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Algebra lineare. — On Decompositions o f M atrix Spaces with 
Applications to M atrix Equations^. N o ta 0  di Adi B e n -Is ra e l, pre
sentata dal Socio B. S eg re .

R ia s s u n to . — Si dim ostra un teorema di decomposizione dello spazio CmXn , delle 
m atrici complesse m A n ,  in una somma diretta di sottospazi ortogonali complementari, come 
conseguenza di un teorema corrispondente dello spazio vettoriale di dimensione mn.  
Si danno inoltre delle applicazioni per equazioni m atriciali.

Introduction .

A theorem  on the decomposition of Cmxn, the space of mXn  complex 
matrices, into a direct sum of orthogonal com plem entary subspaces [1] is 
proved here as a consequence of the corresponding theorem  in Cmn} the mn 
dimensional complex vector space. Applications to m atrix  equations are 
given.

§ o. -  N o ta t io n s .

Cn the ^-dim ensional complex vector space
n

(x  , y) =  2  x i ÿ i  the standard  inner product in Cn
i= 1

\ x |[2 =  (x  , x )1//2 the Euclidean norm  in Cn.
For any subspace L of Cn:

L 1 the orthogonal complement of L
Cn =  L  © M denotes M = L X
Qmxn Sp ace 0f m x n  complex matrices.

For any A c C mx":
A f the transpose of A
A* (**) the conjugate transpose of A
A + the generalized inverse of A. [6]
R (A) the range of A  
N (A) the null space of A.

For any subspace L of Cn:
P l the perpendicular projection on L 
i.e. P L =  P l =  P £ ,  R (Pl ) =  L.

For any  A  l C * x" , B e (N x? the K ronecker product of A, B is 
A ® B =  (flij B) e Qmpy-nq y =  I [5].
If  not specified, the dimensions of m atrices should be clear from the 

context.

(*) Acknowledgement: This research was partially  supported by the N ational Science 
Foundation, Project GP 7550 at Northwestern U niversity.

(**) Pervenuta a ll’Accademia il 3 ottobre 1968.
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§ I.  -  A  CORRESPONDENCE BETWEEN C”**" AND C™".

Aside from  the practical aspect of representing m atrices on tapes or punch
ed cards, there seems to be little interest or use in the observation th a t any 
mXn  m atrix  m ay be regarded as an ^ -d im e n s io n a l  vector. While most 
of the interesting m atrix  properties are lost in passing from CmXn to Cm”, 
those vector properties of linearity, convexity, standard  inner product and 
the Euclidean norm  are natu rally  preserved by the following correspondence.

Definition  j :  Let v : C mXn be the m apping assigning to any

x  =  0b7) e C ”Xn the vector v  (X) =  (vk) , (k =  1 , • • •, mn),

Siven b y «'»(.•-!)+/ =  Ay O' =  I , • • ■, m; j  =  1, • • •, n)

i.e. v (X) is the vector obtained by reading the rows of X one by one.
The m apping v induces in Cmxn the inner product

( 0  (X , Y) =  (v (X) , v (Y)) =  2  Ay Äy =  trace Y* X

and the norm

0) II x ll = Il »(X) I2 = (JJ I Ay|[2j1/2.

Since v \C mxn-> C mn is a nonsingular linear transform ation it is d e a r  th a t L 
is a subspace of Cmxn if and only if v  (L) is a subspace of Cm:\  and that 
dim  L  =  dim  v (L). The following subspaces in CmXn are of special interest:

Definition 2\ For any A  6 Qmv-p j ß  e çym

(3) R (A , B) =  {X : X =  AYB for some Y 6 C/X?j

the range of (A , B)

(4) N (A , B) =  {Y : AYB =  0}

the n u ll space of (A , B).
The vector space counterparts of these subspaces are given in:

'Lemma i :

(i) t / ( R ( A ,  B)) =  R (A ® B 0

(ii) v  (N (A , B)) =  N (A®B')_

Proof.— Follows from the easily verified

(5) v (AYB) =  (A ® B () v (Y), for all Y, e.g. [5] p. 9.

N ot all the subspaces in CmXn are of the form (3) or (4) since not all 
the m n X p q  matrices are of the form A ®  B ' , A  e Cmxp , B e C?x,!. For 
example, the subspace of symmetric matrices in R ”XB can ße represented 
in the form  (3) but only after rearrangem ent of components.
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§ 2. -  On r a n g e - n u l l  space d eco m p o sitio n s  o f  CmXn.

For any A e C mXn we recall that

(6) C" -  R (A )© N  (A*)

The analogous result in CmXn is:

T h eo rem  i ( [ i ], [3]).— For any A e C w^ ,  B e & xw

(7) Cmxn =  R ( A ,  B)© N (A* , B*).

Proof.— Follows from lemma 1 since, by (6), the subspaces 

R ( A ®  W) =  v ( R ( A , B ) )

and
N ((A® BO*) -  N (A*® B*0 =  v (N (A* , B*))

are orthogonal complements in Cmn.
This theorem  m ay be stated more generally [1], but the restriction to 

m atrices makes possible the above elem entary derivation.
Before giving the perpendicular projections corresponding to the decom

position (7) we need:

LEMMA 2 .— Let S , T  , S* , T r  (i =  1 , • • •, k) be m atrix spaces and let

/ F S ^ S . i f l V T
i= 1 i = \

be a m apping satisfying:
(i) For a ll h i  6 S,- , B, € T,- (i =  i , • • •, k)

f  (A i , • • •, A * )/ (Bi , • • •, B*) =  /  (C i , • • •, Q )

where fo r  i — 1 , • • •, k

Q  =  A,- B,- or B, A,

(ii) I f  A i (i =  I ,•••,>§) are H er m iti an then so is / ( A i  , • • •, A k). 
Thew.

(8) ( /  (A i , • • •, A*))+ =  /  (Ax+ , • • •, A / )

fo r  a ll

A,-6S, ( i =  I • - , k).

Proof.—-The right side of (8) satisfies the defining conditions of the 
generalized inverse of f  (Ai , • • •, A f ,  e.g. [6]. 1

(1) One choice for each i but possibly different choices for different i, e.g. / ( Ai , A2) 
/ ( B i ,  B2) = / ( A i Bi , B2A2).
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COROLLARY i .— For any matrices A  , B.

(i) (A 0+ =  (A+y (2)
(ii) (A(x)B)+ =  A + 0 B +

Proof.—Use lemma 2 with:

(i) k — I , / (A) =  A '
(ii) k  =  2 , / ( A  , B) =  A ®  B

and verify in each case th a t /  satisfies conditions (i), (ii) of lemma 2.

COROLLARY 2 .— The perpendicular projections o f C WXK on subspaces 
R (A , B) , N (A*, B*) of theorem I are given by:

(9) P r(a,B) X = AA+ XB+ B

( IO) Pn(a*,b*) X =  X — A A + X B + B

fo r  any X e C” x’!

Proof.— (9) follows from (5) and lemma 1 since

P r(a®b)  = ( A ® B 0 (A ® B ')+  , e.g. [3]

=  (A ® B /) (A+0 B +/) , by corollary i

=  (AA+)(x),(B+ By , e.g. [5]

(10); follows now from (9) and (7).
The projection (9) is rewritten as

P r(a ,B) X  =  P r(A) X P r(B*)

and (10), by subtracting and adding f s A f  X, becomes

Pn(a*,b*) X =  Pn(a*) X +  Pr(A) XPn-(B)

or alternatively

P n(A*,B*; X -=  PN(A*) X P r(b )̂ “b X PN(B).

The .corresponding projections in Cmn are therefore

P

p __ p   p  (x) T>/
»(R(A, B)) 1 R(A®B*) r  R(A) ^  r  R(B*)

(N(A*,B*)) -*T(A*®B*b r

=■ P  (
N(A*)

- N(A*) ® I + P . R(A) w  x N(B)

)P* 4 -1

(2) This is different from

(A*U =  (A+)*, [6 ] ‘ 

which also can be proved by lem m a 2.
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§ 3. -  A p p l i c a t i o n s .

The above results have direct applications to m atrix  equations: 

T h e o r e m  2 ( P e n r o s e  [6]).— The m atrix equation 

(I  i) A XB =  C

is solvable if, and only i f

(12) A A + C B + B = C

in  which case the general solution is

(13) A+ CB+ +  Y — A +A Y B B+ , Y arb itra ry

Proof.—{  11) is solvable if, and only if C 6 R (A , B) which proves (12) by 
using (9). The general solution is any particu lar solution, e.g. A+CB+ by (12), 
plus the general element of N (A , B) which by (10) proves (13). The least 
squares solution of (11) are also easily obtainable from the above results:

T h e o r e m  3 ( P e n r o s e  [7]).— The m atrix

(14) A+CB+

is o f m in im a l norm  (2) among a ll matrices m in im izing

I A X B  -— C|.

Proof.— It follows from the corresponding result in Cmn that the vector 
(A® B*)+ v  (C) =  (A+® B+0 v (C) =  v (A+CB+) is of minim al norm  among 
all vectors m inimizing

|(A ®  BO v (X) — z/(C)|| =  I v (AXB — C )| .

The following characterization of A+ is also interesting:

C o r o l l a r y  i . — Let A e C « ” and  X satisfy

(15) A X A  =  A.

Then the fo llow ing  are equivalent'.

(i) X =  A+
(ii) X e R (A* , A*)
(ih) X is the minim al norm  (2) solution of (15).

Proof.—The general solution of (1 5) is

(16) X =  A + A A + +  Y — A+AYAA+ , by (13)

== A+ +  Pn(a,a) Y , by (10)

(i) «==> (ii) now follows from (7) since

A+ =  A+ AA+ AA+ =  A* A*+ A+ A*+ A* e R  (A* , A*)



A d i Ben- I srael, On Decompositions o f M atrix Spaces, ecc. 127[59]

and (i) (iii) from

||X[2 =  ||A+i|2 +  ||PN(A/A) Y [2 in (16).

A n application to m atrix  inequalities will now be given. For any 
X =  (pCjj) e R mXn we denote by o the fact

x ,j>  o (i =  I , • • •, m  ; j  =  I , • • •, n).

COROLLARY 4 .—Let A , B , C be real matrices. Then the system o f equa
tions and inequalities

(17) A X B  = C  , X ^  o

is solvable if, and only if,

( ï 8) A*UB* ^  o implies: trace o.

Proof.—The solvability of (17) is equivalent to tha t of

or, by (5) and (1), to (18).
A pplications of these results to iterative m ethods of generalized inversion 

are given in [10]. In particular it is shown that for X0 G R (A* A*) the 
iterative m ethod [2] (or the higher order m ethods of [8], [9]):
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