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SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — On the non-linear wave equation with
dissipative term discontinuous with respect to the welocity. Nota 11
di Luict AmErIO e GIoVANNI PrOUSE. presentata ™ dal Corrisp.
L. AmERrIo.

SUNTO. — Si dimostra il teorema di esistenza enunciato nel § 1 della Nota I.

3. — We now consider the problem of the existence of a solution of (1.9),
(1.14). The existence theorem will be proved at first under supplementary
conditions on the function B(n) afterwards we shall treat the general case.

Assume that uo , w1 € Hy , Aug € L2 and that B(), B () are continuous and
bounded on RY, with B'(n)>0; moreover that f (0) € L2, f'(f) € L1 (o IT; LZ)

There exists then a solution y () €' of (1.9), (1.14).

@) For the proof we shall use the Galerkin-Faedo method (analo-
gously to Lions and Strauss). In our case it is particularly useful to take as

a “basis” the sequence {g;} of eigenfunctions of the operator A (already
introduced at § 1).

Setting
(3.1) y,,@:;,. % (1) & » G=1, %)

we consider the system of “ approximating equations ”” deducted from (1.9):

G2) @, e— A @, g0 — (O, g0 = — B (1.0, s,

(*) Nella seduta del 9 marzo 1968.

44, — RENDICONTI 1968, Vol. XLIV, fasc. 5.
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with the initial conditions

63 2O =2, 0. (g =y )

G4 5hO= 3,0 geg (g = ©)
Hence

39 A9, (@) = — 3,0 g ;.

From (3.3), (3.4), (3.5) it follows
|72 @Ol <lwole 17Ol <[wl.,

(3.6) ,
17 @l <lahe  + 1A% @ < | Asol, -
Multiplying (3.2) by o, (#) and adding, we obtain
B7D (@), I O— Ay (), Yu O —(F @), ¥ O = — B(3(D) , 721

that is (being — (A, (), Y0 D) = (Fn O, 70 O)gps B (92(8) , Yu(O)e = 0)

(38) L1 OB<(®, %Ok
Hence
(3.9 EACIESEAC) H?; + 2 f FAOINEAOITNCUR
;
from which, by (3.6) and (2.8),
(3.10) 172 O1f < 4]l @ 1+ anf W] | <
< {4 o ﬂf () s ) | = K4,

where K; > o does not depend on B () and 7.
b) Let us multiply (3.2) by —;a,;(#) and add the corresponding

equations. Observing that Ay, () = — E]. A o, (¢) g7, we obtain
! 1

G (0 @) Ay e — (A (), Ay D)a — (F (@), Ay D) =
= =@ @), Ay Oy
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that is
G12) 5 {15 O B+ A9 O} =—2(F &), Avs O+ 2 (B (0, Avh (D)

Observe now that (by the hypotheses on 8 (%)) g€ Hj= Blo)e Hj; hence

& 2 x) 2y, (¢, x
(3.13) <@<y;<z>>,A;v;<z>>m=—f (25 3 a2l Bln |
Q
+ BT @) 222 dr <o
Setting
(3-14) b ) = {12 @ i + 1A%, @ |1,
it follows
(3.15) Y0 < G0 —2 [ (7 ) A e dn =
0

=42 —2(f &), Av, s + 2 (f (0, Ay, (O + 2 f (F' ) Ay ()re d <
0

<l B+ 1 Aug L + 217 © sl Aol + 2 (£ @, + [ L () e ) i (8) +
0

t

2 [1F O st () =My 4 2Ma )+ 2 [ £ ) ) i,
0 »

0

where My , M, do not depend on B (%) and #. Hence

](% (&) —Mg2<M; + M2 4 ZMZfo’ ()|e dn + Zﬂ S (0) [ | $u () — Ma | dn,
0 0

that is, by (3.15),
(3.16) 7Ol <Ke , [Ay, O] <Ko,

where Kz > o is independent of 8 () and 7.
¢) Let us now differentiate (3.2):

G17) (@), &) — Ay (), 8D — (F @), gD =— @ (@) 72 P , ).
Multiplying (3.17) by ey () and adding, we obtain
(3.18) ' @) ya O + (0 (), ¥ (f))H; =
=@ 7Oy — @' Wa@) ¥a (@), 5 D)y
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that is
(319) DL D@} = 2(F @, v O —2 B (54 (2) % 0), 5 O,

Observing that (B’ (¥.) ¥ , ¥u)re =0, it follows from (3.19)

G20) @+ 15O < 4| EOL+ O+ [r@kaanf | <
b

< 4| @FL iy [ 1 @] |
On the other hand '
G20 (30,80 = B9 18 + () 18— B )

that is

(329) %) =A% O+ T, O, g 81— Bu B GOD £yt

Bearing in mind (3.4) and the fact that o <B'(y) < Kz < + oo, it
results

625 [(8(Z5 ) — st ar< k3 [(FLD (o ae

Q Q

= K% ;1/5 (”1 ’g,é>%n .

Hence
(3-24) 1Bl <18 () s + Ky o — 97, (0) s -
By (3.20), (3.22), (3.24), it followvs

(325) @+ 1@k <4

iy +( /Tnf' e dn) + 4lAsfl +

+ 41/ O+ 4B + 4 Ko — 5, O,

= 16 {| B (1) [f, + K5 | 2o — 5, )7, } + K2,

T
being Ko = 2 | [l + ( [ L/ @ladn) + 414wt 417 @R,

pendent of B () and #.

d) Denoting by Ki, Kz, K3 quantities which do not depend on 8 (n)
and #, the following relations therefore hold Vze€o!™IT:

ﬂ)’n@”H; <K; , Hy;z@)”Hf, <K,
2@l <Ko, (2@l <4{1B )| + K| 52 0) — ]} + K.

12
inde-

(3.26)
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As the sequence {Ay, ()} is L2-bounded, it follows that {y, ()} is
Hg-relatively compact Vz €0 IT; being moreover |y, (#) |3 <K, the func-
tions , (£) are Hi-equi-continuous. Hence, by the (vectorial) theorem of
Ascoli-Arzeld, we can assume that it results

(3.2%) lim v,(/) =5 (/)  uniformly on o 'T.

[

In the same way it follows, from the second and fourth of (3.26) (being
the embedding of Hg in L completely continuous) that

(3.28) lim y,() = 9" ) uniformly on o 71T,
7 —>00 L2

The limit function y (#) is therefore, by (3.27), (3.28), E—continuous on

1

o™ T.
By (3.26), it is moreover possible to assume that it results

lim* y, (&) = ' (@®,

7 —>00 L’(O‘_‘ T ;H;)

im* y, (&) = "),
<329) 7 —>00 Lz(O‘_‘T;L”) v

im*Ay,(5) = Ay@),

n—>00 L20''T; Ly

where lim* denotes the limit in the weak topology.

We recall now that, if a sequence {z,(#)} is such that 2, () €120/ 'T; X)
(X Hilbert space), |z,(0)ly <K, lim*z,(/) = 2(@), then [2()|, <K
almost everywhere. mTree LTI I

The limit function y (¢) therefore satisfies, by (3.26) and (3.29), the
relations

ly@Ole <Ko, [0 @Olp <K,

(3'30> | B ’r I
AyOla <Ke , 150}, <418 @)+ Ks,

whetre K1, Kz, K3 do not depend on B (). Observe that | " (@], has been
estithated independently of Kg, while this did not occur for |y, (7).

As y()eC’ ©T; E), it follows from (3.30) that () eI

By the Fischer-Riesz theorem, we can assume, by (3.28), that it results,
almost everywhere on Q,

. W (2, (¢,

(3.31) lim 2 s %) y(at x)

n—>00

and consequently (8 () being continuous),

(3-32) lim B (ay_g;i> — (M)
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As B () is bounded, it follows, V{ € L2 (Q),

n —> 00

(3.33) lim g(% @, ">)c<z x)dxdt~fB ) c<¢ x) dx dz.
In particular, if {(z,%) =g (%) 0 ?) (o (©)€C’(©'T)), we obtain

G30  Jim [GU).gL @& = [0/ O) g
b 0

From (3.27), (3.28), (3.29), (3.34) it follows then

(3.35) lim f {520, 8D —(B(0), )1 +B (320, 81— (F(©), g1} o (D) de =
0

= f {(0"®, 80— Ay @, 89+ BV D), &) — (f(D, g9} @ () de
0

and, by (3.2),
(3:36) YVO—A@O+RO @) —S@®)=o.

The function y (¢) € T therefore satisfies the given equation (1.9). As it
verifies obviously the initial conditions (1.14), the theorem is proved.
We observe, finally, that, by (3.30), (3.36) it results

(3-37) 18 Ol < 418 ()| + Ky,

K, being independent of B ().

Let us now prove the final existence theorem.

Let us, at first, construct a suitable sequence {8, ()} of functions conti-
nuous and bounded on R’ together with their first derivatives, with B, () =o.

Let {p,},{0,} be two sequences such that o <p, <g,;1—>6,0>0,>
> 6,41 — @; assume, moreover, that § (%) is continuous in ¢, and o,, Vz.
Bearing in mind that B (ot)>o0,8 (0-) <o, we set, for n=1,2,.--,

\ B () when o< 7 <p,
B (1) = ’ B (p.) Y =< < 4 oo
L (@] » " <o
(3-38)
‘\ o when 7m>o0
Br )=+ B »  o0>7n>0,

(B@> »  —oo<n<o,.
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Let ¢ () be a function € C® (R") such that

(3-39) e =0 , jcp (mdn=1, suppe()Co
Rl
where & = min (py , — 6y).
Setting
&/n

P

(3.40) é:@=nfe:<n—v><p<m>dr=nj BF (0 — ) 0 (v) de =
—n[ B @oa—)dn

Rt
G/n

é;<n>=nfs;<n+r>cp<m>dr=nje;<n+r><p<m>dr=

0

=nfs; (=) @ (n (= — ) d,

it results E:’ ), é,,_ (n) €C® (RI). Moreover EZ’ (), 5; () are non-decreas-
ing and it results

(3.41) Bf=o0 when n<o , f ()=o0 when n=>o.
Setting
(3.42) B, () = B () + B (),
it is then, by (1.13);
(343) B,0=o0 , o<B,M<B)=PFMm  when n=>o,
B =BMH<B. (<o when 7 <o.

‘Observe that B, (1) is a non-decreasing function, bounded on R' together
with all its derivatives. Moreover, the following property holds:

Let us fix m€a b. Chosen < arbitrarily, there exist 8, and n, (depend-
ing also on n) such that, when |§—n| <3 ,n > n., it results

(3-44) B —e<B, B <B(") +e=
Assume, at first, o<n <b4. We take 3, with o <8, <n,n+ 3, < 4,
such that, when |§ —n| <3, it is ‘
(3-45) B) —e<BB<BO)+-=
We choose then 8, > o0 and #, such that 3§, + —;?7 <, M+ 8 <P -
It results, when 7 > 7., |E—n| <3 (=& <),

&

@/n i
(3.46) B, (%) = nfzs: E— 1) ¢ (n7) dr = nj B (E— ) (n7) dr.

bt
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Being
, 9 ,
(3-47) N—8 <n—8 ——<E—r<n+d<q+d,
from (3.46) follows (3.44).

In the same way it is possible to prove. (3-44) when v <o.
Let, finally, be v = o. It is then B, (0) = o and therefore, when £ > o,

O/n
(3.48) =B @ =n [ E—Do(md =8
0
Hence, if 0 <& < 3,, it results
(3-49) 0<B, (8 <B(o") +e
In the same way it can be proved that, when — §, < £ < o,
(3.50) Blo)—e<B @ =o.

Hence (3.44) holds also when % = o.

Let us now prove the existence theorem.

Consider the sequence {8, (n)} defined above and let y, (#) be the
solution, in I', of the equation

(3:51) Ay () —3a O + /@) = B, (9, ()
satisfying the initial conditions
(3-52) Y@ =uy ,  Yu(0)=1.

By theorems I and II such a solution exists and is unique.
It results then, by (3.30), (3.37), being, by construction, |8 G|y <
< |[B ()

| ¥, (OMH': <K; , ]’ Yn <Z‘>HH; < Ko,
(353)  [A%@L<Ks , [5®Oh. < 4]8, ()l + Ks < 4B () |+ K,
H B, (¥n (ﬂ) ”L= <4 “ B, (1) ”Lz + Ky < 4 ”E (u) “La + Ky,

where the quantities K; do not depend on 7.
By (3.53) we can assume, as before, that it results

(3.34) lim v, =y()  uniformly on o /T,
7 —>00 E
im* 3, (&) = 3 @),
7 —>00 L2(0i¥|T;H;)
im* y, () = " (),
(3-55) ot Lro— i1
Im*Ay,(H) = Ay(D.

7 —>00 LE(O'-_!T; L?)
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We can, moreover, assume that

. Wu(t,x) (L, %)
(3.56) lim % =

7—>00

almost everywhere on Q and, by the last of (3.53),

(3:57) lim* B, (Z2:20) = 5 7, ).
n—>00 ot L}Q)
Therefore y (£) € C* (o' T ; E) and
(3'58> ]ly' (l‘) “H; < K2 ’ [Ay (f) liL2 < KZ ’

|7 @Ol < 418 () I + Ks.

Hence y (¢) € T
By (3.57) and a theorem of Mazur there exists, V#, a sequence

{em; £=n}, with p,> 0, Eé 0. = I, such that
1
Ay, (¢,
(3-5) tim 3 008 (25) — y,).
LAQ)

Hence it is possible to extract a subsequence {#,}C {7} such that,
almost everywhere on Q,

(3.60) lim 3, Pupa By (A5 20D ) 2,7

J—>0 n;

Let (7, X) be a point in which (3.56) and (3.60) hold. Setting 7 =y, @,%)
and assuming ¢ <7 <4, we shall prove that

(3.61) B =x(@,® <.

Fixed an arbitrary € > o, let us determine §, and 7, in such a way that,
when | £ — 7| < 3., %> #n,, it results

B™)—e <B, ) <P +=.

We now choose 7, > 7, such that, when # > e, it results

ot o¢

oy, (7. % 23|
Wn(2, %) Iy (¢, %) .<’85.
It is then

B —e <, (200) < + e,

that is, always for # > #,,

BGm) —e < B, o (2LD) < p ) + .
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Hence, by (3.60),
B™)—e<x(,%x) <B(") +e
which, being ¢ arbitrary, proves (3,61).
Consider, finally, the case when &<+ oo, which implies lim B (%)=+-oco.
n—>5&"

Let Q, be the set where y,(#, x) = é: it cannot be m (Q,) >o0. In fact,
if it were so, there would exist, by (3.56), a set Q; C Q,, with = (Qz) > o,
such that (3.56) holds uniformly on Q;. Since y,(¢,x) =>4, we can take,
V»n,p, = n such that

Y, (t,7)
ot an V(l‘)x>€Qb.

Hence

Wy, (2, %) s ,
B, <_at’““‘> dr dz = B, (p.) 7 (Qs) > + o0,
Qs

against the last of (3.53).
From (3.51), (3.54), (3.55), (3.61) it follows that y (#) satisfies the equation

Ay @) —=y"O+SO=B0 @)

in the sense indicated in § 1. Since y (#) € I' and the initial conditions (1.14)
are, by (3.52), (3.54), obviously verified, the existence theorem is proved.



