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Chimica fisica. — Lower bounds of ervor for a trial wave function.
Nota di Paora BoneLLr e Gian Franco MajoriNo, presentata ©
dal Corrisp. M. SimoNETTA ) "9,

RIASSUNTO. — Si considera I’equazione di Schrédinger HY = E{. Partendo da una

base di funzioni di prova @i---@,, € calcolati gll usuali integrali ;’ ©; Hcpj dr e /C.DZ' @5 dr,
& possibile dedurre un limite inferiore per | o; H*>o, dt e quindi anche per la « varianza »

/ [(H —‘E) ;% dv. Tali limiti sono stati calcolati con diverse funzioni di prova per atomo

di Idrogeno e confrontati con i valori esatti.

I.—INTRODUCTION.

The research of lower bounds for the Schrédinger equation expectation
values is actually carried out by expansion methcd or by projection method.

Investigating .these two procedures, Bright Wilson jr. [1] points out
that a great difficulty for the former one is the calculation of integrals of
the type:

M:fcszcpdT

where H is the hamiltonian operator and ¢ a trial wave function. A simple
lower bound for M is given by the square ofj oH ¢ dv: this one can be

immediately derived by the demostration of Weinstein’s formula (see [2]
formulas 26—29).

)

But the bound obtained in this way is very poor in meaning: for example,
it is impossible to calculate with it an effective bound for the energy variance
function:

U? :f [(H—E) o] dx.

In this work we demonstrate a simple approximation formula which gives

a value between the square of fcpH pdt and M. Then from such value it

(*) Nella seduta del 14 dicembre 1968.
(*¥*) The work reported in this paper has been sponsored in part by the italian C.N.R.
(¥*%) Istituto di Chimica Fisica of the University of Milan.
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is possible to evaluate a lower bound for the variance U? the calculations
reported in the last section are in good agreement with the exact values
calculated for the hydrogen atom.

However, it is clear that the best advantages could be obtained by the
knowledge of upper and lower bounds of M and U®. Figures 1 and 2 seem
to suggest interesting indications in this direction.

2.—APPROXIMATION FORMULA FOR M.

Given the Schrédinger equation for a stationary state:
() Hy = E¢
we consider two real normalized trial functions ¢;, ¢, with the usual integrals
S :'f @1 @2 d7 and H,; = f o, He, dr.

By Schwartz’s inequality applied to a linear combination ¢; + ap, we
obtain:

@) | | 1+ oz He asf = [ o avae as.

~

(Hoyp)? d=

J

and by hermitian proprieties of H:
Hfl -+ a2H%2 +2aHn Hie < (1 + a + 24aS)- M.

This relation must be true for any value of the parameter a: with some mani-
pulations (taking care that by normalization proprieties of ¢; and o, it follows
that 1 — S” > 0) this leads to:

SHy — H12>2

) o M>HhL 4 > HE.

1—§? o

About the meaning of this formula we can make the following remarks:

@) by Weinstein’s formula:
4) Huy > E > Hi — VM — H}

we can see that the difference between M and H} tends to zero when 1
tends to {; even more so (see (3)) the difference between M and its appro-
ximation:

QHII_H12>2 .

T = Hijy + =g

Qualitatively we can say that T is as much a better approximation for M
as the trial function ¢; is a good one for the exact eigenfunction.

6) The meaning of the error M —T we make using inequality (3)
can be made clear as follows: let us consider the Heo; function as linear com-



552 Lincei — Rend. Sc. fis. mat. e nat. — Vol. XLV — dicembre 1968 [176]

bination of ¢; and ¢, :

Hoy = apy + bgp + fus

where f,; is a function different from zero unless Ho, can be exactly expanded
in terms of ¢ and o,.
Squaring and integrating we obtain:

(s) fffbdrza2+52+zaés—zaHn—zéle+M.

The minimum of the norm of f,; with respect to the @, 4 parameters is for:

Hys —
a = 11 S:i—Il2 ; é —
1—S

le - SHll .
1—§?

Substituting these parameter values into (5) we have at last:
Minfffg,d'r =M —T.

Then, the best s functions we can use into (3) are such that ¢; and o,
are an expansion basis for He;.

¢) We can take @, as linear combination of 7 given functions g;- - - g,.
The coefficients can be optimized with the two conditions (i) T maximum,
(ii) ¢y normalized.
Otherwise, we can repeat the previous procedure starting frem an ob-
vious generalisation of (2):

2
{ fZa,' g: Hoy d‘r} nga,- a; g; g; d*;-f(H(pl)z dr.

3.—APPROXIMATION FORMULA FOR UZ

Goodness evaluation for a trial wave function ¢; is given usually by the
energy variance function [3], [4]:

U = ] [(H — E) o, ds

or alternatively by the remaining variance [s5]:

o = f [(H — Hyp) gy]2 d=.

The graphs of the functions:

o =f[<H—x> o]t de = M — 2 0Hy; 4 22

are given in fig. 1, with exact value for M and with M approximated by T.
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Fig. 1. — Graphs of the functions: Jm ) =M —22Hy; + 22 and Jr ) =T —22AHy; + 22

With obvious considerations such analysis can be generalized by the
following inequalities:

(6) U'>¢=M—Hjy>T—H}
@) U =T —268Hy, + &

where & represents any approximation for E that is better than H;,. For
instance, having ¢; and ¢s we can calculate & with the ordinary Ritz
variation method.

Further improvement in this direction could be made considering the
graph of E bounds by Weinstein’s formula (4), reported in fig. 2.

This graph is very expressive about the réle played by the different
approximations of M.

[ 3
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Fig. 2. — Graph of the function: % (1) =H,, — Vp. — Hfl. For u =M we have the energy
bounds as by Weinstein’s inequality (4).
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4.—NUMERICAL RESULTS.

Approximated values furnished by (3), (6), (7) have been compared
with exact values for the hydrogen atom. In Table I we report the results
obtained from three different ¢, functions.

TABLE I.

S| % | 8 | M T H2, U* T:; :’;: s |T—HY
.50 .6 .9 |.2031 .1801 .1406 |.0781 .0521 .0625% .0395
.50 .6 3. ].2031 | .1049 ‘.1406 .0781 .0552 .0025 .0542
.50 .6 | 15. |.2031 L1871 .1406 |.0781 .046% .0625 .0465
.50 | 2. .9 |.2031 .1906 .1406 |.0781 .0533 .0625 .0500
v .50 | 2. 3. |.2031 .1932 .1406 |.0781 .0534 .0625 .0525
‘.50 2. 15. .2031 .2007 | .1406 |.0781 .0601 .0625 .0601
.85 .6 .9 |.2551 .2463 .2389 |.0164 .0075 .0163 .0074
.85 .61 3. |.2551I .2514 .2389 |.0164 .0126 .0163 .0126
.85 .6 ] 15. - |.2551 .2510 .2389 |.0164 .0121 .0163 .0121
.85 2. .9 |.2551 -2499 .2389 |.0164 .OITI .0163 .OIIt
85| 2. 3. |.2551I .2516 .2389 |.0164 .0128 .0163 .0128
..85 2. 15. |.2551 .2542 ' .2389 |.0164 0153 - |.0163 .0153
.95 .6 .9 |.2510 .2497 2488 |.2258 (¥) [.0940 (*) |[.2256 (¥) | .0938 (¥)
.95 6| 3. |.2510 .2504 .2488 |.2258 .1682 .2256 .1682
.95 .6 | 15. |.25I0 .2505% -2488 |.2258 .1701 .2256 .1701
.95 2. .9 |.2510 | * .2502 .2488 |.2258 . 1464 .2256 .1463
.95 2. 3. |-2510 .2505 .2488 |.2258 k.1728 .2256 .1727
.95 2. 15. |.25I0 .2509 .2488 |.2258 2112 .2256 2112

(*) We have multiplied by 10® the values of the last 4 columns relative to 8; = .9s.

All our functions are Is Slater-type orbitals.

In the first column there is the 8; exponent of ¢;. We chose the nume-
rical values: 8; = .50; .85; .95; to represent respectively a bad, a mediocre
and a good trial function.
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Then we have constructed ¢, as linear combination of two Is orbitals:

9y = N (g5 + ags)

optimizing the parameter a by the procedure shown in section 2, ¢).
The exponents of g, and gz are reported in the second and third columns.
In order to examine a significatively extended set of ¢, functions, we have
chosen the numerical values .60 and 2.00 for 8,, and the numerical values
.90; 3.00; 15.00 for 8.
The T approximation is the less sensitive to ¢, variations the more @1
is a good function.
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