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Chimica fisica. — Lower bounds o f error fo r  a tria l wave function . 
Nota di P a o la  B o n e l l i  e G ia n  F r a n c o  M a jo r in o , presentata (* (**)> 
dal Corrisp. M . S im o n e t ta  (n) (***).

R ia s s u n to . — Si considera l ’equazione di Schrôdinger =  Et];. Partendo da una 

base di funzioni di prova 91— 9», e calcolati gli usuali integrali j cp^HcpydT e j  (pi cpy dv,

è possibile dedurre un limite inferiore per J  9,- H 2 9,- dv e quindi anche per la « varianza »

j  [(H E) ( p f  dv. Tali limiti sono stati calcolati con diverse funzioni di prova per l ’atomo 

di Idrogeno e confrontati con i valori esatti.

i .—Introduction.

The research of lower bounds for the Schrödinger equation expectation 
values is actually  carried out by expansion m ethod or by projection m ethod.

Investigating these two procedures, B right W ilson jr. [1] points out 
th a t a g reat difficulty for the former one is the calculation of integrals of 
the type:

M =  J 9H 2 9 d r

where H is the ham iltonian operator and 9 a trial wave function. A simple

lower bound for M is given by the square of j  9H 9 d r  : this one can be

im m ediately derived by the dem ostration of W einstein’s formula (see [2], 
formulas 26-29).

But the bound obtained in this way is very poor in meaning: for example, 
it is impossible to calculate with it an effective bound for the energy variance 
function:

U 2 =  J  [(H —  E) <pf dx.

In this work we dem onstrate a simple approxim ation formula which gives 

a value between the square of 9H 9 d r  and M. Then from such value it

(*) N ella seduta del 14 dicembre 1968.
(**) The work reported in this paper has been sponsored in part by the italian C .N .R .
(***) Istituto di Chimica Fisica of the U niversity of Milan.
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is possible to evaluate a lower bound for the variance U 2; the calculations 
reported in the last section are in good agreem ent with the exact values 
calculated for the hydrogen atom.

However, it is clear th a t the best advantages could be obtained by the 
knowledge of upper and lower bounds of M and U 2. Figures i and 2 seem 
to suggest interesting indications in this direction.

2.—A pproximation formula for M.

Given the Schrôdinger equation for a stationary  state:

( i )

we consider two real norm alized trial functions q q , q>2 with the usual integrals 

S =  j  91 <p2 dv and H# =  J cp- Hqy- dv.

By Schw artz’s inequality  applied to a linear com bination qq +  ay2 we
obtain:

(2) (<Pi +  ^92) Hqq dv < +  a(p2) 2 dv- (Hcpi)2 dT

and by herm itian  proprieties of H:

H u T  a H 22 T  2 aH.11 H12 <Ç (1 a  2 aS) * M.

This relation m ust be true for any value of the param eter a: with some m ani
pulations (taking care th a t by norm alization proprieties of qq and cp2 it follows 
th a t I —- S2 >  0) this leads to:

(3) M >  H?i + (SH11 H 1 2 ) ^  t j 2

i“ - s 2 - H l 1 '

A bout the m eaning of this form ula we can m ake the following remarks: 

a) by W einstein’s formula:

(4) H u >  E >  H u  — ]/m  — H 11

we can see th a t the difference between M and H n  tends to zero when <px 
tends to even more so (see (3)) the difference between M and its appro
xim ation:

qp _  _j_ (SH11 H12)
11 I — s 3

Q ualitatively we can say th a t T  is as m uch a better approxim ation for M 
as the trial function qq is a good one for the exact eigenfunction.

ò) The m eaning -of the error M — T we m ake using inequality  (3) 
can be m ade clear as follows: let us consider the Hqq function as linear com-



552 Lincei -  Rend. Sc. fis. mat. e nat. ~ Vol. XLV -  dicem bre 1968 [ I 76]

bination of <px and (p2 :

H91 =  acp1 +  bcp2 f ab

where f ab is a function different from zero unless can be exactly expanded 
in term s of 91 and 92.

Squaring and integrating we obtain:

(5) \ fib  d r  =  a +  i f  +  2 abS — 2 ^H n  — 2 bU12 +  M.

The m inim um  of the norm  of f ab w ith respect to the a , b param eters is for:

Hu — SH12 , H12 — SHna — — ------ -— - 0 — --------------- -
I — S2 I — S2

Substituting these param eter values into (5) we have at last:

M in f  f ab dv =  M —  T.

Then, the best 92 functions we can use into (3) are such th a t 91 and 92 
are an expansion basis for .

c) We can take 92 as linear com bination of n  given functions g 1- • -gn . 
The coefficients can be optimized with the two conditions (i) T  m axim um, 
(ii) 92 normalized.

Otherwise, we can repeat the previous procedure starting  from an ob
vious generalisation of (2):

J Za, gi H<pi dx
2

ai  i i  gj • dv.

3.—A pproximation formula for U 2.

Goodness evaluation for a trial wave function is given usually by the 
energy variance function [3], [4]:

U2 = J  [(H - E )  9 l]2 dT

or alternatively  by the rem aining variance [5]:

° 2 =f  [(H ~  H u ) <Pi]2 d r.

The graphs of the functions:

/  (x) =  J [(H — X) cpx]2 d r  — M — 2 XHU +  X2 

are given in fig. 1, with exact value for M and w ith M approxim ated by T.



Fig. I .  -  Graphs of the functions: / M (X) =  M — 2 X H n -f-X2 and / r .(X).= T  — 2 XHU +  X2.

W ith obvious considerations such analysis can be generalized by the 
following inequalities:

(6) U 2 >  a2 =  M —  H n >  T  — H u

(7) U 2 >  T  ~  2 <SHn  +  S2

where & represents any approxim ation for E that is better than  H n . For 
instance, haying <pr  and <p2 we can calculate <S w ith the ord inary  Ritz 
variation m ethod.

F urther im provem ent in this direction could be m ade considering the 
graph of E bounds by W einstein’s formula (4), reported in fig. 2.

This graph  is very expressive about the rôle played by the different 
approxim ations of M.

Fig. 2. -  G raph of the function: h  (p) =  H u  —  |/jx— • . For p =  M we have the energy
bounds as by  W einstein’s inequality (4).
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4.—Numerical results.

A pproxim ated values furnished by (3), (6), (7) have been compared 
with exact values for the hydrogen atom. In Table I we report the results 
obtained from three different functions.

Table I.

81 $2 S3 M T H i ! u 2
T +  g 2 —  

—  2 ê H n
d 2 t - h I

. 5 0 . 6 • 9 . 2 0 3 1 . 1 8 0 1 . 1 4 0 6 . 0 7 8 1 . 0 5 2 1 . 0 6 2 5 • 0 3 9 5

. 5 0 . 6 3 - . 2 0 3 1 . 1 9 4 9 . 1 4 0 6 . 0 7 8 1 . 0 5 5 2 . 0 6 2 5 . 0 5 4 2

. 5 0 . 6 1 5 - . 2 0 3 1 . 1 871 . 1 4 0 6

00O

. 0 4 6 5 . 0 6 2 5 . 0 4 6 5

. 5 0 2 . • 9 . 2 0 3 1 . 1 9 0 6 . 1 4 0 6 .O 7 8 I • 0 5 3 3 . 0 6 2 5 .O5OO

. 5 0 2 . 3 - . 2 0 3 1 . 1 9 3 2 . 1 4 0 6 .O 7 8 I • 0 5 3 4 . 0 6 2 5 . 0 5 2 5

. 5 0 2 . i 5 - . 2 0 3 1 . 2 0 0 7 . 1 4 0 6 .O 7 8 I . 0 6 0 1 . 0 6 2 5 . 0 6 0 1

. 8 5 . 6 • 9 . 2 5 5 1 . 2 4 6 3 . 2 3 8 9 . O I 6 4 . 0 0 7 5 . 0 1 6 3 . 0 0 7 4

. 8 5 . 6 3 - . 2 5 5 1 . 2 5 1 4 . 2 3 8 9 . O I 6 4 . 0 1 2 0 . 0 1 6 3 . 0 1 2 0

. 8 5 . 6 i 5 - • 2 5 5 U . 2 5 1 0 • 2 3 8 9 .01 6 ,4 . .0 1 2 1 . 0 1 6 3 . 0 1 2 1

. 8 5 2 . • 9 . 2 5 5 1 • 2 4 9 9 . 2 3 8 9 . O I 6 4 . O U I . 0 1 6 3 . O l i i

. 8 5 2 . 3 - . 2 5 5 1 . 2 5 1 6 . 2 3 8 9 . O I 6 4 . 0 1 2 8 . 0 1 6 3 . O I 2 8

. 8 5 2 . t 5 - • 2 5 5 1 . 2 5 4 2 . 2 3 8 9 . 0 1 6 4 • O 1 5 3  ' . 0 1 6 3 • O I 5 3

• 9 5 . 6 • 9 . 2 5 1 0 • 2 4 9 7 . 2 4 8 8 . 2 2 5 8  (*) . 0 9 4 0  (* ) . 2 2 5 6  (* ) • ° 9 3 8 (*)

• 9 5 . 6 3 - . 2 5 1 0 . 2 5 0 4 . 2 4 8 8 . 2 2 5 8 . 1 6 8 2 . 2 2 5 6 . I 6 8 2

• 9 5 . 6 1 5 - . 2 5 1 0 • 2 5 0 5 . 2 4 8 8 . 2 2 5 8 . I 7 O I . 2 2 5 6 . I 7 O I

• 9 5 2 . • 9 . 2 5 1 0 . 2 5 0 2 . 2 4 8 8 . 2 2 5 8 . 1 4 6 4 . 2 2 5 6 . I 4 6 3

• 9 5 2 . 3 - . 2 5 1 0 . 2 5 0 5 . 2 4 8 8 . 2 2 5 8 . 1 7 2 8 . 2 2 5 6 . I 7 2 7

• 9 5 2 . i 5 - . 2 5 1 0 . 2 5 0 9 . 2 4 8 8 . 2 2 5 8 . 2 1 1 2 . 2 2 5 6 . 2 1 1 2

(*) We have multiplied by io a the values of the last 4 columns relative to ôx =  .95.

All our functions are is Slater-type orbitals.
In  the first column there is the 8 1 exponent of We chose the num e

rical values: =  .50; .85; .95; to represent respectively a bad, a mediocre
and a good trial function.
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Then we have constructed 92 as linear com bination of two is orbitals:

92 — N (g2 +

optimizing the param eter a by the procedure shown in section 2, c).
The exponents of g 2 and g% are reported in the second and th ird  columns. 

In  order to examine a significatively extended set of <p2 functions, we have 
chosen the num erical values .60 and 2.00 for S2, and the num erical values 
.90; 3.00; 15.00 for S3 .

The T  approxim ation is the less sensitive to 92 variations the more 9X 
is a good function.
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