthermore, by (2.2), K5, C &, ¢,
and Ry, C Ry

It is moreover, a.e. on Q,
(2.7) a<y, @, x)<b , a<Z(t,x)<éb

and we may assume that it results, Vp,

lim* B (3, (F— 7, 2) = o (¢, %) €B (G (2, ) Y CAGE) ]
J—>00 L )5

(2.8)

J—>00

limx B (2, (¢ — 7, 2)) = 22 (,2) €B (& (£, ) 7' B (& (2, ).
?
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The proof of (2.7), (2.8) is analogous to that given in [1], § 3, theorem III,
and we shall omit it here.
We conclude that § (¢), Z (¢) are solutlons on J, of the equation

(2.9) Au () —u"@) + 5 @) = B @),
in the sense stated at § 1.

Let us prove now that y () =2 (¢). Setting w (¢) =z2(@) —y (¢), we
obtain the equation

(2.10) Aw () =" () =B (V@) + ') —B (')

which implies, by the energy relation (V¢ , % € ]),

@) |w@)l=]w®)—2 / | CO®+2'@)—8 @), w®),d.

The function | (#)|,, which is non negative and bounded, is therefore
non increasing on ] and it results

(2.12) o < lim |w@)|, = N1 < lim [w(®)], = N2 < + oo,
t —>+00 £ ——o00
where

(cr13) NI Ni—: f CG@) + @' ®) — B (YD), w' (s .
J

Consider now the sequence {w (¢— )}, # =0, 1
It results, by (2.2) and (2.3),

gt

lim w (¢ —n;) = 2(#) —§ () =@ (), uniform]y on A,, Vp,
E

J—>00
2.14 - . -
(14 lim*w'(t—n) = @'@¢) ; lIm*Aw(@E—n) = AD()
>0 L*(AP;E) J—>00 L’(Ap;L“)

and moreover, a.e. on Q,

(2.13) lim w, (¢ —n;, x) = w, (,x).

J—>00

Let us prove, at first, that , (z‘ xz) =0 a.e. on Q. Assume, in fact,
that w, (#,x) >0 on a set Q with (Q) >o0. We may, obviously, suppose
that Q is closed and bounded and QC (£ (£ +1)) X Q, where £ is a suitable
integer: we assume, moreover, that all functions y, (¢ —#,, %), 2 (¢ — 7 , %)
are continuous on O and that the convergence, in (2.6), is umforrn on Q It
will therefore be

(2.16) W, (¢, %) =3¢, x)—F,(t,2) =2p >0 (¢, x) €Q)
and, consequently, when j > 7,
2t —n,x)—y, @E—mn,x)=p >0,

(2.17)
o, (t—n;,2) | <M, |3 @¢—n,x)| <M (M < 4 o).
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Let us consider now the function B (n). It results (W&, €a™ )
(2.18) B —PRE® =BG —BED.

Hence, if 4 >£ + p (and assuming p < & — a),
(2.19) BOD—B®O=RE+ o) —BE) >o,
since B () is strictly increasing. Let ||, || < M;n—E >p. It is
(2.20) BE+e )—BE)=0>o0.

In fact, if (2.20) did not hold, there would exist (also by (1.4)) a sequence

{€,} such that lim &, =%€a™ 4, §, == £ and

(2.21) lim {B(E, + o) ) —BED} =o0.
However, if £, | £,
(2.22)  Im{B(E + ) )—BENI=BCE+ D) —BE)>0,
while, if £, 1 £,
(2.23) lim { (€ + o)) —BEN}=BE+ ) —BE)>o0.

Hence (2.20) holds. It follows, by (2.13) and (2.20),

(o]

(2.24) Ni—Nj=2 ] s / B G (2, 2) —B (3 (¢, ) (a0 (2, £)— 3, (2, ) dw>
zzif(@ (e (t— 7, %)) — B (34 (¢ — my, ) (21 (t— 7, %) —

Q

— 3 (t—mn;, x))dtde>2 Y pom (@) = oo
7

which is absurd. In the same way it may be shown that @&, (#,x) cannot
be <o on a set of positive measure.
Hence, a.e. on Q,

(2.25) @, (¢,x) =o0, ,

that is @ (z, #) does not depend on #:4 (¢, x) = @& (x). Moreover, by (2.23),
w, (¢,%) =0 ae. on Q. Since @ (¢, x) satisfies, by what has been proved
above, the equation

(2.26) A@w @, %) —wy (#,x) =32, %) —y (¢, %),
it results, consequently,

(2.27) A@®D @) =2 (¢, %) — 1 (¢, %) = & ().
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Let us prove that Z (x) =0, a.e. on Q.

As already observed, §,(¢,x),% (¢,x) are continuous functions of
t,Vx € QoC Q, with m (Qo) = m (Q). Let us fix ¥ € Qo; if there exists I € ],
such that B (v) is continuous at m. =4, (,%) =%, (I,%), then, by (2.8
and (2.27),

(2.28) @ =0, %) —n(,%) =o.

Otherwise, n = ¥, (¢, %) will be a point at which B is not continuous,
V€ ]. Assume now % (X)==o0. There cannot exist two values # and #
such that

(2.29) nm =79 (t1,%) <9, (2, %) = 1,

B () being discontinuous at m; and vs. In fact, as 9, (¢, X) is continuous and
B is strictly increasing, it would be B (7)< B (4z) and, if n'€n 7 is a
point at which B () is continuous, there would exist #€# = # such that
¥, @', %) =/, which would imply (against our assumption)

(2.30) @)=y (', %) —x1 (¢ ,%) =o.

It results therefore, on all J,§, (#,%) =4, (#1,%) =11, B () being dis-
continuous at n;. Hence, on all J,

<2~3I) 37@’%)=3~/<t1:¥>+<z-11>37t<l‘1>9_‘:>

which implies necessarily (as § (#) is L?-bounded) ¥, (#1,%) =0, n = 0;
this is absurd since 8 () is continuous at v = o.
It follows % (¥) = o and, by (2.27), a.e. on Q,

(2.32) Ad (x) = o= (x) = o.
Being
|y = lim [ ¢ — )]y = e,

it follows N2 = 0. Hence, by (2.13), w () =2 () —¥ (#) =0 on all J, and
the theorem is proved. »

3. — 1. '(Almost-periodicity theorem). ~ Assume that f(f) is L~w.a.p. in
the semse S?'of Stepanov and that B () satisfies the hypotheses of theorvem 1.
Assume, moreover, that there exists a bounded solution, v (¢).
- Then y (¢) is E-a.p., while y' (t) and Ay () are respectively E-S? w.a.p.
and 12-3% w.a.p.
The proof will be based on the classical procedure of Favard. Let {s,} be
any real'sequence. By (2.1), itis possible, as in theorem I, to select from {s,} a
subsequence (which we shall again denote by {s,}) such that it results, V¢ € J,

limy (¢ +s,) =2 (),
(3. I) 7-—>00 E
lim* y'(¢ + 5,) =2'(®) , lm*Ay @+, =Az0),
L @® n—>00 L* (L9

n—>00
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where I2(12) =12 (—1 <9 <o0;L?,12(E) =12 (—1 < v <o0;E); hence
the third of (3.1), and analogously the second, means

0 0
G2 lm [t o) ko), dn— [As @+, by
~1 -1

V4 €L2(L?). We may assume moreover that it is, uniformly on J,
(3-3) lim* f (¢ + 5,) = g (&),
7—>00 L2 (L?)

where g (£) is L>-S% w.a.p., as /(). As in [1], one proves that z (¢) is a bound-
ed solution of the equation

(3-4) Az (@) —2"() + g @) =B (¢ Q).

In order to prove, for instance, the E-almost—periodicity of ¥ (®), it will
be sufficient, by Bochner’s criterion, to show that the first of (3.1) holds
uniformly on J. Assume, in fact, that this does not occur. There exist then
p>o and three sequences {z,},{s.1}C{s,}, {s,2}Cs, such that it results

(35) “y@n + Sn2> -y (z‘n + J,,1> “E = 9.
We may moreover assume that it is, uniformly on J,
(3.6) im* £ (¢ + ¢, + s.1) i lim*f 42, + s00) =g @
and, V¢ € ],
lim y@#+¢, + Snl) =2z (9 ;o lim o Yy @42, 4 sw) — % @,
(3.7) lim* 3¢+ ¢, + snl)ngE 21 (@) , o linf* Yy (44, + sng) = 32 @,
lm*Ay (¢ 4 ¢, + snl) = Az] (& , lIm*Ay(+¢, + sng) = Azz ().

The limit functions 2; (), 25 (/) are then bounded solutions, on J, of
the equation

Az () —2"(®) + ¢ () = B (£ (D))

By the uniqueness theorem of the bounded solution, it is therefore
21 () = 22 (¢), against (3.5). Hence the sequence {y (¢ + s,)} converges uni-
formly on J and y (#) is E-a.p. In the same way the last part of the theorem
can be proved.
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