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Matematica. —  A  Generalized Picone Identity. Nota di K u r t  

K r e it h , presentata r) dal Socio M. P ic o n e .

RIASSUNTO. — Questa N ota presenta concise dimostrazioni di alcuni teoremi di confronto 
relativi ad equazioni ellittiche autoaggiunte e una dimostrazione elem entare di un teorema 
variazionale concernente il primo auto valore di un problem a al contorno ellittico. Le dim o­
strazioni del teorem a di confronto basate su u n ’identità integrale (teorema i°) generalizzano 
la ben nota identità di Picone p e r le equazioni differenziali ordinarie. L ’applicazione di questa 
identità rende possibile una semplificazione sostanziale delle dimostrazioni di teoremi di con­
fronto per equazioni ellittiche che furono presentate nei Proceedings o f  the Am erican Mathe­
m atical Society da P. H artm an e A. W inter (1955), dall’autore (1963) e da C. Swanson e C. 
C lark (1965).

L ’autore ha recentemente appreso che questa identità integrale (teorema i°) e le sue 
principali applicazioni (teorema 20) furono presentate a questa Accademia dal Professor M. 
Picone nel 1911. L ’opera del Professor Picone in tale argom ento è stata disgraziatam ente 
trascurata da ll’autore e da altri contem poranei scrittori in questo campo, la cui opera sarebbe 
stata molto avvantaggiata dalla conoscenza di quelle antiche interessantissime note lincee.

Picone’s identity  deals with functions u (pc) and v (pc) which are, respec­
tively, solutions of Sturm -Liou ville equations

for all x  in (x1 , x 2). Integrating (1) from x ± to x 2i one obtains Picone’s iden­
tity  (see [1], p. 226).

The principal application of (1) has been in the proof of a more general 
form of com parison theorem  than  tha t originally given by Sturm . This 
subject is treated in detail in standard  texts on ordinary  differential equa­
tions, such as [1].

Com parison theorem s of the Sturm -Picone type have recently been gener­
alized to elliptic partial differential equations by several authors (see [2] 
for a list of references) using a variety of techniques. Of interest is the fact 
tha t none of these proofs m akes use of w hat appears to be the obvious tool, 
nam ely a Picone identity  for elliptic equations such as will be described 
below. W hile some of these proofs yield results which are somewhat stronger 
than  those which can be derived by this classical method, it does seem of 
interest to point out how Picone’s original argum ent can be generalized to 
^-dim ensions. (*)

(.au')' —  cu =  o 

(uv')1 — yv =  o

on an interval [x1 , x 2]. If  v (pc) =j= o, then

(*) Nella seduta del 19 novembre 1968.
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We shall consider functions u (x )  and v (x) which are, respectively, 
non-trivial real solutions of

n

(2) 2 } Dy (a-j D i u ) —  cu =  o,
L/=1

n

(3) X  Dy (<*,>• L  v) — yv =  o,
*>y=i

in a sufficiently smooth, bounded, closed dom ain G f i  RT The a{j (x) and 
a*>* 0*0 are to be real and of class C1 and the m atrices (<z-) and (oĉ -) are to 
be sym m etric and positive definite in G. The functions c (x) and y (x) are 
to be real and continuous in G, and D,- denotes differentiation with respect 
to the z-th  coordinate x {.

THEOREM i. I f  u (x ) and v (x) are solutions o f (2) and  (3), respectively, 
and v (x) =J= o in  G, then

(4) E l E  % L  « — ^ X  av L  v

=  (r — y) +  X  0»y — a«y) L  «Dy ■« +  X  a*/ (R-
2,7 i , j  \

fo r  a ll x  6 G .

zz — zz D/z/

Proof. The proof is a straightforw ard expansion of the left side of (4) 
in which the first term  on the right side of (4) is obtained by substituting (2) 
and (3). T he details are left to the reader.

A  Sturm -Picone theorem  for elliptic equations follows readily  from (4).

T h eo rem  2. Suppose u (x) and v (x) are solutions o f (2) and  (3), respec- 
tivelyi and  that u (x) =  o on 3G. I f

(0  I,- l j  >  2<xÿ l i  l j  for all real ^ -tup les I  =  , • • •, I f  and all
X  € G,

(zz) c ( x ) >  y (x) in G, 

then v (x) has a zero in  G.

P w of. Suppose v ( x ) f = o  in G so th a t (4) is valid. Integrating the left 
side of (4) over G and applying G reen’s Theorem , we obtain a boundary 
integral which vanishes because u =  o  on 3G. O ur hypotheses assure that 
the right side of (4) is non-negative, and therefore the condition

( 5) (r —  y) u* +  X  (Gy —  «»y) L  uDi -,

+  X  “ v  (L  u — u ~ —) (Dy u — u f —J dx =  o
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can be satisfied only ;f the integrand vanishes identically. But then we m ust 
have

for 1 =  I , • • •, n, which assures tha t u  is just a constant m ultiple of v. Since 
u =  o on 9G, this is a contradiction and shows tha t v (x) =  o for some 
x  E G.

As in the one dim ensional case this result can be sharpened. It can be 
shown [3] by m eans of a modified m axim um  principle that if 3G is of bound­
ed curvature and if v (x) satisfies (3) in G and has a zero at some x 0 E SG, 
then the exterior norm al derivative cannot vanish at x 0 . As in the one 
dim ensional case, this fact allows one to apply the argum ent of Theorem  2 
based only on the assum ption tha t v (x) =f= o in G. These observations lead 
to the following stronger result.

COROLLARY i. I f  3G is o f bounded curvature and the hypotheses o f Theorem 2 
are satisfied, then either v has a zero in  G or else v is a constant m ultiple o f u 
(and therefore zero everywhere on 3G).

One can also use the identity  (4) to prove a comparison theorem  for 
the case where u (x) does not vanish everywhere on 9G. Suppose u (x) and 
v (x) satisfy

(6 ) 2 ** D, u f i  s (x) u  =  o,

(7) S aÿ D, v +  G (x) v =  o,

respectively, on 3G, and we denote the boundary condition u (x0) =  o by 
setting 6* (x0) =  fi- 00. This notation leads to the following result closely 
related to S tu rm ’s “  second comparison theorem  ” (see [1], p. 229).

THEOREM 3. Suppose u (x) satisfies (2) and  (6) and v (x) satisfies (3) 
and  (7) in  G. I f

(i) Tiâ y r- >  S aÿ ^  for all real ^ -tup les £ — ,.. • • •, and all

Proof. l ï  v ( x ) - f o  in G, then (4) is valid. Substituting (6) and (7) into 
the left side of (4), integrating over G, and applying G reen’s theorem, we get

D?- u _ D2- v
U V

X e g ,
{ii) c (x) >  y (x) in G, 

(Hi) s (x) >  or (x) on 3G,

then v (x) has a zero in  G or else v is a constant multiple o f u.

u2 dt
3G

which is non-positive by (Hi). (In case u (x) vanishes on part of 3G and 
 ̂ (x) = , +  00 there, this part of the boundary is om itted in the integration).
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Therefore the right side of (5) is at the same time non-positive and non­
negative, and therefore is zero. As in Theorem  2, the assum ption v (x) =)= o 
in G leads to the conclusion that v is a constant m ultiple of u.

This result can again be sharpened in case 3G is of bounded curvature 
to yield the following.

COROLLARY 2. I f  3G is o f bounded curvature and the hypotheses of Theo­
rem  3 are satisfied , then either v has a zero in  G or else v is a constant m ul­
tiple o f u.

As an application of Corollary 1, we shall give a simple proof of the 
fact tha t for dom ains of bounded curvature, the smallest eigenvalue of the 
elliptic eigenvalue problem

(8) ~Lu =  — HDy (atj  D i u) +  cu =  \ u  in G
u  — o on 3G,

is a strictly decreasing function of the dom ain G). O ur only recourse to the 
variational theory of eigenvalues [4] is the fact th a t the first eigenvalue 
of (8) is simple and tha t the corresponding eigenfunction does not vanish 
in G.

T h eorem  4. Let G and  G' be domains o f bounded curvature satisfying  
G Ç G'. I f  k± and  Xi are the fir s t eigenvalues o f (8) in  G and  G' respectively, 
then Xi >  Xi.

Proof. By hypothesis, the boundary value problem s

(9) L u =  Xi u  in G
u =  o on 3G

and

(10) L v =  Xi v in G '
v =  o on 9G'

have solutions u  and v which are positive in G and G ', respectively. If 
Xi. Xi, then Corollary 1 can be applied to (9) and (10) to conclude that 
v (pc) has a zero in G or else is a constant m ultiple of u. Both of these 
conclusions contradict the positivity of v (x) in G'.
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(1) The fact tha t the eigenvalues of (8) are monotonically decreasing functions of G 
follows easily from the variational theory for eigenvalues (see [4], p. 409). The fact tha t 
they are strictly decreasing requires additional analysis.


