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E q u a z io n i d ifferen z ia li. —  On regularity of weak solutions of 
abstract differential equations in Hilbert spaces. N o ta  (*} di V i o r e l  

B a r b u , presentata dal S ocio  G. S a n s o n e .

R i a s s u n t o .  -— In questa N ota si stabilisce un risultato concernente la regolarità delle 
soluzioni deboli delle equazioni differenziali negli spazi di Hilbert.

Let H be a Hilbert space; ( } and jj J are the notations for the scalar 
product and for the norm. If À is an open interval of the real axis R, we denote 
by D (A , H) the space of infinitely differentiable H-valued functions with 
compact support in A. We consider on D (A , H) the usual topology and 
denote by D' (A , H) its dual (see L. Schwartz [6]). If u £ D'-(A , H) then 
for each compact set K C A there exists a non-negative integer 1 such that

V
(1) I zz (cp) I <  CK ^  sup I D-7 9 (/) J , 9 g D (A , H) supp 9 C K .

j =  0

If there exists an entire I such that /k <  I for any KC A, then the number 1 
is called the order of distribution u on A. In particular the distribution defin­

ed by f  (9) =  j ( f  (f) , 9 (f)) dt, with /  e LioC (R , H), is of order zero on the 

real axis R.
Let (A (/)} be a family of closed, linear and dense operators in H and 

let {A* (f) } be the family of their adjoints. We assume that the domain Da* 
of ■ A*(f) is independent of t. Denote by D (A , DA*) the space of functions 
9 (/) from A into DA* such that A*(f) 9 (f) , 9 (f) G D(A , H). Since DA* =  H 
it is easily to show that the space D (A , DA) is dense in D (A , H).

Let L* : D (R , DA*) -> D (R , H) be the linear operator

w  l * = - ( t t + a *«)-

Definition. We say th a t the distribution u eD ' (A , H) is a weak solu­
tion pn A of the equation

(E) +  A  ( t ) u = f

where / e D ' ( A  , H) if the following relation

(3) y , l «p) =  ( / . ? )

holds; for any 9 e D (A , DA*).
f h e  regularity  theorem  for the strict solutions of (E) have been obtained 

by T. Kato and H. T anabe [5], H. T anabe [7], S. Agm on and L. N irenberg [1].

(*) Pervenuta a ll’A ccademia il 28 agosto 1968.
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W hen A  (f) =  A  is independent of t, the w riter has given in [2] some condi­
tions which ensure the differentiability and hypoanalyticity  of the weak 
solutions of the equation (E). In this paper we extend these results for 
variable operators A  (f).

Assumptions.  (i). For each t G [— a , a\ , A*(/) is a densely defined 
linear closed operator in H and the dom ain DA* =  D (A* (t)) is independent 
of t. For any x  G DA* the function t -> A (t) x  is infinitely differentiable.

(ii) . There exists a sequence of positive constants {Cw} ^ 0 such that 
(XI —  A* (/))-1 exists in the domain

=  {X ; I \m  X| <  m  log | X| ; ] X ] > C m}

(iii) . There exist constants M ., N , d  > 0  such tha t for all | t | <  a 
^nd non-negative integers k ,

(4) I ( f f t f  (cl — A* (/))-! I <  Bk I cr \ ~d for a G R , I a I >  C0

(5) S ( W  QJ- i <  Bkm I XIM exp (N | Im  X'|) for X g

in the uniform  operator topology. Here Bk , Bkm are positive constants.

THEOREM. Let u e l ) '  ((— a , a) , H) be a weak solution of the equa­
tion (E) in the interval (— a , a) and let I be its order on this set. 
Suppose that /  G C  ̂+ 1 ((—: a , a) , H) , k being some positive integer. 
Let a' =  a —  d  1N ( k I  ~Y 1/2) — N and assume that a ’ >  o. Linder 
assumptions (i)—(iii), u  G C^-"1 in the interval | t  | <  a ’.

COROLLARY. Let ^ g D '(R ,H )  be a weak solution in R of the equation (E). 
If  f  G C°° (R , H) and the assum ptions (i)-(iii) are satisfied then ^ g C °°(R , H).

Proof of Theorem. In order to prove the differentiability of u  we 
will first construct a “ param etrix  ” associated to operator L* (see L. Hor- 
m ander [3]). For X g S w denote by Eo ( / ,  X) the operator

Eo ( t , X) =  (XI -fi A* (/)) I / I <C a

and define successively operators Ey (/ , X) by m eans of the recursion formula

(6) Ey+1 ( t , X) +  (XI +  A* (Z))“ 1 D,1 Ey ( t ,X )  =  o X e

where D} =  1 fi d/dt. It follows from (4) and (5) th a t

(7) Il D? Ey ( t , a) 1 <  By, I a g u + l) , a e R , | a | >  C0

(8) I D,* Ey { t , X) I <  Bj* I X |M(y+1) exp (N(> + 1)} I m  X |), X 6

Putting
n

(9) E ( / ,X )  =  X  Ey(AX) \ t \ < a , \ ^ m
j =0
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we get

(io) L* ieit% E  (/ , X)) =  —  (I +  O] E„ i t , X)).

Let 9 € D ((-— a , a) , DA*). U sing the fact that the operator A* is closed we 
deduce th a t E ( t , X) 9 (X) € DA* for \ t \ <  a and X e . Here

? (X) =  j e ~ ia y( t)  d/

is the Fourier-Laplace transform  of 9 (f). Operating under the integral sign 
we find th a t (10) is equivalent to

0 0  <p00 = — (2Tt)- 1 L*^ j  ea°E ( t ,a )  <p(a) d a j +  (2tt)-1 j  eita 9 (a) der —
i 0 '>c,„ !°:<c m

— (2TO-)q J eitaDÌEK(t,o)$(<y)daJ-
>o|>C‘ 1 — m

Let p (t) be a Cq° scalar function such that supp p C a } and p(f) = 1
for \ t \ < a  — s' where o <  s '< s  and s >  N (k +  1 +  1/2) +  N. Denote 
by A the open interval {t  ; | t | <  a — s}. Obviously for u e D '(A , H) we 
have

u (9) =  pu (9) , 9 e D (A , H).

If  u  e D'((-— a ", a) , H) is a weak solution of (E) on (— a , a) then from (11) 
it follows

(— D ju (9) =  ~  (2 ty 1 j  I e*a <p (t) f i t )  , E (/, a) D/p (a)> da d t +
’ 1°

+  (2tt)_1^(p(^) f  e “ a D J < p ( e ) d a j  —  ( 2 m ' ) ~ 1 p (?)  j  / u'D JE „(/,a)D y<p(a) daj +
k L  '  \a\>cm

+  u ( d ì  p it) I e'ta E (t , a) E)J <p (a) daj

for any 9 e D (A , Da*) and for any non-negative integer j .  Here D } u  is 
the derivative in the sense of distributions of u. L et E* ( t , X) be the adjoint 
of the operator E  ( t , X). As is easily seen, we have

(12) (p 0 0 /0 0  , e  ( t , a) D 7 9 (a)) da d t =
| 0 | > C

=  j  a  1 \  J ^  D ' +1 (E* /  > ff) POO/OO) d/ ; <P 0 0 /  da.
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The right term  in (12) is dom inated by My | 9 |La for o < j  <  k. Here we 
used the fact th a t /  G Ck+1 and easily verifiable inequality

D/+1(E*(*,a) p(/)f(f)) \ \  < B , | ! -d O <  j  <  k  .

Hence

(n) e ta (p ( )  , E (/, a) Dy<p (a)) da d/ <  My jj 9 j|L2 , O < j  <  k .

for any 9 e D (A , DA*). Since supp p C (— a , a), from (1) we have

0 4 ) j u  ( p (t) j  / °  D] E„ ( t , a) Dj  9 (a) da
|a! >C_

<

<  c 2  sup I! D p (p (/) eita D] E„ ( t , a)) | a |y || 9 (a) | da .
P=0

E xpanding  D1*(p(t) e ‘a D) E„ ( t , a)) by Leibniz’s form ula and applying the 
Schw artz’s inequality  we obtain

u  I p (t) j e ta D 7 9 (a) D] E„ da
l«i>cOT

< c y icp!|L2 12 ( j + l ~d ( n - V- l ) )
\  1/2

da I

If  we choose n  large enough such th a t j  -f- i — d  (n + i )  <  — 1/2 it follows 
th a t the right m em ber of preceding expression is bounded by Cy |j 9 j|La. 
As regards of second term  on the right in (11), we can show easily tha t

Os) u  I p (t) j  e D7 9 (a) da
l«l<cOT

for any 9 e D (A , Da*)- To deduce a sim ilar estim ate for 

u  ( Dj p (t) /  e tQ E ( t , a) D 7 9 (a) da )

we put

f i ( t )
eUG D) p (/) E ( t , a) DJ 9 (a) da

M>c*

and

t >  o

t <  o

t >  o

/ -  (0  =  ; j  Dj p (*) E (A a) Dy 9 (a) da
t <  o.
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Obviously /+  , / b e  D (A , H). Hence,

(16) u  [ D p (t) J  e ö E (/, or) DJ 9 (a) der <

<  C 2  sup (il D '/;  (01 +  11 D*f_ (01).
p = 0

Let m  be an arb itra ry  positive integer. For every real a with | cr | >  Cm , 
denote by qm (a) the smallest non-negative num ber such th a t qm (a) =  
=  m  log I a +  iqm (a) | . A fter suitable deform ation of contours in the com­
plex plane, the functions /+  (t) and 'f _  (t) can be expressed in the following 
form

(17) f+  if) =  j  eia Dj p (0  Xy E ( f , X) 9 (X) dX

r +m

(18) f ~  if) =  j  eitx D,1 p (0 Xy E(/,X ) <p (X) dX

r~m

where F y = { X ; X = a + i ç m(a) ; |a | > C m} and F ~ = { X ; X = e r — iqjrs)  ; | a |< C m}. 
All the integrands in the above are holom orphic functions of X in . 
F rom  (5) it is easily to see th a t the shift of the integration is legitimate. In 
virtue of (8),

I 'D / E ( f , X) i <  c) I X |M(”+1) exp QS(n + 1) | Im  X] ) , X e , t  e A . 

Thus from Paley-W iener Theorem  we get

(19) I! D V i( 0 l  <  d  / exp ( q m ( a )  (N ( n  +  i ) — e " ) )  | X |y+i>+MÄ |dX| •
J

where z” =  z —- z' and e >  (k -p /  -f- 1/2) cP 1 N +  N. We m ay find a non­
negative integer n such that

d “ 1 (k +  /  +  1/2) +  I  <  n +  I <  N “ 1 e .

Choosing z' =  2—1 (s — N (n + 1 ))  and m  so large such th a t M n  -\- p  +  k  — 
— m  s / < 2 ~ 1 we deduce from (19)

(2°) ! D ^/+  00 ! <  Ç /1 cp |[L2 for o < j < k , o < p < i

We can show in a sim ilar way

(2 0  !|Dy/ i ( / ) l  < c) | 9 [|L2

Collecting these results and using (16) we get

o < j < k  , o <  ^  <  I .
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for any 9 6 D (A , DA*). Now combining (13), (15) and (22) we obtain

(23) I u  (9) I <  My I 9 j[L2 for o <  j  <  k and 9 e D (A , DA*).

Since the space D (A , DA*) is dense in D (A , H), the inequality  (23) is 
obviously true for every 9 e D (A , H). From  H anch-B anach theorem  it 
follows th a t T>J u  e L2 (A , H) for o < y  <  k. T aking inverse Fourier tran s­
form, this implies th a t u £  C^"1 (A , H).

Remark. Suppose th a t d >  1. From  the proof it is easily to 'see  that 
the preceding is true if we m erely assume th a t /  6 .
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