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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta dell’n  maggio 1968 

Presiede il  Presidente B e n ia m in o  S e g r e

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

A nalisi m atem atica. —  On the non-linear wave equation with 
dissipative term discontinuous with respect to the velocity. N o ta  II 
di L u i g i  A m e r io  e G io v a n n i  P r o u s e , D re se n ta ta r) dal C orrisp . 
L . A m e r i o .

S u n t o .  —  Si dimostra il teorema di esistenza enunciato nel § i della Nota I.

3. -  We now consider the problem of the existence of a solution of (1.9), 
(1.14). The existence theorem will be proved at first under supplementary- 
conditions on the function ß (4); afterwards we shall treat the general case.

Assume that uq , u\ e H j , Auo e L2 and that ß (4), ß' (4) are continuous and 
bounded on R1, with ß'(4) > o ;  moreover that / ( o) 6 L2 , f  it) e L 1 (o1— !T ; L2). 

There exists then a solution y  (t) e T of (1.9), (1.14).
a) For the proof we shall use the Galerkin-Faedo method (analo­

gously to Lions and Strauss). In our case it is particularly useful to take as 
a “ b asis” the sequence {g/}  of eigenfunctions of the operator A (already 
introduced at § 1).

Setting
n

(3-l) y« (t) =  ]£,- u.nJ (t)gj, U  =  I . • • •, n)

we consider the system of “ approximating equations ” deducted from (1.9): 

(3-2) O'» (t) , gj)h, —  (Ay„ (t) , g}) u  —  ( /  (t) , gp v  =  — (ß (y'n ('t)) , g ^ ^  ,

(*) Nella seduta del 9 marzo 1968.

44. — RENDICONTI 1968, Vol. XLIV, fase. 5.
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with the initial conditions

(3-3)
n

y»(p) =  2 ,-(a o  ,gj)wgj 
1 J

(Ao , g  j) L* =  CJ-nj (0)),

(3-4)
n

y'n(p)=  2 y ( « l  >gj/X‘gj 
1

( (« 1  ><&)l* =  o 4 / ( o ) ) .

Hence

( 3 .5 )

n

Ay« (0) =  — 2 ,-  A (% . gj) L* gj •

From (3.3);. (3-4). (3-5) it follows

Il y« (o) ||H. <  J u0 I » , I yn (o) Il <  J ux ||La ,
(3-6)

Il y » (p) Ih* A I u\ IhJ > l-Ay* (o) ||L, <  J Kuq |lj .

Multiplying (3.2) by OLnj(f)  and adding, we obtain

(3-7) (y» 00 ,  y ’n 00) l * — (Ay» (t) .  y» 00X*— ( /  0 0 .  y '» 00)l * =  — (ß (y» (0) » A  00V

that is (being — (Ay„ ((), y'„ (*))L, =  (y„ ( t ) , y n (zf))H- , (ß (y„(t)) , y n{fj)L* >  o)

( 3 - 8 ;  —  Il y.  0 0  III <  ( /  0 0 .  ( 0 ) l *  •

Hence
t

( 3 .9)  li 00 II! ^  Il y »  ( ° )  He +  2 j  11/ < /)  IL* Il y* (7ì) II* dyl -
0

from which, by (3.6) and (2.8),
T

( 3 -1 ö )  I y» 0 0  È  <  4 j II yn ( ° )  111 +  (  J 1 /  Z l)  IL* dyl)  j ^
0

T

<  4  j II h  +  Il ux £ ,  +  (  f \ f  (v)) ||L! dv])2 j =  K i ,
0

where Ki >  o does not depend on ß (v)) and n.
b) Let us multiply (3.2) by — Xj OLnj- (t) and add the corresponding

n
equations. Observing that K yn (t) =  — \j cznj  ( t)g j , we obtain

i 3

(3.11) (y i  (t) , K yn (t))L* — {Kyn ( t ) , Ay'n (t))u  —  ( /  i f ) , Ay„ (t))L* =

=  — (ß (y'n 00) . Aÿ» /))l* ,



l 3 l 3Ì L. Amerio e G. Prouse, On the non-lìnear wave equation, ecc. 617

that is

(3• 12) —  {b ;  (0 fH. +  |A y„(t) t } = - 2 ( / ( 0 . Ayl,(0V  +  2 (ß( U (*)),A y ;( / ) L, . 

Observe now that (by the hypotheses on ß (tj)) g  e H J =4- ß (g) e Hj ; hence

1- • -m
X
J , k

(3-13) =  v " «,,(«)
Q

+  ß 1---- at---- j  ao(x ) -----gt | d* ^  a

(/ , X) d2 y n ( t , x) 
dt dXj dt dXfc +

Setting

(3-14)

it follows

^  » " 1  IlH

^ ( 0  =  { |y ;(0 iil :  +  i|AyB(0 lL J 1/2>

t
(3-15) <|4 (0  <  $  (g )  — 2 J  ( /  (ri) , A ÿ n (7,))L. drj =

0
t

=  <+ (o) 2 ( /  (t) , Ayn ( / ) l 2 +  2 ( /  (o) , Ay„ (o))L* +  2 j  ( / '  (73) , Ay„ (v))/2 dv] <
0

T

:J +  I A*o IL +  2 1 / (°) II2 il M > L  +  2  ( |/  (o) ||L2 + J \ \ f  (1,) |L2 dì)) (t) +
0

t

\ f  0)) II2 C7)) ^  — ^ 1  +  2 ^ 2  +  00 +  2 ^ j / '  (73) ||L 2 (y)) dyj,
0 0

where Mx ,M 2 do not depend on ß (73) and ». Hence

i ' T t

(+- CO —  M.2)2 <  Mi +  Ml +  2 M2 J  I / '  (t]) ||La dv, +  2 f  I f  (7)) ||L 2 1 <j,M (7)) -  M2 I dì] ,
0 0

that is, by (3*15).

(3-16) b - ( 0  IIh; ^ K2 , IIAy. (t) iL, <  K2 ,

where K2 >  o is independent of ß (73) and n.
c) Let us now differentiate (3.2):

(3-17) (r;"(0  ,gj)u  —  (Ay; (*) ,gj)u  — ( / '  ( /  , # ) L, =  -  (ß'(y; ( / )  y ; / )  , g j)u .

Multiplying (3.17) by a” / )  and adding, we obtain

Og (0 j y n(0)L2 +  (j* (0 >.y» (0)hj =

=  ( / '  (0 , y'n (t))u  —  (ß' (y ; / ) )  y i  (t) , y ; ( / / „
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that is

(3-19) ■—  { K (*) t  +  \y'n(*) 1 : 1 = 2 C /'(0 . %  (O L — 2 (ß' (* . (0) y'n (0 , *  ( /))„ .

Observing that ( ß ' » J'-X* >  o, it follows from (3.19)
T

(3>2°) Ily» 00 ||L« +  Il yn (0 |IH; ^  4 1 llx» (o) jL2 + 1[ (°) |lH; +   ̂ jf ll/X7]) II* I ^
0

T

< 4 |b , ' ( o ) f L2 +  |U i||^  +  ( j  I / /(v])IL2d7]J | .
0

On the other hand

(3.21) ( y ;  ( o ) ,gy u  =  (Ay„(o) , # ) „  +  ( / ( o )  , gJ)La —  (p çyn(o)) , Â.)L. , 

that is
» ^

(3.22) y n (p ) = A y H(o) +  2 t (J(P),gt) u g i —  É i ( P  (^«(o))

Bearing in mind (3.4) and the fact that o <  ß' (4) <  Kp <  +  00, it 
results

(3-23) J  d x < K l  j  ( ^ ^ p ^ - Ul(xj f dx==
ß Q

00

=  Kß («1 >£*)?, •»+1
Hence

(3-24) I P(^«(°))Il* — II ß (^i)IIl2 +  Kß\\ui — y'n(p) II«-

By (3-2o),- (3*22)> (3-24)j it follows
T

(3-25) IjK« ( 0 ||l« +  ll-y«( 0 llH; ^  4 11 ll̂ j Ĉî) +  4 ll-A-̂ o
ò

+  4 1 / (o) ||L +  4 1 ß C*0 & +  4 K* I «x - y ' H (o) H

=  i 6 { i ß ( « o t + KU ^ - ^ ( o ) i L }  +
T

being Kg =  2 j I «i  ̂ f  I / '  (tj) 1l , dv) J  +  4 || A«0 £ s +  4 | | /  (o) ||2. f ß inde-
ö

pendent of ß (rj) and n.
d ) Denoting by Ki , K2 , K3 quantities which do not depend on ß (r\) 

and n , the following relations therefore hold * *T :

AhCOIhj — > Il .y» (Oilhj — -̂ 2 j

Il Ay» 0 0  II* ^  ^ 2  > I y-n (f) ||L2 <  4 { I ß (ui) II* a  Kß I y n (o) % ||L2} +  k 3 .
(3-26)
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As the sequence {Ay„(t)}  is Unbounded, it follows that { y n (t)} is 
Ho-relatively compact W e o1 !T ; being moreover ;j y n (f) jjHj <  K2, the func­
tions y n (t) are Hj-equi-continuous. Hence, by the (vectorial) theorem of 
Ascoli-Arzelà, we can assume that it results

(3-27) hm y n(t) =  y  (t) uniformly on 1T .
n —̂ 00 pj1

n o

In the same way it follows, from the second and fourth of (3.26) (being 
the embedding of H j in L 2 completely continuous) that

(3-28) lim y nif) =  y '  (f) uniformly on .
n 00 La

The limit function y  (t) is therefore, by (3.27), (3.28), E-continuous on 
o l—:T.

By (3.26), it is moreover possible to assume that it results

lim* y n (t) =  y '  (t) ,
n->oo T 2/Yl, — |T-Frhn —>00 L2(0 T ; HÎ)

lim* y'( (0 =  y"(t)
n —>00 La(0* ' T ; L2)

\im* Ay„(f) =  Ay(f)
n -4-00 L2 (0 T ; L2)

where lim* denotes the limit in the weak topology.
We recall now that, if a sequence {zn(fj} is such that zn (t) eL 2(o 1 !X ; X) 

(X Hilbert space), L„00lx <  K , l i m * ^ )  =  z (t), then | |^(^)|X < K  
almost everywhere. 00 l 2(oi—'t;L2)

The limit function y  (t) therefore satisfies, by (3.26) and (3.29), the

/  00 |HJ <  K2 ,

y  00 ||L. <  4 Iß Oa)IIl . +  K3,

relations

(3-30)
Il y  00 Ihj <  Kx

I Ay (O L  <  k 2

whefe K i , K2 , K3 do not depend on ß (ri). Observe that j|y"(/)||L2 has been 
estirhated independently of Kp , while this did not occur for \y"n 

As y(t)eC°  (o1 ' T ; E), it follows from (3.30) that y ( t )  e T.
By the Fischer-Riesz theorem, we can assume, by (3.28), that it results, 

almost everywhere on Q,

(3-31) lim
n ->oo

3j Vn ( t , x)
di

dy ( t ,  x) 
dt

and consequently (ß (y)) being continuous),

(3.32)
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As ß (y)) is bounded, it follows, VÇ e L2 (Q ),

(3.33) Jim  j  ß X) ) K (t, x) dx dt =  f  ß U t , x )  d* dt.
” q  Q

In  particular, if Z ( t , x) =  gj (x) cp (t) (<p (/) e C° (o,—1T)), we obtain

T T

(3.34) lim I (ß (y 'Jt)) , cp (V) d/ =  f(ß  (y ' (t)) , gs) u  cp (t) d t .
n - »  00 J  J

0 0

From. (3.27), (3.28), (3.29), (3.34) it follows then

T

(3.35) lim f  { ( /J ( t) ,g j)L, — (Ay„(t),gy)L, +  (ß (ÿn(t)).gf)L, — i f f )  -gj)hi} 9 0 0 dt —
n -> o o  J  

0
T

=  j  {(y"(f)  > gj)u  — (A y  0) - gj)u  +  (ß (0 0 0 )  - gj)u  —  ( f i t ) , g j)is} <p (0 &
0

and, by (3.2),

(3.36) y "  (t) — Ay (t) +  ß ( y 1 (t)) — / 0  =  o.

The function y  (Y) e T therefore satisfies the given equation (1.9). As it 
verifies obviously the initial conditions (1.14), the theorem  is proved.

We observe, finally, that, by (3.30), (3.36) it results

(3-37) II ß (y' (t)Ils <  4 I ß Oi) 11» +  K4 ,

K 4 being independent of ß (yj).
Let us now prove the final existence theorem.
Let us, at first, construct a suitable sequence { ßw (yj) } of functions conti­

nuous and bounded on R 1 together with their first derivatives, with ßl (vj) >  o.
Let { Pn } , { an } be two sequences such th a t o <  pn <  p«+i~> b , o >  crw >  

>  an+i -> a; assume, m oreover, that ß (*/]) is continuous in pn and Gn ) \fn. 
Bearing in m ind th a t ß (o+) >  o , ß (o~) <  o, we set, for n  =  1 , 2 , • • •,

when o <  7]' <  p„

» P n< Yl<  +  00
» Y] <  O

when Y] >  o

» O >  Y) >  Gn

» — 0 0  < y i < c n .

i P0q). 

ß*+ 0 )  =  ß(p„)
! o

(3-38)

i  0
ß» O) =  ß O)

[ ß (®*)
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Let cp (yj) be a function e C°° (R 1) such that

(3-39) ? (* ))>  o , <p (•»!) dyj == I , supp cp (7)) c  o 3 .
R1

where & =  min (pj , -— c^).
Setting

&ln

(3.40) ß* (yj) =  n j  ßt (yj —  t )  cp (nr) d r  =  n  J  ß (yj — t )  cp (nr) d r  =

n j f i n  (t)
R1

cp (n (7] —  t ) )  d r ,

ß» (yj) =  «  J  ß„ (yj +  x) cp ( « t )  d r =  n J ß„ (y) +  t )  <p («x) dx =
R1 0

=  »  J ßa ( t )  q> (» (x —  yj)) dx,
R1

it results ßj" (yj) , ßiT (yj) e C00 (R 1). M oreover ß* (yj) , ß7  (yj) are non-decreas- 
ing and it results

(3.41) ßj~ (y]) =  o  when Y] <  o  , ß “  (yj) =  o  when yj >  o .
Setting

(3.42) ß» (yj) =  ß +  (yj) +  ß ~  (yj),
it is then, by (i.i5 ),\

(3.43) ß B (o )  =  o  , o  <  ß„ (yj) <  ß  (y j-)  =  ß (yj) when yj >  o ,
ß (fi) =  ß (Y]+) <  ßw (Y]) <  o when y) <  o.

-Observe th a t ß„ (y]) is a non-decreasing function, bounded on R 1 together 
with, all its derivatives. M oreover, the following property holds:

L et us f i x  Y] e a b. Chosen e arbitrarily, exist Se nz (depend­
ing also on Y]) such that, when | E, — y] | <  S8 , ^  >  nz , 2V results

( 3 4 4 )  ß  O r )  —  e <  ß« ©  <  ß  C*)+) +  £ -
Assume, at first, o <  Y) <  b. We take Sé with o <  Sé <  ^ ̂  +  K < b,

such that, when | E, —  .y] | <  Sé, it is

( 3 4 5 )  ß O r )  —  £ <  ß ©  <  ß 0 q+) +  £ -
W e choose then S8 >  o and nz such tha t SE + ----- <  Sé , y) +  Sg <  p„nz 1
It results, when n >  n z , | E, — y) | <  §e (=> ? <  P«£),

-O'/«

(3.46) ß„ (l) =  n \  ß+ (g —  x) cp (nr) d r  =  n j  ß (£ —  x) cp (nr) dx.
0 0
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Being

(3-47) 71 —  Sé <  4 — Se — — <  H, —  X <  7] +  S8 <  Y] +  s ; ,

from (3.46) follows (3.44).
In the same way it is possible to prove (3.44) when y) <  o.
Let, finally, be rj — o. It is then ßw (0) — o and therefore, when 2, >  o,

ft/n

(3.48) o <  ß„ (£) =  n J  ß+ (E, — t) <p (fix) dx <  ß (Sp).
0

Hence, if o <  E, <  S8, it results

(3-49) o <  ßK (Ç) <  ß (0+) +  e.

In the same way it can be proved that, when — Se <  2, <  o,

(3-50) ß (or) — e <  ß„ (£) <  o.

Hence (3.44) holds also when y) =  o.
Let us now prove the existence theorem.
Consider the sequence {ß„ (7])} defined above and let (t) be the 

solution, in F, of the equation

(3-51) A y n (t) —  y'n (t) + f ( t )  =  ßK (ÿn (t))

satisfying the initial conditions

(3-52) y„ (o) =  u0 , y'n (p) =  u1.

By theorems I and II such a solution exists and is unique.
J t  results then, by (3.30), (3.37), being, by construction, \\&„(u-,)l <

< llß > i) llL,:

| b K(0 l H* < K1 , i b ; ( 0 IH. < K 2,0 "0

(3-53) ||AyB( 0 L < K2 , <4llß*(% )l|L, +  K3 <  4 )|ß (%)||L2+ K 3,

Il ß» (y>< (ó )  ||L, <  4 I ß„ («1) |Lj +  k 4 <  4 I ß («,) ||LS 4- k 4 ,

where the quantities Ky do not depend on n.
By (3-53) we can assume, as before, that it results

(3-54) hm y „ ( f ) = y ( t )  uniformly on o1 1 T,
“ '  E

lim* y'n (t) =  y '  (t),
n-^oo  L2(O1 1 T ; H*)

lim* y" (t) =  y "  (t),
n ~>00 • L2(Of 1 T ;L a)

lim* Ay j t )  =  Ay(t).
n ~>00 L^O1'“ 1 T; L2)

(3-SS)
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We can, moreover, assume that 

(3-56) lim
n - >  00 ^

dy ( t , x ) 
dt

almost everywhere on Q and, by the last of (3.53), 

(3-57) lim* ß»(— ) =  X( t , x ) .
n - > 00 V /  L3(Q)

Therefore y  (t) e C° (o! 1 T ; E) and

(3-58) Il y  (*)||h; < k 2 , l lA r  (OIL, <  k 2.

|y '(0 llL> <  4 i!P y i)iLa +  K3 .

Hence y  (t) e T.
By (3-57) and a theorem of Mazur there exists, V«, a sequence

OO
{ p ^ J  k > n } ,  w ith p „ * > o ,  ^ k çnk=  I, such tha t

(3-59)
OO

lim U *  ?m %
f y k  (I ,  X)

dt

Hence it is possible -to extract a subsequence {nj} C {n}  such that, 
almost everywhere on Q,

OO
(3-6Ò) Mm Z *  Pn.k % (■ % *g'x) ) =  X (t, x) .

J OO nj

Let (t , x) be a point in which (3.56) and (3.60) hold. Setting 7] —y t (1, 3c) 
and assuming a <  7) <  b, we shall prove that

(3-6i) ß(JT) <xQ,x)  < ß(7 j+ ).

Fixed an arbitrary s >  o, let us determine §e and n's in such a way that, 
when I \ — 7] I <  Se , n >  riz, it results

ß C»)“ ) — e <  ß„ (Ç) <  ß (yj+) +  s .

We now choose ns >  n's such that, when n >  ne, it results

I dyn{ t , x )  dy ( i , x )  ^  ^
I dt dt  <  ° e  •

It is then

ß (4 ~) — g <  ß« " %’x) ) <  ß CU) +  s ,

that is, always for n > nE)
OO / —

ß (4 - ) - s < Z *  P « * ß i ( - ^ ^ <  ß 0 ]+) +  £ -
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Hence, by (3.60),

ß C»r) — £ < x ( t , x )  <  ß (̂ +) + £
which, being s arbitrary, proves (3r6 1 ).

Consider, finally, the case when b<-\-ooi which implies lim ß (7]) =  +  °°-
r]-»r

Let Q3 be the set where y t ( t , x) >  b: it cannot be m  (Q3) > 0 .  In fact, 
if it were so, there would exist, by (3.56), a set Qi CQ^ ,  with m (Q$) >  o, 
such that (3.56) holds uniformly on QL Since y t ( t i x ) ' > b i we can take, 
Vn , p n >  n such that

typ (t,x)
---- - -------> P „  V ( t , x ) e  QÏ.

Hence

f  I typ {t,x) \
J  Pa, [— Tt----- ) dx At ~  P» (P»)m  (Q*) -^ +  0 0 .
QÏ

against the last of (3.53).
From (3.51)) (3-S4)> (3-S5)> (3-6i) it follows that y  (t) satisfies the equation

aj '( o - y ,« + /(o  = ß (/(*))
in the sense indicated in §1 . Since y  (t) e Y and the initial conditions (1.14) 
are, by (3.52), (3.54), obviously verified, the existence theorem is proved.


