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SEZIONE II
(Fisica, chimica, geologia, paleontologia e mineralogia)

Relatività. — On the hypothesis that the expansion of the Universe 
is due to a distribution of neutrinos of sufficiently high density and 
on the gravitational redshift. Nota r) del Socio G leb W atagh in .

RIASSUNTO. — Partendo dalle equazioni dell’Universo in espansione di Einstein, con 
la « costante cosmologica » A >  o corrispondente a « fluttuazioni del vuoto », si propone una 
nuova interpretazione del « param etro di espansione » di H ubble.

The purpose of this Note is to study a model of expanding, spatially 
homogeneous and isotropic universe of finite 3-dim ensional volume 2 tu2 R 3 4 (#4), 
from a partia lly  new point of view. The integration of E instein’s gravitational 
equations, with the cosmological constant A >  o, will lead us to an in terpre
tation of the H ubble effect, which, as far as I know, was not considered before.

S tarting  from  the form  of the line-element d^2 suggested by Friedm an 
in his pioneer work [1 ] :

Ĵ 2 f pr f\
— [d*l +  sin2 x 1 dx2 +  sin2 x x sin2 ;r2 d*2] +  gu  (#4) d*2

( 0  o < x x< n  ; o < ^ 2< ^  ; o < ^ 3< 2 7 t

we shall introduce following assumptions:

1. There was in the early  stage of the evolution a m om ent when m atter 
and radiation were at very high tem perature (>  io 12 °K) and high density 
(p ~  io 13gr/cm 3). One can describe approxim ately the evolution at this 
epoch as a succession of nearly  equilibrium  states of relativistic particles 
obeying the Einstein gravitational equations and the approxim ate equation 
of state: p  ( x f  =  —- p ( x f  c2 (in “ cosmological coordinates ” x x x 2 x 3 x 4).

The special choice of the coordinates in (1) allows to represent the radius 
of the 3—dim ensional space R (x£) the density p ( x f  the £44 ( x f  com ponent 
of the gravitational potentials, the tem perature T  (*4) and some other p a ra 
m eters as functions of the “ cosmological time ” ^4 only.

2. Besides the assum ption of initial tem perature T,- and density p,. at 
an arb itra ry  chosen epoch x f \  we w ant to add the hypothesis th a t the pair 
production of antiparticles at tem peratures T  >  io 12 (°K) played such a

(*) Presentata nella seduta dell’8 giugno 1968.

4. — RENDICONTI 1968, Voi. XLV, fase. 1-2.
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dom inant role th a t the 4 conserved quantities: the total charges, the baryonic
num ber B, and 2 leptonic num bers L e , L n are nearly  or exactly vanishing
(see [2]). A fter some time, the cooling and espansion lead to the separation
from  the rest of the m atter of the ve ve neutrinos, when* the m ean
free path  of these particles becomes com parable w ith the dimensions R  (x4)
of the Universe. L ater on, the photon-phase separated, forming w hat is now
known as the 3 (°K) blackbody radiation. Since the initial energy density

m  c2
(p(f)).£2 of neutrinos at e.g. ^ ^  1,5.1012 (°K) is of the same order
of m agnitude as the energy density of other particles [2], and neutrinos, 
after separation, are subject to an adiabatic expansion, whereas other p arti
cles suffered in later tim e annihilation processes, form ation of nuclei, stars 
and galaxies and photon-absorption processes, we conclude th a t the present 
day  density of neutrinos is greater than  the average density of m atter and 
we shall assume th a t a t the present epoch p̂ °) >  io~ 29 gr/cm 3. (See [3] and 
a forthcom ing Note of A. W ataghin and A. Agnese). Therefore, after the 
initial interval of expansion the neutrinos became the m ain cause of the 
expansion of the Universe, as was suggested recently [3]. In  the following 
we shall trea t the above equation of state and the Einstein gravitational 
equations in F riedm an form:

(2) 3 | )  —  +  3 —  = A + 8 tCG p

(3)
R_ I R2 1
R £44 R2 £44 +  R2

R_ £44
R p-2 =  A ----- — 8 7z Gp

3 r

referring to the neutrino filled cosmos (p =  pv). In  order to integrate these 
equations we begin w ith a fam iliar procedure (m ultiplying (2) by — R 3^ 2 
and differentiating; m ultiplying (3) by g R2 R  and substracting) to obtain 
the relation:

/ \ p I R A
(4) 7  +  4 - r = ^  or P =  7 T-

One can now establish the following relation between R  (x4) and g 44 (x4): 
g l4î  (^4) =  (XÀ)> where b — const. L et us consider in each point an
infinitesimal dom ain D l, where we can suppose g^v constant and can choose 
a Lorentz reference system  in a way th a t the origin of spatial coordinates 
coincides w ith the centre of m om enta of all particles of the dom ain D l , and 
the tim e axis is parallel to the direction of the cosmological tim e x 4 . The red 
shift of d istan t stars is also isotropic in such a fram e (Dirac). Considering 
an atom ic clock at rest in the centre of m om enta of the dom ain D l (with 
x l — x 2 =  x% =  o), one finds easily that, in order to agree w ith the result 
concerning gravitational red shift obtained with M össbauer effect and with 
astronom ical observations, one m ust assume th a t the “ natu rally  m easured 
time interval ” dv is given by (1): d r  =  g \4 (#4) djr4 and the ra te  of re tarda-
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tion of this clock is m easured by g ~L1/2 (we suppose | g 44 | <  i in d istant past 
a n d g 4 4  - >  I in the d istant future). One arrives at a sim ilar conclusion consider
ing the wave length X of e.g. a stationary  wave: if it arises from identical 
atoms at rest in two different instants of time x 4 and x 4, one has for X in two 
points X : X' =  R (x4) : R  (#4). The relation ~  =  follows from  the accord 
of the red-shift m easurem ents with the M össbauer effect and by m eans of 
the astronom ical observations. I t corresponds to a constant value of the 
speed of neutrinos and of light signals. One deduces from this relation and 
from  (1):

(5) g™ (*4) =  ÒR (A4) =  R  (*4)/Ro

where b =  R ^ 1 =  const.
One obtains (5) also analyzing the equations of the geodetics of the 

light signals or of the neutrinos.
One deduces also from  the equation of state of the neutrino pairs at the 

epoch when the neutrino density greatly dom inates all other densities, th a t 
the scalar invarian t of the m atter tensor vanishes: T  =  T£ =  o and the 
scalar R iem an curvature R  is constant: R  =  4 A =  const. All these and 
the following deductions have obviously the character of an approxim ation. 
W e do not e.g. quantize the gravitational field and we do not consider the 
possible contribution of the gravitons.

One can now elim inate from  (2) and (3) either R  (x4) or £44 (x4) and one 
obtains, rem em bering (4) and the* relation which follows from  (5):

JL Til — A •
2  £ 4 4  R

(2') t 4 ì  +  3 ^ £ - = A + 8 t i G  A6*grf
4  £ -4 4  gii

One has also:

(2") R  =  4 A = ^ ( R  +  ^ ^ R )  =  c°nst.

We «adopt the interpretation of the H ubble effect as due to the gravitational 
red shift. If  v and v' indicate the frequencies of two identical atom-clocks 
at two epochs x 4 and x 4) one has:

( f , v _  g i i  <>4) _  R ( xA)

W gli2«) RW
T he neutrino filled U niverse has the total-particle energy:

E =  2.7c2 Ro pò c2

at the epoch x% when ^44 (x4) =  1, and the gravitational energy is assumed 
to be negligible. A t an epoch with g 44(x i)<  1, when the particle energy
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is red shifted: sv =  hv g££ (x£)> one obtains for the total energy of neutrinos 
interacting only w ith the grav itational field the following expression:

<r1/2
E =  2 n 2 R 3^ ^ 2 pc2 =  2 7i2 A  — c2 =  2 re2 Abe2 =  const.

We conclude th a t assum ing the conservation of the num ber of the neutrinos 
during the adiabatic expansion, we can consider th a t E represents the total 
energy of neutrino-particles -f- gravitational energy. The sum  is conserved, 
in an adiabatic expansion, whereas the particle energy 2 tc2 R 3 pc2 and the 
tem perature T  varies as R “ 1 (x4) or as g±£12 (#4).

In  order to give an example of a num erical integration of (2) we chose 
following values of the constants:

b =  Ro 1 =  io~28 cm-1 , A ^  3 • io“ 36 sec-2 ,

A bà =  p0 Rq^4 ^  p0 ^  2 • io~ 29 gr/cm3.

Indicating: z  =  g i t  =  bK  and integrating (2'), one has

(7)

or, indicating:

#4 z
2,9- io“18 I dx4 =  I dsr

V i---0,98 Z2 +  0 ,1 i g z 4

z  =  1% I =  1,096 9 =  arcsin H,

k  =  sin a =  0,4144 oc =  240 29'

one obtains

(7') 2,9-10—18 (^4— x f ) = l J V(I-
d?

-Ç2) ( I _ ^ 52)
— 1,096 dç

V 1— k 2 sin 29

H ere the “ initial tim e ” is referred to an epoch x̂ 4 when (git)* =  zx was 
vanishing and the present time x® to a value of z0 ~  1.

From  the above formula (7) or (7') and from the known properties of

the elliptic integrals follows for the red shift, given by (6): —— ^  =  -— — ~ z — 1,
V0 ZQ

(where zo ~  1), th a t z  is a non linear function of x 4 . O nly for restricted 
intervals of tim e the relation between A^4 and Az  is nearly  linear.

The H ubble coefficient for small and small red shifts results

H ^ 3  • io -^ s e c -1 in good agreem ent with the observations. If  ^ ^  2,

-g- ~  3, one obtains from (7') x 4 — x® ~  io 17 sec. (3- io 9 light years).
The m ain conclusion is th a t the choice of x 4 according to (5) represents 

the “ physical tim e ” indicated by atom ic clocks.
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