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Geom etria d ifferen zia le .—• Some Identities in Conformai Finsler 
Space. Nota di H. D. P a n d e  presentata (**} dal Socio E. B o m p i a n i .

SUNTO. ■— Identità  soddisfatte dai tensori di curvatura nella geometria conforme degli 
spazi di Finsler.

i .  I n t r o d u c t i o n .

I n .Finsler geom etry there are m ainly three kinds of co variant derivatives 
of a tensor, the connection coefficients are usually denoted by Y f i x  , x) 
and G}k (% , %), given by C artan and Berwald respectively, which are sym ­
metric in the indices j  and k and are positively homogeneous of degree zero 
in their directional argum ents. The three covariant derivatives are then 
the following:

C artan ’s co variant derivative of, say, T) (x  , x).

( I . I )  V \ k  =  ( ? k V )  —  ( L t / )  r * tm x r +  T /  r £  —  t ;  r %m ,

(1.2) % \k =  (a,Tj) +  t / a C  — r mA% ,

where A f  (x  , x) — F  (x  , x) G)h (x  , x) which form a sym m etric tensor [ 1 ]. 
Berw ald’s co variant derivative of, say, Tj (x , x):

(1.3) v m  =  (dk T /) -  (dm T /) g ?  +  t ;  g L  -  r m g% ,

where

(1.4) G) (x  , x) =  GLy (x , X )  x m =  r*) (x  , x) x m.

The covariant components of the unit vector along the direction of the 
elem ent of support are given by

(1.5) l f x , x ) É É ê z- F ( x ) x)

For co variant derivatives of the m etric tensor g {j(x  , x), we have g .^ k = o = g ..\k 

a n d ^ )  =  —  2 K ijk \ J k-

(*) A t the time of preparation with the D epartm ent of M athematics, U niversity of 
G orakhpur, India.

(**) Nella seduta del 19 noyembre 1968.
(1) 3,* =  d/dx* and 3,- =  d/dxK
(2) Numbers in brackets refer to the references a t the end of the paper.
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In this paper the notations used by Rund [1] have generally been adopted. 
W ith reference to the above co variant derivatives, we have the following 
com m utation formulae [1, 2]:

(1.6) 2 x ;  m  =  k }m x j —  (ay x ')  Kiu  v ,

( 1-7) 2 X 21 \hk\ — 2 X 21 [À] F  +  S[jkh X7,

(1.8) x* |A|* — XÎ* I* =  —  Fjkh Xy +  X* |yA i k r  +  XfyAi*,.

W here X 2 (x  , x) is a vector field depending on position as well as on a direc-
tional argum ent, K lj hk , Sljhk and are the curvature tensors given by

(1.9) X!jhk( x , x ) = /̂ v pi*/ A p*/ A p*/pm\ I -pi*/ p*w pi*/ pi*m - 1 jh ---cm J- jh y J k )--- (tfyfc1 jk --- <ym L jk Kjh ) - \ - l  mk 1 jh ----jk y

(i - io)

and

Q / / . \ a / A w A2' Am
^jhk \pC ? I*-jk F -̂mk -t*jh )

c i.h )

respectively.

P/u (* , à) =  Fa, r*i +  Aj„ A S \ r l r — X jk \ h ,

2. Conformal correspondence.

Let us consider the conformal transform ation

( 2 . 1)

where a  —  g  ( x ) .  In consequence of (2.1), we have the following entities of 
the. conformal Finsler space [3, 4]

( 2 . 2 ) F  ( x  , x )  =  e G F  ( x  , x ) ,

( 2 - 3 ) i G z ( x  ,  x )  =  G *  ( x  ,  x )  —  Gm B tm ( x  ,  x ) ,

( 2 . 4 ) X 1 =  i : * ,

( 2 - 5 )

( 2 . 6 ) r A  ( x  , £ )  =  T*k ( x  , £ )  +  U } k { x  , x ) ,

where Gm — dm g  , B tm (x , x) M  --- F2 g tm — x *x m,
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3. Identities  satisfied  by curvature tensors 
in conformal F insler space.

The curvature tensors P)kh (x  , x )  and S}kh (x  , x) transform  under the 
conformal change (2.1) as follows [3, 4]:

(3*0 Pjkh ( x  , X )  — S [P jih  "F Gj &-kh~ 3 G m g ‘m &-jkh Gy I  S'jkh T"

+  Gn {(3, a L )  (a, B ") — (3, Ajkh) (dm Brn)} —

—  Fgsn Qn {Afmk (a, A I )  — A fk (dsA!mk)} +  A rkh\J ;• —  2 K vV qj +  K khg im +  

+  2 / -  Ajr (Au ri)m —  r  {2 a L  (kA sh)J u z + u i ,  Sjsi— A imk AZu u ; v —  A% A smh U f  }]

and

(3-2) S‘rjk (x  , £) =  e2c S ’rjk .

We have the following theorems:

Theorem  3.1. The curvature tensor V}kh (x  , x) satisfies the follow ing
identities (3k

(3-3)
and

(34) -s’
III

ßT0COII-T-SiIII
IP-“

where

(3-5)

Proof‘ Using the sym m etric and hom ogeneity properties of functions 
A}k (x  , x) , U)k (x  , x)  and ‘BtJ (x , x), we obtain

(3-6)

(3-7)

and

(3-8)

S ykh] =  o,

A iri A ” T IT  = 0 ,m\k n \ s \ j \ r  }

U \.  s :n4, =  o,r[h j \ s \ k ] *

T aking  the skew-symmetric part with respect to in d ices/, k  and h in (3.1) 
and using the above relations, we get the result (3.3). 3

(3) The round brackets denote the symmetric part, i. e.

2 = T ijk + T kji ’

the square brackets denote the skew -  symmetric part, i. e.

2 T[»'i7h] =  •’
and the indices enclosed in a rectangle are excluded from a symmetric and skew -  symmetric 
parts.
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Again, we obtain from (3.5)

(3-9) ' U  I kh\ ■ U Po tm i- [jkh] '

W ith the help of equations (2.1), (3.3) and (3.9), we get (3.4). 

Theorem  3.2. We have

(3.1°) P y [kh\ —  e G [Pj  \kh\ +  /  { 2 Gr S f i k  +  ( fm  S jk k )  (p r  B ^ )  Gn +  Sy^
___  C z T ___ C z’. T Tm   C ** T l m  VI

’•^mhk'^ jr  ^ jm k  hr ^ j h m ^ k r y y

Proof. The curvature tensor Py^ ( x , x )  satisfies the following identity:

(3 •1 1 ) 2 Py [M] — Sj‘hk I r ? '

U nder the conformal change (2.1) the above identity  transform s to

2 Pyj-^] ^j'hk\r^ )

where the symbol y  followed by an index denotes the C artan ’s first covariant 
derivative for the connection coefficients F^? (x  , x), of the conformal Finsler 
space [5], i.e. we have

17 17 s) U. — __a Qi __ ( \  c z \ T 'm-X- S,m __cz cz  çpVJ*-*- 6 ) ^jhk\r ’ ^r^jhk \ym ^jhk) CJ r i ĵhk 1 mr Omilk *- jr ^ jmk hr pjhm ± kr >

Using equations (2.3), (2.5), (2.6), (3.2) and (3.13) in (3.12), we get the iden­
tity  (3.10),

T heorem  3.3. The identity satisfied by the curvature tensor P ^  (x  , x) 
reads as f  ollows:

(3-14) { P ijkh Pkhij} x* — e3° [{ Prjkh —  Fkhij) x l 4 - { 3°V A-hjk +

+  & K hJk) (a,. Brm) Gm -  A mjk Uhi -  A kmk t #  -  K hjm U?>} P ] .

Proof. In  view of the identity  (Pi4kh —  FMifi  P  =  K hjk | * [4], the
curvature tensor P ijkh (x  , x)  satisfies

(3-iS) (P m  — F « ÿ) &  =  à*jk-\i

W ith the help of equations (2.3), (2.4), (2.6) and the relation K ijk (x  , x) =  
=  eP” A ijk, in (3.15), we obtain (3.14).

T heorem  3.4.. The curvature tensor S}m (x  , x) satisfies the follow ing  
Bianchi identity'.

(3 • 16) x k =  / 10 s ;[M \m]r ,

where the symbol | followed by an index denotes the C artan ’s second type 
of co varian t derivative in the conformal Finsler space [6].

Proof. We have the identity  Sfhk\m\%k — F  Sjmh [4]. Using equations (2.2) 
and (3.2) we can easily transform  this identity to the form given by equation 
(3.16) under the conformal change (2.1).
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