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Teoria dei giochi. — A n  example of generalized game derived from  
afinite game. Nota di E zio  M archi, presentata (,) dal Socio B. S egre.

RIASSUNTO. — Si considera l’esistenza di punti di equilibrio di un esempio di giuoco 
generalizzato ottenuto dall’estensione mista di un giuoco finito fra un qualunque numero di 
persone con vincoli sulle strategie pure. Si presenta inoltre un secondo esempio interessante, 
dove qualsiasi composizione di punti di equilibrio delle parti è un punto corrispondente del 
giuoco generalizzato.

i . Let T =  { E i , • • •, ; A i , • • •, A* } be a finite ^ -person  game and
for each player i e N let 9 -: S n  =  X Sy-> E ?- be a m ultivalued function whose

y e  N
image is a non-em pty set for every aN e E N. Then, one can associate to it 
a generalized ^-person  game

A =  A ( r , q > )  =  {Sx Ei , E„ ; Zi , Z„},

where the strategy sets are the mixed strategy sets, the payoffs are those
expectations of the original game, and finally the restricted strategy set of
the player z ' eN under the action of % e X N == X Sy is given by

ye n

0%) "  2  0%) 9 * (^n) C •

This set is convex since it is a linear combination of convex sets. W hen 
9i (j n) =  S,- for all the joint pure strategies and all the players, A becomes 
the mixed extension F of the original game.

If  one sees the set <p2- (crN) as the set of pure strategies that the player 
iE  N is able to use under the action 6 2 n playing the game T, then the 
set Z -(x fi  is a natural representation for the set of perm itted mixed beha
vior under the m ixed action Xj$ E Xn in the statistical consideration.

Zi is upper-semicontinuous. For any two given convergent sequences 
(fi)~~̂  and y N(&) £ Z { (x-$ fi)), there is for each k a w Sn (k) 6 cp*- (sfi such 

that:
An (k) =  S x N Çk) ( jN) w Sfi (k).

Let wSn (k!)-> w SN e <p,- .(sfi be a convergent subsequence of w Snfi), then 

An (ß) (-in) w,s e (*N).

Z- is lower-semicontinuous. Let x^  (fi) be a convergent sequence
and ai point =  S;rN (sfi w s e Zi (x fi. Then the points _yN fi)  = S;rN fi)  (sfi)
belong to the respective sets Zt- (yrN Çk)).

(*) Nella seduta del 20 aprile 1968.
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As a consequence of these properties and the m ultilinearity of the expec
tations functions, the function

min E * (T* >^(*) >*/(.-))■
w * ( * ) € Z « ( 0 (*n)

is continuous in the variable (y { , x f)  belonging to the graph of Xi and con
cave in e Zi (xf)  for any given sets

e (f)C N  —  {i}  and /  (i ) — N —  (e (i)U  {i }),

where Ze^  — X Zy. Therefore, the set
j£e(i)

s,- O n) =  {y,- e Z O n )  : min E ; (>,•, we (0 , */w ) =
(* ) € (* ) (■%)

=  m ax min E- , we^  , */(0) }
« V € Z ,-(*n) ( o  e  ( o

is convex. This assures the following result.

T h e o re m . The e—generalized game ( A , e) has an em—simple point, that 
is, a point x n ^ X n  .smA tódtf % e S,- (xn) fo r  all i e N.

As an im mediate consequence, when e (i) =  0 for each player i  6 N 
we obtain the following:

COROLLARY. The generalized game A has an equilibrium pointy that is, 
a point x-x e Xn such that

E * (An) =  m ax E f- (w ,., *N_m )
^•ez.(xN)

am / fo r  all i e  N.
In  a sim ilar w ay one could analyse the existence for other concepts as 

those introduced in [2].

2. W e present now an interesting example of two-person gam e where 
some suitable compositions of equilibrium  points of subgames are equilibrium  
points in the original game.

Let us consider the game T with N =  {1 , 2}, where each strategy set S i 
and S2 are partitionated in S * , • • - , S^(z'e{i , 2}) and the payoff function A 
is zero for <?i 6 S i1 and g2 € S ?  when r± =j= r 2 . If  the constrained actions 
of player i  are independent on his own behavior and <p;- (a,-) =  S ?  (i =j=y) 
for g. e S?, thent i y

z i Oy) =  2  ay O ) <?70) =  X  ^  Oy) S*,
i-1

where sk (x,•) =  X  *y Oy)-
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Let E f be the expectation function of the restriction A i | S/ X 2 y defined 
on the set 2^ xXy considered as the product of two faces of Xn ; then each 
mixed extension game

for k e { i  ,■■■, r},  has at least an equilibrium  point (nf , Xy), th a t is, for 
7 =t=*€{ 1 , 2},

E,- (xj , Xj )  >  E,. (x* , .3$ )  for all xj € ±j.

For any given num bers o <  sÂ<  i whose sum is I, one obtains 

2  ^ E ; ( ^ , ^ ) > 2  j J e ,  (*?>*/) f o r a l i  (*},■■■,x^);
k k

hence

I J t i  ^ > E 2- ( 2 ^ ^ >  2 - ^ * / )  f o r a l i  (* L -V k k )  V k k

since the point ^  =  SiX; is an element of 'S,*. In  other words, this relation
k

expresses th a t the point (fc{ , x j  obtained by composition of those in the 
subgames is an equilibrium  point of the generalized game A, as sk ( x j  =  
=  sk (xj) =  sk and therefore xt- € Zy (xj .

Furtherm ore, as an im mediate consequence of this fact, it follows that, 
if P.CX i X Xy indicates the non-empty set of equilibrium points of game Yk, 
then the set P =  P ^C X g^}  is a subset of equilibrium points of the

generalized game A. So Fk is convex and then P is also convex when P is a 
zero sum game.
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