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Geometria differenziale. — Some /dentities in Conformal Finsler
Space. Nota di H.D. Paxpe ), presentata ©” dal Socio E. Bompiant.

SUNTO. — Identita soddisfatte dai tensori di curvatura nella geometria conforme degli
spazi di Finsler.

1. INTRODUCTION.

In Finsler geometry there are mainly three kinds of covariant derivatives
of a tensor, the connection coefficients are usually denoted by I'(x, %)
and Gj (x, #), given by Cartan and Berwald respectively, which are sym-
metric in the indices 7 and £ and are positively homogeneous of degree zero
in their directional arguments. The three covariant derivatives are then
the following:

Cartan’s covariant derivative of, say, T; (x, &).
(1.1) T/ = @GT)) — CuTH T &7 4 T, T — T T,
(1.2) Tile = @ T)) + T/ AL, — Th A%,

where Ay (x,4) = F (x,#) Cj,(x, %) which form a symmetric tensor [1].
Berwald’s covariant derivative of, say, T, (x, %)

(1.3) Tiw= (e T)—(@nT)) GF + T G — T0u Gt »
where
(1.4) Gi(x, D) Gly(x, 2) 27" = Do (x, 2) 2™

The covariant components of the unit vector along the direction of the
element of support are given by

.

<15> Zz' (x,ff "di—faz'F<x)x>
For covariant derlvatlv}les of the metric tensor &;(x, %), we have 81 =984
and Bim = — zAZ.].éMZ,

(¥) At the time of preparation with the Department of Mathematics, University of
Gorakhpur, India.

(**) Nella seduta del 19 novembre 1968.

(1) 3 = 3/3x% and 3; = /3.

(2) Numbers in brackets refer to the references at the end of the paper.
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In this paper the notations used by Rund [1] have generally been adopted.
With reference to the above covariant derivatives, we have the following
commutation formulae [1, 2]:

(I 6) 2 X?[},@] == K;hk Xj — <9] Xz) Ki},k .2'57,
(1.7) 2 X'l =2 X' |y F + S X,
(1.8) X [}z|k—X]ié ’h = — Piy X7 + X', jl;k\rzr + X{; A%

Where X' (x, #) is a vector field depending on position as well as on a direc-
tional argument, K, S%: and P}, are the curvature tensors given by

(1.9) K (x, £) =0T — 3, Tir G7)— (3 T — 8, T G) 4Tt Ty — Tors T3,

(1.10) Sia (%, ) = ALy A — AL A%,

and

(1.11) Phu (x, %) = F3, T + Al A%y, 07— Ay
respectively.

2. CONFORMAL CORRESPONDENCE.

Let us consider the conformal transformation
F — p20
(2.1) §5=¢" 8y

where 6 = ¢ (x). In consequence of (2.1), we have the following entities of
the. conformal Finsler space [3, 4]

(2.2) F(r,#)=eF(x, %)

(2.3) G (x,%) =G (x,%) —o, B" (x, 2),
2.4 o=,

(2.5) F=el

(26) T (e, ®) =TF (x,2) + Uj (x, 2),

| ; 3 1 ;
where ¢,, = 3,, 6, B (x,x)d_if?Fzg“”—x’ ™,

Ui (2, &) 2t 2 6 ;8 — o, {£™ g, — 2C; ;9 B” + £" Cied, B™}.
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3. IDENTITIES SATISFIED BY CURVATURE TENSORS
IN CONFORMAL FINSLER SPACE.

The curvature tensors PH, (¥, %) and Sjé;, (x, %) transform under the
conformal change (2.1) as follows [3, 4]:

(3.1) Pou (v, %) = ¢ [Pl + 67 Al — 36,0 8" Aju — 6, 0" Sl -+
+ 0, {8 Al) (3 B") — g™ <ér Aj) B B} —

— ¥ 0, { A% 3, A7) — A% (3, AL} 4+ AW UL — 2 AL Ul s + Ay g7 Ul +
+ 28" Ay (Ul — I {2 Al 45y, Ul 4-Usj, ;-;,5 — AL AL UL, — AL AL ULY
and
(3:2) Sye(x, %) = €29 S

We have the following theorems:

THEOREM 3.1.  The curvature tensor Py, (x, %) satisfies the following
identities ®:

(3:3) Plwn = e° Pl
and

(3.4) p[/‘@kh] = e3¢ P[j@k};] ;
where

(3'5) ijHa <x .ﬂ?) = gz'm p;kh

Proof. Using the symmetric and homogeneity properties of functions
Ay (x, %), Ul(x, %) and BY (x, %), we obtain

(3'6> E/'Ul] = 0O,

3.7) iz & 705, = O
and

(3-8> Ur[h Sjﬂk] =0,

Taking the skew-symmetric part with respect to indices 7, £ and % in (3.1)
and using the above relations, we get the result (3.3).

(3) The round brackets denote the symmetric part, i.e.
2Tagin = Tor + T
the square brackets denote the skew — symmetric part, i.e.
T[i;}jk} = Ty — Tyi»
and the indices enclosed in a rectangle are excluded from a symmetric and skew — symmetric
parts.
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Again, we obtain from (3.5)

(3.9) P[/@Hl} = Zim Pl

With the help of equations (2.1), (3.3) and (3.9), we get (3.4).

THEOREM 3.2. We have
(3-10) Pl = ¢ [P +27{2 6, Sias + (o Siaa) (3 B™) 0, + Sz Ul —

- anﬁ/e U;"rl - Sﬁ'mé UZ:— ;hm U?r }]

Proof. The curvature tensor Pl (x, %) satisfies the following identity:
(3.11) 2 Pl = Sye), 2

Under the conformal change (2.1) the above identity transforms to
(3.12) ZF;.‘W,] = gj'hﬂy T,

where the symbol T followed by an index denotes the Cartan’s first covariant
derivative for the connection coefficients T (x, #), of the conformal Finsler
space [5], i.e. we have

(3.13) _S—j'hk_jr =29, gfu — (3m g;ﬁ) G+ gﬁk f‘:fr — g;ﬁk 1_1;;"1 — g;'mk T‘Zm — S/Z:hm fii’” ’
Using equations (2.3), (2.5), (2.6), (3.2) and (3.13) in (3.12), we get the iden-
tity (3.10),

THEOREM 3.3. The identity satisfied by the curvature tensor Py (x, )
veads as jfollows: :

(3.14) {Pss—Puy} 2 = &3° [{ Pz — Pry} 2 + {306, Ay +
+ G Ay G;B™ 6, — A, Ui — A, Uk — Ay, Uk 2]

.PTOQf. In view of the ldel’ltlty (Pﬂé;‘ -_— Pﬁhzy) .ﬂfz == A}Ljﬁ\i .ﬂ.fi [4], the
curvature tensor Py, (v, #) satisfies
(3.15) (Fzﬂh — Ijkhz‘j) 7 =A, v #,

With the help of equations (2.3), (2.4), (2.6) and the relation A, (x, %) =
= ¢% Ay, in (3.13), we obtain (3.14).

THEOREM 3.4. The curvature tensor Si, (x, %) satisfies the following
Bianchi identity:

(3.16) g;[hkTm] 2= S;[hkim] i,

whete the symbol T followed by an index denotes the Cartan’s second type
of covariant derivative in the conformal Finsler space [6].

Proof. We have the identity Si'w‘m] #*=TF S}, [4]. Using equations (2.2)

and (3.2) we can easily transform this identity to the form given by equation
(3.16) under the conformal change (2.1).
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