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Matematica. — A  note on connectedness. Nota di A s r ie l  E v y a t a r  

e  M e i r  R e i c h  a w , presentata (#) dal Socio B . S e g r e .

R iassunto. — Caratterizzazioni di alcuni tipi di connessione per sottoinsiemi di uno 
spazio di Banach ad infinite dimensioni.

L et Y be a topological space and let J C  Y be a subset of Y. The 
questions: when is Y — J connected, locally connected, arcwise connected 
or locally arcwise connected have been investigated by a num ber of writers. 
Some classical answers can be form ulated for closed subsets J of a Banach 
space Y in term s of extension properties of com pact fields J (see [6]). 
A nother answer to the above questions follows from  results obtained recently 
in [ 1]—15], [9] and [io ]. In  particular, the results obtained in [i], [2] and 
[9] im ply th a t if Y is a separable infinite dim ensional B anach space and

OO

{ K J i =  I , 2 , • • • a sequence of com pact subsets of Y then Y —  u  K,- is
i — 1

a locally arcwise connected, arcwise connected space. T he first of these 
questions is related also to the im portant problem  of finding conditions 
under which a m apping / :  X -> Y m aps X onto Y (see [ n ] ,  Theorem  2, 
p. 1400). In  this paper some conditions are found (Theorem  1) for a set 
J C Y so th a t the set Y —  J turns out to be locally arcwise connected and 
arcwise connected for locally norm ed topological (not necessarily linear,
see Definition 1) spaces Y. These spaces include connected open subsets Y

00
of infinite dimensional Banach spaces when J C (J K,-, where K i are compact

2 = 1
sets i  — I , 2 , • • • (Theorem  2) and connected open subsets Y of a Euch-

OO

dean (n +  2) — dim ensional space when J C U K r , where i =  1 , 2 , • • •
2=1

are com pact spaces of dimension <  n  (corollary 1). Theorem  3 is related 
to a result of A. Sard (see [12]).

In  w hat follows B (s) denotes the open ball {x  ;\\x \ < s} in a norm ed 
space, P the closure of P , 8P the boundary of P, “ i f f ” stands for “ if and 
only i f ” and “ n b d ” for “ ne ighborhood” . Finally, [ x , z] is the closed 
interval with endpoints x  , z  , y  , z  is an arc with endpoints y  , z, and a locally 
complete space is a space Y such th a t for each point y  € Y there exists 
a nbd of y  hom eom orphic with a complete m etric space.

Definition 1.— A  space Y will be called locally norm ed iff for every point 
y  e Y  there exists an open ball B (e) contained in some norm ed space X =  X (y) 
and a hom eom orphism  h-= hy defined on B (e) such th a t D = D  (y)= h  (B (*)) 
is an open subset of Y , h (B (s)) =  D (y) and h (o) =  y.

(*) Nella seduta dell’8 giugno 1968.
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In  the sequel D =  D (y) =  h (B .(e)) and h will stand for the sets and 
the hom eorm orphism  defined above.

Definition 2.—Let Y be a locally norm ed space and let D =  h (B 
be an open nbd of y  e Y. Let A C  Y , K =  A f i D  and let y 0 e 1). The 
D-cone C (A , y 0 , D) is defined as follows: take the point ^  e h~l (K) and 
let r (x) be the ray  starting at % = i " l (y0)  and passing through Let 
z =  z (x)  be the (unique) point of intersection z e r ( x ) D d  B (if ^  — x 0 , take 
z 0*0 — x) and let "Co' =  U {[*0 >J 0*0] ; * e (K)}- W e put C (A , y 0 , D) =
— h (Co) and call this set the D-cone with vertex y 0 passing through A.

Definition 3.—-A subset A C  Y will be called strongly nowhere dense 
at the point y  6 Y (snd at y)  iff there exists an open nbd E) =  h (E> (s)) of y  
such th a t for every y 0 6 D the D—cone C (A , yo , D) is nowhere dense in  D. 
A  subset A C  Y is snd  iff it is snd  at every point y  e Y. A  fam ily F  of sets A 
is said to be snd  at y e  Y iff there exists an open nbd D =  h (B (s)) of y  
such tha t for every A  of F  and every y 0 e D the D -cone C (A , y 0 , D) is 
nowhere dense in D. If  F  is snd  at every point y e  Ÿ then F  is said to be snd\

Examples.— (a) If  Y C E n+ 2 is an open subset of the (n +  2)—-dimen
sional Euclidean space En+2, then the family of all sets A C  Y for which 
there exists a compact ^-dim ensional (see [8]) subset K C  E ”+2, with A C K ,  
is snd.

(fi) If  Y is an open subset of an infinite dimensional Banach space Yi 
then the family of all subsets A C  Y for which there exists a com pact subset K 
of Yt with A C K  is snd.

Lem m a i .— I f  Y  is a locally normed space, y e  Y  and  A C  Y is snd at y  
then fo r  every open nbd XJ of y  there exists an open nbd D — D (y) =  h (B (s)) 
of y  such that D C U  , 9D — D — D ={- 0 ,. and such that fo r  every point yo e D 
the set C (A , y 0 , D )0  9D is nowhere dense in  3D.

Proof.— By definition 3 and definition 1 there  exists an open nbd 
D =  h (B (s)) with D C U  , 3D =  D —- D =f= 0 .  Suppose now to the contrary  
th a t there exists a point y 0eD  such tha t C (A , y 0 , D) n  3D contains an open 
(in 3D) subset L  =j= 0 .  Then 0  h - 1 (L) C 3 (B (©)). Thus the set
U { [ ^ 1 (yo),  x ] ; x e h - ' 1 (^L)} contains an open subset of B'(e). Hence 
C (A , yo , D) is not nowhere dense in D, contradicting the assum ption th a t A 
is snd  at y.

Lem m a 2 .— Let F  =  {A; }/=i,2,... be a sequence of subsets of a locally 
normed space Y  and let D .=  A.(B(s)) be cm open nbd of y  e Y, such that 
C (A ,-y a , D) is nowhere dense in  D fo r  every y 0 E D . Let f i  ■=■ {T/}y=^i,2v^ *

_  00

be a sequence of points contained in D —  «J . Then the ' set of all points
\ t~i

%o E 3D such that
.00 .

( 0  C ( S ^ o ,  D )n  ( U Az>) 0
i—\ ■■■

is of the firs t category in  3D,
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Proof—  For each yy we have as in Lem m a i, th a t C (A,- , yy , D) n  3D 
is nowhere dense in 3D. Thus ( jC  (A ,., yy , D) D 3D is of the first category 
in 3D and the Lem m a holds. Z,J

THEOREM i .— I f  Y is a locally normed connected and locally complete
00space and  F  =  {AJy=i j2,. .. is a sequence of sets which is snd then Y —  (j A2 

is a locally arcwise connected and arcwise connected space. 1=1

Proof.—Let y e  Y be a given point and let U  be an arb itra ry  open nbd 
of y. A pplying Lem m a I and Lem m a 2 one obtains an open nbd D =  D (y) =

—  _  0 0

— h (B (s)) with D C U  such tha t for every two points y± and y 2 of D — \ j  A-
_ 4. 00 ■ *==i

the set of all points yo e 3D for which C (S , yo , D )n  ( U A,-) =f= 0  is of the
i= 1

first category in 3D, where S =  {y 1 , y 2} is the sequence consisting of the 
two points y  i and y 2. Since by Lem m a I 3D =j= 0  it follows by the local com
pleteness of Y th a t there exists a point so for which (i)  does not hold.

Hence there exist two arcs R i =  y x , s0 and R 2 =  y 2 , z0 contained in D —  u  A; 
(we have even R i n  R2 =  {zo})- Thus ,=1

(2) for each open nbd  U  of y  there exists an open nbd D C D C U  such
OO

th a t every two points y x and y 2 of D — u  A,- can be joined by an 
arc in U . 1=1

OO

If  follows th a t Y —  U A,- is locally arcwise connected. Let now z and z*
i= 1

be arb itra ry  points of Y. Since Y is connected there exists by (2) a simple
chain Dy =  D (zf) =  h (B (ef) j  =  1 , 2 , • •-■ •, n of open neighborhoods (see [7],

00
p. 108) with z1 =  z  and zn — z* such that D (zf  —  u  A t- is arcwise connected,

t=i
j  — I , 2 ,• • - , n. M oreover since Y is locally complete, and the sequence {A2} 
is snd  it follows th a t for every j  == 1 , 2 , • • - , n —  1 one has (D (zf  —

0 0  0 0  0 0

—  U A,-) O (D (zj+1) —  U A,-) =[= 0 .  Hence Y — U A2- is arcwise connected.
*=1 i=l z=l

Theorem  I is proved.

COROLLARY i .-—Let Y C E^+2 be an open, connected subset of a (n +  2)—di
mensional Euclidean space E w+2 and let { A f  and {K2} be sequences of sets 
of E^+2 with A  - C K2- and  K ?- compact and at most n-dimensional (in the

0 0

sense of Menger-Urysohn, see [8]). Then Y  — U A • is a locally arczvise 
connected and arcwise connected set. 2=1

Proof.—T he space Y is a locally norm ed connected and locally complete 
space and the sequence {A 2} is snd. It remains to apply Theorem  1.

W e prove now

T h eo rem  2 .— Let Y be an open connected subset of an infinite dimensional 
Banach space Yi and let {A2 } and  {K 2-} be sequences of sets of Yi with A 2 C K 2-

0 0

and  K 2 compact. Then Y —  U A2- is a locally arcwise connected and arcwise 
connected set. i=1
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Proof.— Since Yi is infinite dimensional and Kz- are compact i — 1 , 2 , • • • 
the sequence {A*-} is snd. Y being connected and locally complete, it remains 
to apply Theorem  1.

COROLLARY 2 .— Let {yn}n=1,2,-•• be a sequence of points in an open connect
ed subset Y  of an infinite dimensional Banach space Yi and let ■ {Q»,,-}*•=1,2... 
be a sequence of finite dimensional planes passing through y n . Then Y —  (J Qn i 
is a locally arcwise connected and arcwise connected set. n,t

00
Proof.— Represent each QWj*- as a countable union Qnj  =  u  K o f  

com pact subsets of Yi and apply  Theorem  2. J==1

The following exam ple— com m unicated to the authors by A. R an— 
shows th a t Theorem  s  does not have a natural generalization to infinite dim en
sional linear topological locally convex spaces.

Example.—Let Y =  4  be the H ilbert space of all points y  — (yx , y 2 , • • •)
00

y^— real num bers and 2  Y? <  00> with the weak topology. Let A  =  { a ^ = 1,2, ..
i — 1

be a dense (in the norm  topology) sequence in Y and let B (a- , 1) =  B- =  
=  {y  l II y  ~~ a i I <  1} be the closed ball of radius I and center ai , i =  1 , 2 , • • • 
T ake any two points jto-^Y o of Y. The set Y —  ({^0} u { y 0}) can be 
covered by the sequence {K,-} of compact (in the weak topology) sets 
where K* =  B,- , i =  1 , 2 , • • •. But obviously {a:0} U {y0} is not connected.

W e end the paper with the following
THEOREM 3.—Let f  : X -> Y be a mapping (not necessarily continuous) 

of a second—countable topological space X into an infinite dimensional Banach 
space Y and let Z be the set of all points 20 £ X such that there exists an open 
set U  (zQ) =  U  with f  (U) contained in a finite dimensional plane Q — Q (s0) 
(depending on so and  U). Then f  (Z) is of the first category in Y  and Y — / ( Z) 
is locally arcwise connected and arcwise connected.

Proof.— Since X is seco n d -co u n tab le  one can find a countable fam ily 
U*. =; U  (zn) , z n e Z  covering Z. For every point the s e t /(U „ )  is contained 
in a finite dimensional plane Qn -  Q (*„). Thus f ( J J n) can be covered by a 
countable fam ily of com pact sets K nfii  =  1 , 2 , • • •. Hence / ( Z) C u K Wj,-

and it follows t h a t /  (Z) is of the first category in Y. By Theorem  2, Y — / ( Z) 
is also locally arcwise. connected and arcwise connected.

Remark.—As easily seen Theorem  3 holds when Y is an arb itra ry  connect
ed, open subset of an infinite dimensional Banach space.
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