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Matematica. A  Generalization of the Second Isomorphism Theo
rem m  Group Theory. Nota (*} di O l a f  T a m a s c h k e , presentata d a l 
Socio G. S c o rz a  D r a g o n i .

R i a s s u n t o . — Siano H e K sottogruppi di un gruppo G soddisfacenti alla H K  =  KH. 
Indichiamo con H K / K : =  ( K M ^ c H )  e con S(H /H  n  K) : =  (H n  K hK  \ h e  H) i 
semigruppi generati dagli assegnati sottoinsiemi di G con riferimento alla moltiplicazione 
fra «complessi». H K /K  è un semigruppo di Schur su H K , S (H /H n K ) è un semigruppo 
di Schur su H e risulta H K /K ^ S ( H /H n K ) .  Se K è norm ale in G, questo risultato si 
riduce esattam ente al secondo teorem a sugli isomorfismi nella teoria dei gruppi.

Let G be a group, H a subgroup of G, and K a norm al subgroup of 
G. Then the Second Isom orphism  Theorem  states:

(1) H n  K is a norm al subgroup o f H.
(2) K is a norm al subgroup o f H K .
(3) The factor group  H /H f iK  is isomorphic to the factor group H K /K .

We weaken the hypotheses of this theorem.
Let G be a group, and let H and K be subgroups of G such tha t

H K  =  KH.

Is there any isom orphy tha t can be stated for a factor structure of H 
modulo H n  K and a factor structure of H K  modulo K ? W hich are the 
factor structures of such a hypothetical statem ent, and which is their notion 
of isomorphy?

First let us discuss a factor structure of H K  modulo K. By H K /K  
we denote the semigroup with respect to subset (i.e. “ complex ”) m ultipli
cation which is generated by the double cosets K^K, g  £ H K , th a t is every 
element of H K /K  is the product of a finite num ber of double cosets K^K, 
g  € H K . We call H K /K  the double coset S —semigroup of H K  modulo K. 
(The “ vS ” in tha t notation will be explained later.) Obviously, H K /K  is 
a group if an only if K is a norm al subgroup of H K  in which case H K /K  
coincides with the factor group of H K  modulo K. Therefore the double coset 
vS—semigroup H K /K  seems to be a suitable generalization of the factor 
group H K /K  in the Second Isom orphism  Theorem.

Our next aim is to find an appropriate factor structure of H modulo 
H O  K, We denote by S (H /H  O K) the semigroup with respect to subset 
m ultiplication which is generated by all the intersections

H n  K ^K  , g  e H K .

We note th a t each double coset K ^K  with g  e H K  can be w ritten as KÂK 
with a suitable h e H.

(*) Pervenuta il i° ottobre 1968.
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LEMMA r. The follow ing statements hold.

(1) H =  U (H n  K hK ).
a en

(2) H n  K h K  =  H n  K h ! K or (H n  O K )  n  (H n  K h' K) = . 0
fo r  a il h , h rE H.

(3) (H fi K h K)-1 : =  {g~x € H n  K h  K  } — H n  Kh~x K fo r  all h e H.

(4) ( H n X ) .( H n Y )  =  H n X Y  f o r a l i  X , Y € H K /K .

Proof. Statem ents (1), (2), (3) are trivial. We prove (4).
I. T ake any 0  =j= Y L  H K such that K Y =  Y. Then

Y =  U  O ,
A £  H

ka-ç ÿ

H n Y  = n  H n O =  n  ( H n K ) i
A £ ï i  A £ H

K k C Y  KÂÇY

For every A e H  the set H n  Kh  =  ( H f iK ) ^  is the set of all representatives 
from H of the coset Kh. Therefore H f i Y is the set of all representatives 
from H for all of the cosets Kh Q Y, and hence

K ( H n Y )  =  Y.

II. T ake any 0 X  Q H K  such tha t K X K  =  X. Then, because 
K (H n X )  =  X, we obtain

K ( H n X ) ( H n Y )  =  X ( H n Y )  =  X K ( H o Y) =  XY.

Therefore (H f iX )  (H n Y )  contains a complete set of representatives from H 
for all the cosets K h  C XY. Obviously

( H n K ) ( H n X ) ( H n Y )  =  (H n  X) (H n  Y)

holds which implies tha t (H n  X) (H n  Y) contains all representatives from H 
for all the cosets K h Q XY. Hence, by what we have proved in I,

( H n X ) ( H n Y )  =  H n X Y .

All elements X , Y € H K /K  have the property K X K  =  X and KY =  Y. 
Thus we have proved Lem m a 1.

If we set X — K h K  and Y =  Kh! K  with h , h ’ E H in statem ent (4) 
of Lem m a 1, then we obtain

( H n  K hK )  (H n K ^ 'K )  =  u  ( H n % K )  for all h , h P  H.
^ € ( O K ) ( M 'K )

Since every element of S(H /H  n  K) is the product of a finite num ber of 
the sets H n  K h K  , h € H, we have proved
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Lemma 2. E very element o f S (H /H n K ) is the union o f some o f the 
sets H n M  , h e H.

Lem m as 1 and 2 tell us th a t S (H /H fi K) is a semigroup of a special
type. For the convenience of the reader we recall the definition of th a t class
of semigroups.

The set G :. =  {X | 0  =J= X c G }  is a semigroup with respect to the sub
set m ultiplication

(X , Y) -> XY : =  {xy  | x  € X and y  € Y}.

D e f in i t io n  i ([3], p. 74). A  subsemigroup T of G is called a Schur—
semigroup (in short: X-semigroup) on G i f  it has a u n it element and i f  there 
exists a set X Ç G such that

(0 G =  U F.

(2) § =  ‘S' or =  0 fo r  all § , % e X.

(3) ST“ 1 : -  {g - 1 \g  e e X fo r  a ll % e %.

(4) X =  u  ' ^  fo r  all X e T .
^nx + 0

(5) T is generated by X, that is every element o f T is the product o f a fin ite  
number o f elements o f X.

Note th a t X  is uniquely determ ined by T and the axioms (i)-(5 ). T here
fore we call the elements of % the T-classes of G.

Thus Lem m as 1 and 2 show that S(H /H  (T K) is an X—semigroup on H 
with the set { H n K A K j h e H} as the set of all 3(H /H n  K)-classes of H. 
Obviously, the double coset X-semigroup H K /K  is an X-sem igroup on H K  
(and th a t is the reason for having chosen the term  double coset X—semigroup).

For the generalization of the Second Isom orphism  Theorem  which we 
are going to establish we take the X-semigroup S (H /H p)K ) as a factor 
structure of H modulo H f iK .  Now we have both factor structures of our 
still hypothetical Isom orphism  Theorem. We will deal now with the relev
ant notion of ismorphism.

Let F  be a group, X an X-semigroup on F, and © the set of all-2-classes 
of F  (that is © plays the same rôle for 2 as X. does for T).

D e f in i t io n  2 ([3], Definition 2.1). A  m apping y  of T into 2  is called 
a hom om orphism  of the S-sem igroup  T on G into the S-sem igroup lu on Y  
i f  it has the follow ing properties.

(1) (XY)* -  X* Y9 fo r  all X , Y 6 T.

(2) For every T —class % o f G there exists a 1 -class §> o f F  such that

and (%~Xf i  =  S“ 1.

X* =  u  S* fo r  a ll X e T.
‘SCX

(3)
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A  hom om orphism  <p : T  —> £  is called an isomorphism  if cp is a bijective 
m apping.

To return  to our problem, let us look at the m apping 

9 : X - > H n X  (X e H K /K ) .

We w ant to show th a t cp is an isomorphism of the double coset X-semigroup 
H K /K  onto the X-semigroup S (H /H fiK ). By Lem m a i (4)

(X Y f  =  X cp holds for all X J e  H K /K .

E very element X 6 H K /K  is the product

X =  (K//i K) • • • (Khx K) 

of a finite num ber of double cosets modulo K. Hence

X* =  (K/n  K)L - f K h x K)* =  (H n  Kh,  K ). • -(H n K Ä , K)

is an element of the X-sem igroup S (H /H n  K) by the definition of S (H /H n  K). 
Therefore 9 really is a m apping of H K /K  into S (H /H n K ). Furtherm ore, 
Definition 2 (2) holds for 9 because

( K A K f  =  H n  O K  and ( ( O K ) ~ V  =  (H n  O K ) “ 1.

Definition 2 (3) is satisfied as well since

X <p= H n  U K g K =  u  ( H n K ? K )=  u  (% K )L
^ c x  ^ e x  ^ gx

Thus we have proved th a t 9 is a hom om orphism  of the double coset X-semi- 
group H K /K  onto the X-semigroup S(H /H  n  K). Finally, the argum ents 
of the proof of Lem m a 1 (4) show that

^ : Y -> KY (Y e S (H /H n K )>

is the inverse m apping of 9. Therefore 9 is an isomorphism. Now we are 
able to state the intended generalization of the Second Isom orphism  Theorem.

T h e o r e m  i . L et G be a group, and  assume that H and K  are subgroups 
of G such that H K  =  KH holds. Then

(1) The semigroup S(H /H  O K) with respect to the subset multiplication  
which is generated by the set { H n O K  ] h f  H} is an S-semigroup  
on H contained in  H /H n K  : =  {0.4= Z g  H | ( H n  K) Z (H n  K) =  Z}.

(2) The m apping
9 : X H n  X

is an isomorphism o f the double co set X -semigroup H K /K  on H K  
onto the S-semigroup  S (H /H n  K) on H, and

^ : Y -> KY
is its inverse.
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In general, S (H /H o K )  =  H /H n K  will not be true. We ask for 
conditions tha t this equality  hold. For that end another concept is needed.

DEFINITION 3 ([3], Definition 1.9). Let T be an S-se?nigroup on the 
group G, and % the set of all T-classes of G. Let K  be a subgroup of G such
that

co N =  u
çnN + 0

(2) =  “SN fo r  a ll % e %

Then N is called a T -norm al subgroup of G.

If we apply Definition 3 to the double coset ^ se m ig ro u p  H K /H n K  
then a subgroup N of H K  is H K /H fi K -norm al if and only if

(1) H n K < N ,

(2) N ( H n K ) ^ ( H n K )  =  (H n K )  ^ ( H n K ) N  fo r  all g  e H K .

THEOREM 2. Under the hypotheses of Theorem 1 the fo llow ing are equival
ent.

(1) S (H /H n K ) =  H /H n K .

(2) K is an H K /H fi K -norm al subgroup o f H K .

Proof. Assume th a t (1) holds. Then, by Definition 2,

(KÄK)* -  H n K h K  =  (H n  K) h (H n  K) for all h e  H.

For every g  e H K  there exist k  e K and h e H such tha t g  =  kh. Therefore, 
using the argum ents of the proof of Lem m a 1 (4),

K (H n  K ) g  (H n  K) -  Kh  (H n  K) =  K (H n  K) h ( H n  K) -  

=  K ( H n O K )  -  K h K  =  KgK.

The argum ents of the proof of Lem m a 1 (4) can also be applied to the cosets 
AKi instead of the cosets K h, and g  e H K  can be written as g  =  h' k ’ with 
h ’ e H and k ! e K. Hence

( H n K ) ^ ( H n K )  K -  (H n K )  h 1 K -  ( H n K ) ^ ' (H n K )  K =

=  (H n K A T )  K =  K h ’K  =  KgK.

It follows th a t K is an H K /H n  K -norm al subgroup of H K , i.e. (2) holds. 
Conversely, (2) implies (1) by the Second Isom orphism  Theorem  for Jy-semi- 
groüps ([3], Theorem  2.13).

Let us finish this paper w ith comments on Theorem  1.
I. Theorem  1 shows th a t the property of an S '-semigroup to be a double 

coset wS-semigroup is not invariant under isomorphisms since S (H /H n  K)
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is, in general, not a double coset ^-sem igroup though it is isomorphic to the 
double coset 5—semigroup H K /K . Yet it is easy to see th a t every homo
m orphic image of a double coset 5-sem igroup into any double coset 5 -sem i
group is again a double coset 5-sem igroup. The point is tha t though 
S (H /H n  K) is contained in H /H n K  the m apping 9 : X -> H pi X need not 
yield a hom om orphism  in the sense of Definition 2 of the double coset 
5-sem igroup H K /K  into the double coset 5-sem igroup H /H n K .

II. Theorem  1 also shows th a t the notion of 5-sem igroup has a sort 
of “ categorical ” p roperty  in the following sense. Given any group H and 
any subgroup D of H, then the 5—semigroups on H which are contained in 
H /D  yield, up to a certain degree, inform ation on the possible em beddings 
of H into a group G such that

G =  HK and H n K  =  D

holds for a subgroup K of G. In fact, not all 5-sem igroups on H contained 
in H /D  are relevant to th a t sort of embedding, but only those which are iso
m orphic to double coset 5-sem igroups, nam ely isomorphic to S (H /H piK ) 
for a possible em bedding of H in the described sense.

II I . O ur rem ark  II points to applications of Theorem  1 in the follow
ing direction. Let G be a transitive perm utation group on a set D. Let Ga 
denote the stabilizer in G of a letter a e O .  Assume further th a t H is a 
transitive subgroup of G. This means that

G =-HGa =  Ga H

holds. Thus we have the situation of Theorem  1, and the double coset 5-  
semigroup G/Ga is isomorphic to the 5-sem igroup S (H /H n G a).

As for the meaning of the double coset 5-sem igroup G/Ga as a sort of 
“ endom orphism  ring ” for the transitive perm utation group G we refer the 
reader to [4], Section 10. There the isom orphy class [G/Ga] has been introduc
ed as the type of the transitive perm utation group G.

To indicate how the applications of Theorem  1 will work it should be 
noted tha t every subgroup U of G such th a t Ga <  U <  G is m apped (in the 
sense of [3], Proposition 2.2) by the isomorphism (p: X - > H f iX  onto the 
subgroup H n U  of H which has the properties

H-nU =  U (H n G a /%Ga) and H h G a <  H n U  <  H.
h e  h q u

Thus the transitive perm utation group G is prim itive if and only if there does 
not exist any subgroup V  of H such that

V =  U (Hn Ga vGa) and H n G a < V  <  H. 
v e v

Then we call S(H/HnGa) a prim itive  5-sem igroup.
Also the num ber of G/Ga~classes of G is equal to the num ber of orbits 

of Ga. For instance, G is two-fold transitive if and only if G has exactly
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two G/Ga-classes. Therefore, if H has no prim itive 5--semigroups contained 
in H /H n G a other than  the trivial oçe which is defined by the subsets 
H n G a and H \  (H f iG a), then G m ust be either im prim itive or two-fold 
transitive.

Thus some of the properties of the transitive perm utation group G 
can be decided internally  within the sm aller transitive group H by the 
properties of the existing 5-sem igroups on H contained in H /H n  Ga .

W hat we have indicated in h i  is just the method o f Schur in a general 
form for ab itra ry  groups which, incidentally, justifies our notation of Schur- 
semigroup. In  fact, Theorem  1 is just the straightforw ard generalization of 
SC H U R ’s Theorem  of the ‘"transitiv ity  m odu le” of Ga (cf. [6], Theorem  24.1) 
to a rb itra ry  groups and 5-sem igroups, a fact which the author wishes to 
acknowledge expressis verbis.
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