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Analisi matematica (Equazioni differenziali). — Partially hypo- 
analytic distributions and pseudo-differential operators. Nota di V iorel 
B a rbu , presentata (*} dal Socio M. P icone .

RIASSUNTO. — In questa N ota si stabilisce un risultato concernente la regolarità degli 
operatori pseudo-differenziali.

Pseudo-differential operators and their local properties, have been develop
ed by K ohn-N irenberg [7], H örm ander [6], Vole vie [8] and [9], L. Boutet 
de M onvel et P. Krée [1], Zaidm an [10]. In  connection with a recent paper 
by Vole vie [9], we study in the present Note, the partially  hypoanalyticity 
of some classes of pseudo-differential operators.

I. N o t a t i o n s .

We set Dy =  — td/dxj , 3y =  3/9^- for 1 < j < n ,  and for each 72-tuple 
a =  (ai , • • •, a„), we set D a =  Dyl • • -Da* , 3a =  d*.1 • • -3a*; =  x *1 • • - x* ;J- n i n '  1 n '

n

=  q 1, • • £ / ;  I a I =  X  ay- By S we denote the space of C°° complex valued 
y=i

functions <p(x), such th a t sup | *3D “ <p (at) | <  oo for all m ulti-indices a and ß.
16R"

L et n =  n ’ +  n " . I f  we consider the space R* as a product R K =  R”’ x  R*” ,
then the general point of R ” will be denoted by x  =  (pc' , x"j; where x ' e R”' 
and x "  e R ”".

For real t and s, we introduce the norm

O • 0  I « i t  =■ (2 * )-nj  I « ©  I2 (I + 11 ' i v 2 (I + 1 u  12y/2 d u  u e s

where u is the Fourier transform  of u. L et Hs,t be the space obtained by 
the completion of S in this norm. We set

00 00
H"“ ’ =  U FF’ , r ” = u H v .

s= — oo —00

If K is any com pact set of R n, we shall use the notations

I u » K I I u (x) I2 d^j , J u , K  [oo ■= essK sup | u (x) | .
K

A C°° function u (x) defined in an open subset D C R % is said to be 
hypoanalytic of class p , i <  p <  oo, if for any com pact set K C  ß  there

(*) Nella seduta del 19 novembre 1968.
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exists a constant M such th a t for any m ulti-indèx, the following inequality 
be true

(1.2) \ D a u ,  K1«, < M |a| + 1 r (p 1 a I),

where T is E u ler’s function. The Gevrey class GQ (Q) is the space of all 
functions th a t are of class p on O. If  p >  i , G|j (Q) will denote the space
c 0° ° ( a ) n G e (Q).

L et u E  D r (O) and fT C R^ , Cl". C be two open sets such tha t 
Q ' X ß " C £ 2. If 9 € C ~  (Q"), then we consider the distribution e D ' (Q') 
defined by the relation

(1.3) **(+) =  * (? + ) , V ^ e C 0°°(O ').

The distribution u  E D ' (CÏ) is said to be p-partia lly  hypoanalytic on Q 
if Uy E GQ (O ') whenever 9 6 C^° (O') and O' X Cl" C Cl. In  following, for 
simplicity, we denote by G*/ (Q) the space of all distributions p-partially  
hypoanalytic with respect to x 'y in open set Û C R ”.

Pseudo-differential operators. Pseudo-local properties.

We consider pseudo-differential operators of the form

(1.4) A u  (x) =  (2 n)~ n j edx>t) a (x y %) ü (%) dÇ , u E S,

with the symbol a (x  , £) =  a (ff) +  ar (x  , £), where a' (x  , £) as a function 
of Xj vanishes at 00.

Concerning the symbol a (x  , £) E C°° (R"2 X R*), we shall assume tha t 
there are constants m  , M , M i , independent of a and an increasing function 
N (r), such tha t

I) I a ° « © I  < m [“ ' ( i + | q f - ^ V ( I +  | r | ) N(l° " l)

/■ l°'l
II) / ID* da a1 (x  , Ç) \ d ^ < M |a| + ipl + 1r(p|ß|)(i +  |^ ! ) "  «

( i + . | S " | ) N(I“" l>.-

It is easy to prove that, under conditions I), II), the operator A  can be 
extended by continuity to a continuous linear m ap of H~°° into itself. L et Q 
be an open set of R” and let K € D ' ( R* X  R*) be a distribution defined by

( I . s) K  (F) =  J e ’(*’ï)a  (x , £) (i +  j I"  |2) - 'F  (x , £) d£ d* ; F  e  C“  (R “x R " )  

where F  (x  , £) =  J F (x  , y)  dy  and 2 I >  N (o) -f- n "  +  1.



202 Lincei -  Rend. Se. fis. m at. e nat. -  Vol. XLV -  novem bre 1968 [8 6 ]

If  K e D ' ( R "  X R ) is the kernel of pseudo-differential operator A, i.e. 
(Au , v) =  K (u®v) , Mu , v 6 S, then we have the equality

(1.6) ( I — V / K - K ,
n

where A" =  J  Dy.
j = n '  + 1

L e m m a  i . The distribution K  is a continuous function and $~hypoanalytic 
with respect to x f, outside the diagonal {(x  , y) € R” x  R" ; x ’ =  y' }.

Proof. L et us rem ark that

(1.7) ( V —  K.(F) =  2  (—  +
l»l<!i>l \PlJ

F (x , 1) 4  ( (O 5 d L 5 « (x , I)) dx  d?

for any  multi-indices p  and q.

=  (_ I)^ ,*■<*.» 2  ( 8 ) ( i  +  i r i 2)

I q I so large tha t

Let f q,p be the function, f q̂

/D|< ((i;')8 a ( x , £)). If  we choose

p ( | i H  +  m  +  ri +  1) <  I y I < p ( | / |  +  m +  n' +  i) +  i, 

it follows tha t

(1.8) (* ' —  y j  D$ K ( x , y )  =  {x , l) d£ .

On the other hand, using the conditions I), II), we obtain

(1-9) \ f ^ ( x , i ) u  < M ^ | + i r ( p | ^ i ) ( i  +  i n r 1(i + i r r * " +1

with I q I defined above. Consequently

sup |D | ,  ± { x , y )  I < M i ^ l+1r ( p U  I) .
\x ' — y | > 8

Remark. A pplying Parseval’s formula, from ( i .8), (1.9) we obtain 

'( I -10) J  | ( i  —  Z(x'  —  y ' ) ) f \ D ^ k ( x , y ) \ 2dy  <  M li>l+1 T (p | /  | ),

where C(V) is a C^° function equal to 1 on some neighborhood of the origin. 
L et O be an open set of R” and /  an integer such th a t 2 /  >  N (o) - \-n "  -|- 1.

THEOREM i . Let a (x , £) be a C“  symbol satisfying I), I I )  and let A  be 
its pseudo-differential operator. I f  u e H “ 00’7 n  G®< (Ü) then A u e G% (Q), 
(P >  O-

The following lem m a is a sharp form of a result due to Friberg [4].

Lemma 2. Let u e s' (R’) n H  00,1 and  p >  1. In  order that u e G 'f , it 
is necessary and sufficient that there exist M , A  > 0 ,  such that

O -11) I « © I  < M ( i  +  j Ç" I )“ ' exp (— A I r ] 1/e) , £ e R ”.
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Proof of Theorem 1. F irst we assume that p >  1. L et O ' C R " ' , Q " C R K" 
be two bounded sets such th a t O' X Q" C O . We set D =  Q ' x ü "  and 
construct cpx e C“  (RK') , cp2 e C^° (RM") so th a t ^  =  1 on O', cp2 =  1 on O", 
supp <Pi®92CO. L et us pu t ^  =  qq ® <p2 . If  ^ eC“ (0 " ) ,  from (1.4) we have

(1.12) \ D aA ( g u ) y ( x ' ) \ < ( 2 n ) -n 2  ( ! ! ) / ' | 'K * " ) |  \ Da- ß a ( x ,  Q|
l ß < | a | ' a V

\ ï ) f ( ü g ) \d ^ d x " .

Since u 6 G®», using Lem m a 2, we obtain 

( M 3) I D “ A  (gu)v Joo < M !“ I + 1 T (p [ a  I ) .

We set u* — ug and choose <p e  CjJ° (O') equal to I in an arb itra ry  compact
set of Q \ For u  E S (R  ) , v  6 S (R” ) and ^  (E C^° (Q") we have

C1 * 14) ((1 —  A ')k <p (A u * \  ,v )  =  K  ( ( i - A (1 —  A')**).

Then from Lem m a 1 it follows

( T •1 S) (C1 - A 'Y  9 (A u)y ’ =  j ’ T) C1 —  &")1 u (y) ^ (x") v (pc') dx  dy

where >y) =  ( l —  ^ (* ' —  y ) )  (1 —  A ')i (K (x  , y )  9 (* ')) • Here Ç (*')
is a C0 function equal to 1 in a sufficiently small neighborhood of the 
origin. From  the rem ark 1 we obtain

(1.16) f ( i — A 0 * 9 ( A < ) J < 1  u*\\o,i X  M2Hfj|+1r ( ( 2 i è - |  ß | )  p) | |D9 9 | .
I ß I <  2 k

Since the inequality  (1.16) is true for every u e  H -00,/, choosing 9 6 GJ (O') 
it follows A  ( ( 1— g) u) e G®> (O). Because the hypoanalyticity  is a local 
p roperty  from (1.13) it follows u € G®< (O). If  p =  1, a same conclusion follows 
taking in (1.16) cp =  <p2ji, when <p* (#') is a sequence of C f  (O ') functions such 
that <pl (x') =  I in an arb itra ry  com pact set of O' and satisfies

(t-iS) . |D a <fc||00 < C i+1 k {a[ , for l a i  < k.

2. P a r t i a l l y  h y p o e l l i p t i c  p s e u d o - d i f f e r e n t i a l ,  o p e r a t o r s ,

L et a (x  , £) be the symbol considered above. Assume that there are 
some nonnegative constants N , N x , N 2 , M such tha t

«) 13° «©.I <M(! + |^|)"“ Vi (i + m f ;

b) / ! G i a % ' ( x ^ ) | d A < M aM|ai+1r ( p | ß | ) ( i + i n r “ Jv ( i + | r i ) N;

where M a < M |a|+1 if p >  2 and M a < M |a|+1/r^ A iL L j, if 1 <  p <  2;
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d  I « ©  —  « ( d  I < M ( I  +  | Ç - 7) D N‘ (I +  I V I ) " -0 6  +  h " l f ;

d )  J\ ( « ' ( * ,  Ç) — a ' (*, , , ) )  | d *  < M IPI+1 T (p | ß |) (i + | Ç  — yj | )Ni 

(i + h ' i r - ° ( i  + h"l )N-
with a real <7 >  I ;

e) \ a ( $ ) \ , \ a ' ( x , l ) \  > c { i  +  | S | ) "  ( i  +  | r | ) N

for I S;' I sufficiently large.

THEOREM 2 . Let a {pc, Ç) be a C°° symbol which satisfies a), b), c), d), e)
* +^"+1

and let A  zA associated pseudo-differential operator. I f  u 6 H ’ 2 n
O GJL (Q) is a solution of the equation A u  =  /  / e G e (O) , p >  1, then 
u  e G® (Q), conditionnally $~hypoelliptic pseudo-differential operator).

We consider some results which are required in the proof of theorem  2. 
Call aaß (x  , Ç) =  D'a~ß zz (# , Ç) and denote by A a3 the pseudo-differential 
operator associated to it. If  9 (pc) is a function, [Aa3 , 9 ]  will denote the 
com m utator of A aß with 9. We assume tha t the condition e) is verified 
for | £7 | >  R, and let x (ff) be a C°° non-negative function equal one for 
\% \ >  R +  I and vanishes for \ % ]<  R. Let E and G be pseudo-differential 
operators with the symbols e (pc , £) =  % ( ff) \a (x  , Ç) and x (£')• We denote 
by T  the operator EA — G. By a well known argum ent (see Kohn-Niren- 
berg [7], Vole vie [9]) it follows

L e m m a  3. I f  t , s are real numbers, there exists a non-negative constant
Ct,s such that

(2.2) 11 E k |I ,<C,— t,s ; u £ S,

(2-3) I Tu\ I , < c ,1̂, Z — t,s zz - ;u iij—<j,jf 3; zz e S

and

(2.4) Il [ V > 9 l « 1 . / ^ C M 1“ “t,s -ßi+i  r ( p 1a ß 1 ) II ^t+m-M +N

LEMMA 4. Let A  be a pseudo-differential operator satisfying the conditions 
a), b), c), d), e) and u £  H ° ° nGf / / ( Q)  with d  > i .  I f  A u  e C°° (O) then
Z Z 6 C ° ° ( 0 ) .

Proof. We see an argum ent of Volevic [8]. Let 9 (x) eCS° (Q) such that 
9 (pc) =  I on O' C Q and let ^ be a Co° function equal to 1 in the support 
of 9. If  Ti .=  I — G, then we m ay write 9u  in the form

(2.5) epu =  EA (<pu) — T (9zz) +  Ti (9u).

Since u £ G f/f, it follows (see Lem m a 2)

I ? « ©  I < c ( i  +  i r i ) * e x p ( — i n A
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Hence <qu e H*’°° with a fixed k. Now, we rem ark th a t A  (9«) =  cpA^ +  
+  [A , <p] (<]ni). This implies th a t A  (9«) 6 ]qm+*~'1’00. Using lemma 3 it 
follows from  (2.5) th a t ( p s e t f " 1,00. By iteration we deduce th a t <pu6 H°°,  
hence u  e C°° (O).

N + w"+l
Proof o f Theorem 2. Let u  € Gjy (Q)n H °°’ 2 a n d A ^ e G e (Q). By

lemma 4 we m ay suppose tha t z /eC °°(Q ). It is enough to prove that 
every point in £1 has an open neighborhood co in which ^ e G 9. In the 
following, C0g denotes the set of the points of co at distance >  s from Cco. 
L et 9 , ^ be two C^° functions so th a t supp 9 q  co2e, supp 'l' C <*>e , 9 ( x )  =  1 
on co3g and <]; ( x )  =  1 on co2e . If we denote u± =  u < p ,  then by an elem entary 
calculus it follows

(2.6) <pDa ux =  E<p D a A«! — X  EAaS (?D ‘5 « 0  —  T  (<pDa u{) +
! ß i <  I «  I

+  2  ( 5 ) e [Aœ3, ç ] D ? «1 +  T 1 (9D0 «1).
I [3 I < I a I V a /

We have the estim ate

(2.7) | 9 D ° A ( i  — V ) u \ < M ria| + 1 (p | a |).

For a  =  a '  this form ula is a consequence of theorem  I and for a  =  a "  
it follows using the fact that u e G®» (O). Applying lemma 2, from (2.6) 
we deduce the inequality

(2.8) ID a u  , to3E| <  X  M i“ _ßi + 1 r ( p | «  —  ß | ) | | D ß ^ ; w 2e| +
| ß j  <  j a

+  X  ( » )  P "  « ; » .I d D“_" +1 +  P “~s »ID +M « I

+  X  M |a~ ßl + 1
! ß I <  I «  I - 1 i Y I < I ß I

r ( p | a - ß | )  2 .„.(ß)lD8' v« ; “«iiDY

To prove the theorem, we first assume that p >  2. We choose <pk eCo° (co^-pe),
^ e C § ° (tó(i-2)8) such t h a t  q>k =  I o n CÔg , ^  =  I o n  <ù(k-i)e a n d

(2-9) 1 D° ^  M i+1 ^ |a| fo r 1 a 1 <  k\

(2 .IO ) |D a < y  < M y i /è|a|T>§ lioo -- 1 fo r 1 a 1 <  k.

I f  in (2.6) we take cp =  cp̂  and =  <\ik , we obtain from  (2.8)

(2.11) ID “ «  ; co(o[ 8|| <  X  M !a- 3 '+1r ( p | a - ß | ) | D ^ ; c o ( | a |_ 1)6|| +
I ß ! <  I «  I

+ X M|a- ß! + 1r(p|«-ß|) | |D^;co(ia|_2)E|i.-
I ß l < l “ l

Takte s such that | a |  s c, where n s  a non-negative constant sufficiently 
small. Then by recurrence on | a | we obtain the desired inequality

|D a u ; to, J <  M ,a| + 1T  (p I oc I ).(2.12)
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Now we assume that i <  p <  2. Let Xk (?) be a sequence of C“  functions 
such th a t Xk(x) = i  on tow_1)e and satisfies: ||D “ <  Ck+1 k ]a] for \ « . \ <k .  

To estim ate the L2—norm  of [Aa<i , <p̂ ] (uXk)> we write it in the form

(2.13) [Aaß , cpj D ß (ufa) =  [Aaß , %] D ß (ufa) +  [Aaß D p f a  u).

Since I —  and cpk have disjoint support using the conditions a), B) 
it follows as in [2]

/ r (N (I +  4/p) Il (I — X | . | ) t | . | D’ "IL . ! |9 | . | |n  (i +  i/p)

where p (g +  n - f  1) <  N <  p (a +  n +  1) +  1 • Then from (2.6) it follows

(2.IS) l D a % ; « J < M ,a| + 1 r ( p | o c | ) .

Hence u 6 Ge (Q) and the proof is completed.
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