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Equazioni differenziali. — On regularity of weak solutions of
abstract differential equations in Hilbert spaces. Nota ® di VIOREL
BarBu, presentata dal Socio G. SANSONE.

RIASSUNTO. — In questa Nota si stabilisce un risultato concernente la regolarita delle
soluzioni deboli delle equazioni differenziali negli spazi di Hilbert.

Let H be a Hilbert space; () and | | are the notations for the scalar
product and for the norm. If A is an open interval of the real axis R, we denote
by D (A, H) the space of infinitely differentiable H—valued functions with
compact support in A.  We consider on D (A, H) the usual topology and
denote by D' (A, H) its dual (see L. Schwartz [6]). If z €D’ (A, H) then
for each compact set KCA there exists a non-negative integer 1 such that

;

(1) 1%(@>\£CKZ)sup%iDj<P<_f>1} , 9€D(A,H) supp CK.
~

If there exists an entire / such that /x </ for any KCA, then the number 1
is called the order of distribution « on A. In particular the distribution defin-

;

ed by f(p) = / (f@®, @) dt, with feLi.(R,H), is of order zero on the

b

real axis R.

Let {A(#)} be a family of closed, linear and dense operators in H and
let {A*(#)} be the family of their adjoints. We assume that the domain Dy-
of A*(#) is independent of z  Denote by D (A, Dy+) the space of functions
© (#) from A into Dy« such that A*(#) o (#), ¢(#) € D(A, H). Since Dy = H
it is easily to show that the space D (A, D,) is dense in D (A, H).

Let L*: D (R, Das) = D (R, H) be the linear operator
0 e (34 a)

Definition. We say that the distribution z € D’ (A, H) is a weak solu-
tion on A of the equation

1 du

(E) T @ TAQu=f
where f€D'(A, H) if the following relation
3 (,Lo) = (/9

holds for any ¢ € D (A, Dy»).
The regularity theorem for the strict solutions of (E) have been obtained
by T. Kato and H. Tanabe [5], H. Tanabe [7], S. Agmon and L. Nirenberg [1].

(*) Pervenuta all’Accademia il 28 agosto 1968.

10. — RENDICONTT 1968, Vol. XLV, fasc. 3-4.,
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When A () = A is independent of #, the writer has given in [2] some condi-
tions which ensure the differentiability and hypoanalyticity of the weak
solutions of the equation (E). In this paper we extend these results for
variable operators A (2).

Assumptions. (i). For each ¢ €[—a,a]l, A*(#) is a densely defined
linear closed operator in H and the domain Ds. = D (A*(?)) is independent
of 2. For any x € Da« the function # — A (#) x is infinitely differentiable.

(if). There exists a sequence of positive constants {C,};-o such that
(\I — A* (#))™! exists in the domain

2, ={n;|Imn| <mlog|r|;|n| =C,}

(iii). There exist” constants M., N ,4 > o such that for all 2| <a
and non-negative integers £,

@ |G (el —A* @) | = By | o] for c€R, o] =Co
(5) @ty O —AY@)1] < By, |2 exp (N [ ImA])  for €3,
in the uniform operator topology. Here B,, B,, are positive constants.

THEOREM. Let u€D'((—a,a),H) be a weak solution of the equa-
tion (E) in the interval (—a,a) and let I be its order on this set.
Suppose that fe€ C*T'(—a), a) , H), & being some positive integer.
Let @/ = a—d 'N (+7+1/2) —N and assume that @' > o. Under
assumptions (1)-(iil), = eC*™' in the interval |t <a.

COROLLARY. Let z€D'(R,H) be a weak solution in R of the equation (E).
If /€eC*(R, H) and the assumptions (i)—(iii) are satisfied then »€ C®(R, H).

Proof of Theorem. In order to prove the differentiability of « we
will first construct a ¢ parametrix ”’ associated to operator L* (see L. Hor-
mander [3]). For A €X, denote by Eo (¢, %) the operator

Eo(z,0) = (Al + A* ()" 7] <a
and define successively operators E; (#, ) by means of the recursion formula
6) Eor (2,2 + 01 4+ A*(0)) 'DIE, (£,%) = o res,

where D} = 1/7 9fa¢. It follows from (4) and (5) that

7 IDSE; (2,6)] < By ||V, s€R | |6|=C
t ;j l j

(®) IDFE; (2, )1 < B [ 2" exp (NG+1) | T2, NED,

Putting

(9) E@# N =3 E(¢,» lz|<a, nex,
7=0
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we get
(10) L* (@ E(t,2) = — A +DIE, (£, 0).

Let 9 €D ((—a, @), Dax). Using the fact that the operator A* is closed we
deduce that E(#,%) ¢ (A) € Da+ for |#| <@ and A €X,. Here

~

b0 = [ g ar

N

is the Fourier-Laplace transform of ¢ (7). Operating under the integral sign
we find that (10) is equivalent to

(1) e)=—(2m)" L*( / ¢ (2,0) 6 (o) dc)+<2n>—1 / ¢ § () do —

|o 2Cm EOESCM

— (2mi) ( [ F°DIE, (£,6) (5) dc)'

1 \.
'6|=C,,

Let p(#) be a Cy” scalar function such that supp ¢ C{z;|t|<a}and p(¢) =1
for || <a-—c' where o<e¢'<e and ¢ >d 'N(&+1+1/2) + N. Denote

by A the open interval {#;]7|<a—c}. Obviously for € D'(A, H) we
have

u(p)=pu(p) , ¢e€D(A, H).

If weD'((—a,a),H) is a weak solution of (E) on (— @, @) then from (11)
it follows

' Dule) =i | [ e ), (o) Dg(a) dadr +

o 26,

+m™! (p@f "“wac)dc)—/zm (p@ ’/‘;wa;En@,@Dﬁp@dc)+

o <C ‘c;[iC

~{~u(D, 10 [ ¢ E (¢, G>D 1G] dc)
e

1=%m

for any ¢ € D (A, Da+) and for any non-negative integer ;. Here D’# is
the derivative in the sense of distributions of . Let E* (#,2) be the adjoint
of the operator E (#,2). As is easily seen, we have

(12) ] / S 6/ (0),E (1, 0) Dg(e)) dodr —

</ DB ¢, 0) 600 () o, 6 () > do
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The right term in (12) is dominated by M;|¢|.: for 0 <<j << £ Here we
used the fact that € C'*" and easily verifiable inequality

| DI B, 6) o (1) f ()| < Bi|s| 7, o< <k
Hence
(13) / & (o (D), E(2,6) D g (o)) do dri <M,|ol:, o< <k,

“lol=C,,
for any ¢ € D (A, Dax). Since supp p C (—a, a), from (1) we have

(14) 1 u(p (%) / "D} E,(¢,0) D7£p (o) dc)
o'

— Tm

i
<C X sup | D*(p(t) ¢ DIE,(1,0)) | o] |4 (o) do.
=0

Expanding D?(p(?) ¢ D} E, (#,6)) by Leibniz’s formula and applying the
Schwartz’s inequality we obtain

.

; 1/2
< Cj HCPHLz ( / I o ‘?(,7+1——d(n+1>) dg)

u (p ) /ﬁ Do () DIE, dc)

.
lsj=C,,

If we choose » large enough such that j + 1 —d (% +1) < — 1/2 it follows
that the right member of preceding expression is bounded by C;| ¢ ..
As regards of second term on the right in (11), we can show easily that

(15) wlot [ T d)| < G lol,

\ o/
le]<C,,

for any ¢ € D (A, Das). To deduce a similar estimate for

u (D} 10 / £°E (¢,0) D% (o) dc)}

620,
we put
‘ \ Dl o () E(¢,0) D’ o (o) do t>o0
f{%— <t> = ls] =C,,
o t <<o
and
g le) t>0
A= Do (t) E (2,6) D’ ¢ (6) do
( t<o.
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Obviously £,/ €D (A, H). Hence,

(16) <

" (Dl o (2) / FTE(,6) D o (o) dc>

[6/=C,,

< C X sup (IDAL@] + DA Q.

Let 7 be an arbitrary positive integer. For every real ¢ with |¢|=>C,,,
denote by g¢,,(6) the smallest non-negative number such that g, (c) =
=mlog | 6 + 77, (c)|. After suitable deformation of contours in the com-

plex plane, the functions £/ () and /% (#) can be expressed in the following
form

(17) Fi@ = [ é*Dlo@) ¥ E,n) 62 dr
)
(18) FL@ :fe’”“ D;o(?) ¥ E(z,%) 6 () di

m

where Iy ={%;A=0+1ig,(0);|06|=C,} and T,, ={}; 1= 6—ig,,(c); lo|<C,.}.
All the integrands in the above are holomorphic functions of A in X,.
From (5) it is easily to see that the shift of the integration is legitimate. In
virtue of (8),

D/ E@t, )] < CHA M exp (NGe 4-1) |Ined]) N€X,, tEA.

Thus from Paley-Wiener Theorem we get
(199 [D’AGI =G f exp (g,,(6) (N (1) — &) [ A" [dn] - | s

where ¢’/ =e—¢' and e> (4 /+1/2)d" N+ N. We may find a non-

negative integer 7 such that
A4 I41/2)F1<n+ 1<Nle.

Choosing ¢’ = 21 (z— N (# +1)) and m so large such that Mz +p+ £ —
—27lme' < 271 we deduce from (19) :
(20) ID’A @] <Clel,  for o<j<k,0<p<1

We can show in a similar way

(21) 1D’ < Clol, o<j<k,0o<p<1L

Collecting these results and using (16) we get

(22)

<Glol, o=j<é

u(D}p@ f FE (¢, 0) D 9(o) dc>

fol>C,,
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for any ¢ € D (A, Da»). Now combining (13), (15) and (22) we obtain
(23) | D7 (9)| <M;| o, for o<;j<#% and ¢ €D (A,Dy).

Since the space D (A, Dyx) is dense in D (A, H), the inequality (23) is
obviously true for every ¢ € D (A, H). From Hanch-Banach theorem it
follows that D7« € L2 (A, H) for o <; < 4. Taking inverse Fourier trans-
form, this implies that » e C*"' (A, H).

Remark. Suppose that d > 1. From the proof it is easily to see that
the preceding is true if we merely assume that e C* 71
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