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Ricerca operativa. — Optimal Decision Rules in Conditional 
Probabilistic Programming^ . N o ta (*} di A. C h a r n e s (2), W illia m  W . 
C o o p e r (3), e M ic h a e l  J . L .  K ir b y  (4), p resentata dal Socio B. S e g r e .

RIASSUNTO. — Nella presente Nota si sviluppa una teoria unificata della programma­
zione probabilistica. Questa, nell’adoperare dei vincoli probabilistici condizionali, porge una 
caratterizzazione delle classi ottimali di regole stocastiche di decisione. In particolare, vien 
stabilita Fottimalità delle regole lineari discretizzate di decisione per la minimizzazione del 
valore assunto da una funzione concava di variabili di decisioni stocastiche.

I ntroduction .

In  [1, 2, 3, 4, 5] it has been shown how the study  of m ajor forms of 
probabilistic program m ing can be carried out from  the point of view of chance 
constrained program m ing. Past results on the optim ality of stochastic decision 
rules, in com putation of specific examples, etc., have depended on sophisticated 
constructs, elaborate analyses, ingenious devices and in severe restrictions 
not only on admissible classes of stochastic decision rules but also on the 
functionals to be optimized. [See references 1—15]. In  the following we focus 
on problem s with the seemingly more complicated conditional chance cons­
train ts and develop an analytical tool which unifies in form the inform ational 
bases of different varieties of probabilistic program m ing and, at the same 
time, provides a direct characterization of optim al classes of stochastic deci­
sion rules. In  particular, the optim ality of piecewise linear decision rules 
is established for the general objective, to minimize the expected value of 
a concave function of the stochastic decision variables. Characterizations 
are also developed for the optim al stochastic decision rules for the problem  
of m inim izing the expected value of a general convex (differentiable) function 
of the stochastic variables. In  addition, necessary conditions are developed 
for pther general classes of objective functions. Corollaries are general results 
for problem  with (possibly) non-linear functionals and linear program m ing 
under uncertain ty  constraints. In fact, the results are extended to heretofore 
never considered m ixed systems of conditional chance-constraints and linear 
program m ing under uncertain ty  constraints.

(*) Pervenuta all’Accademia il 30 luglio 1968.
(1) To Dr. Gunter Karl von Noorden whose thought and hand restored the sight of 

A. Charnes.
(2) Northwestern University and University of Texas.
(3) Carnegie-Mellon University.
(4) Dalhousie University.
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A n a ly tic a l  R e su l t s .

The general n-stage chance-constrained problem  with linear conditional 
chance-constraints and constant structural m atrix  m ay be represented as

( 0  M in EH  (•■ - , x,-(fa , fa-{),■■ ■)

s.t. P A  ij xj (fa, - ■ - , fa-i) <  faj >  «, i =z I r  ■ ■ ,m

xj (by, ■ • •, b j >  o , j  =  I , • • •, n

where bj == (ba  , • • - , bim), P denotes probability  conditional on b\ , • • - , b{_ 1, 
— (ûn , • * • , is a vector of functions of £1 , • • •, 4 ;- i  with all 5c?y

in [0 ,1 ] , the A,y are constant matrices and E is the expectation operator.
As in [4], these chance-constraints m ay be inverted to  give the equival­

ent linear inequality  constraints:

i
(2) X  K a xj »• • -, bj-i) <  Frfis,-) i = i r - - , m

J =1
> 0  j  =  I

where F,* (öcx-) is the vector of m arginal fractiles of conditional on 
^1 » * ’ •, bi—\.  Further, in equality form (2) becomes:

i
(3) 2 ) Xj  ( 1̂ j * * * ? f y —i)  +  *$V (^1 j * * * * j bi__ 1) =  F* (öq) z — I , • • •, w

y=i
Xj , jy >  o 2 — 1, • • •, m ; j  — I y • • • y n.

The following system  renders in a single form  both the previous systems 
and new m ixed systems of conditional chance-constraints and linear p rog ram ­
m ing under uncertain ty  constraints:

(4) min EH (X1 , • ■ ■, X")
i

S.t. V  Pz>. x7 (Æi , • • • , £y_i) — £y (^1 , • • £2-1) z =  I , • • •, m
y=i

^  ( f t , • • •, 4 - i )  > 0  y =  I , • • •, n.

W e assume henceforth th a t this system  is consistent for every (fa , ■ ■ ■, bn) 
and th a t the columns of the P,v have the Opposite Sign Property. [See 13 
and 16]. In  analyzing the system  (4) we assume the inform ation pattern  to 
be the following: The X’ vector is determ ined after ^  ,g j, j  =  I, - • ■, i — 1 and 
gi (b \r  ■ - , fa-i) are known but before all other fa ,g j  and fa , ■ ■ - , bm are 
known. W e call vectors X* which are determ ined recursively in this way 
“ inform ationally feasible ” vectors.
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LEMMA i : Let Jl  ^  denote the vector with m atrix  components each of 
whose entries is a left inverse of one of the N,- subm atrices of P,v which 
consist of linearly independent columns.

Let f i  =  f i  (b i , • • • bi_x) =  ([4 (b±, • • •, 4 - i ) , • • •, Tn . (bi , • • •, 1)) >  o

be a conform able vector of scalars with [ET e — 1, where e is a vector w ith 
all entries unity.

Let K ‘‘ == (jl'TL ^ .
Then the general inform ationally feasible decision rule for (4) is defined 

recursively by:

(5) A =  K 1 f  — X  Pÿ ^  j  where X! >  o , 2 =  i .

[ H 7]

L emma 2: The set of inform ationally feasible decision rules for (4) is 
convex and spanned by the finite num ber of extrem e points which m ay be 
represented recursively by

(6) X* =  E* ^  P fi j  , where X* >  o , i =  1 , • • •, n

and E* denotes a com ponent of .

Thus each extrem e point decision rule is defined by a sequence of left- 
inverses for which the gt satisfy a system  of linear inequalities defined by 
these left-inverses.

L emma 3: There exists a finite disjoint decomposition of the dom ain 
of the bi , • • •, bn on each set of which only a finite num ber of extrem e point 
decision rules hold.

T h eo rem  i : I f  H (X1 , • • •, \ n)  is concave, then there exists a vector of 
optimal decision rules fo r  (4) which is piece-wise linear in the . The pieces 
correspond to extreme point rules, thus the optimal rules involve shifting between 
a finite number of linear decision rules.

COROLLARY i : Piece-wise linear decision rules are optim al for problems 
w ith (possibly mixed) systems of conditional chance constraints and linear 
program m ing under uncertain ty  constraints.

T heorem  2: I f  H (X1 , • • - , fil) is convex and differentiable, and the convex 
set of decision rules has an interior point, then a vector of decision rules 
(X , • • - , fi1) is optimal i f  and only i f

(7)

and

3H
^xT 3 4

y  v<< 
«•=/

K
3(4

, K  =  o .

fo r  some v*a >  o

THEOREM 3: I f  H is differentiable and the convex set of decision rules 
has an interior pointy then (7) is necessary fo r  optimality.



2 34 Lincei — Rend. Se. fis. mat. e nat. — Vol. XLV — novembre 1968 [ l l 8 ]

C o n c l u sio n s .

The above lemmas and theorems provide a new route for the study of 
probabilistic programming", including chance-constrained program m ing, linear 
program m ing under uncertainty, etc. Extensions of the above results and 
specializations perm itting sharper conclusions will be developed in forthcom ­
ing publications. In  particular, further developm ents characterizing the 
constraint set and the optim al decision rules from  both geom etric and alge­
braic viewpoints will be given. F urther results involving other constraint 
sets and inform ation patterns will be presented. In  the m eantim e the above 
developm ent provides heretofore missing elements for unifying various approa­
ches to probabilistic program m ing.
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