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Geometria differenziale. — Various projective invariants in a 
conformal Finsler space. Nota di H. D. P a n d e , presentata (#) dal 
Socio E. B o m p i a n i .

Riassunto. — Si esaminano gli invarianti proiettivi di due spazi di Finsler in corri
spondenza conforme.

i. C o n f o r m a l F i n s l e r  sp a c e s .

Let two distinct metric functions F (x , £) and F (x , £) be defined over 
an dimensional space F„ which satisfy the requisite conditions for a Finsler 
space[i] (D. The two metrics resulting from them are called conformal if the 
corresponding metric tensors g tj (x , x)  and (x , x)  are proportional to each 
other. Knebelman[2] has shown that the factor of proportionality between 
them is at most a point function. Thus, we have [i].

O -1) gÿ (x  >*) =  e2agff(x  >■*)> O-2) gij'(x  >^) =  ê2ag i / (x , x ) ,
and

( i -3) F (x , £) — ea F  (x , x ) ,

where a — a (x) , g iJ{x  , £) being the contra variant components of the metric 
tensor of F „ . The space F„ with the entities F , gÿ , etc. is called a conformal 
Finsler space.

The covariant derivative of a vector X*‘ (x , x), depending on the element 
of support, with respect to x J' in the sense of Cartan is given by [i]

(1-4) x ìy (^ ,^ ) iL f (ay x ó - ( 9wx !) G ;  +  x wr:;:(2)i

where

(1-5) G } { x , ± ) AJLVmj ( x , £ ) ± m=  Y * J j ( x , £ ) r .

The functions T*} (x , x)  and GLy (x , £) are the Cartan’s and Berwald’s 
connection coefficients respectively and are homogeneous of degree zero in 
their directional arguments. We have the following geometric entities in the 
conformal Finsler space: [3, 4]

(1.6) G! ( * , * ) =  G! ( x , ± )  —  am B‘m (x , £) ,

( I -7) G) (x , *)  =  Gj (x , * ) —  Gm djB1” ( x , x ) ,

(1.8) G’jk(x ,£ )  =  G%(x dt 2j B im{x,  £) ,

(*) Nella seduta del 9 marzo 1968.
(1) Numbers in brackets refer to the references at the end of the paper.
(2)
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0  *9) 0  ̂> *̂0 -̂jk ) *̂o »

(1.10) ì  (x ,£)=--è* l* (x , £ ) ,  (1.11) I;(x , x ) =  e° l;(x , x) ,

(1.12) r = ± l, (1.13) C}k ( x , ir) =  Cjk ( x , x),

(1 .14) r %{x , x) =  î ÿ ( x  , x) +  Ü;» ( x , x ) ,

where we have

( i . 15) <Tm =  Sm G , (I • 16) B" ( x , X )  =  -i- F2 g ij —  &  x j ,

(1. 17) /*' (x , £) =  X* I  F (x , £) , (.1.18) /; (* , ir) A— gik (x , ir) /* (* , ir) ,

and

f l-19) A^y(ar , ir) =  F (x , ir) C^y(ar , ir) =  F (^ , ir)^a  (rr , ir)

CmV(x , ir) =  — F (x , ir) g ih (x  , ir) d;gmh (x , ir),

(1.20) Uj4 , ir) =  2 (T (,81) -  a,„ {gimgjk -  2 +  g irCjis dr B1"}.

Contracting (1.20) with respect to the indices i and j  and using the 
homogeneity property of the function CiJk (x , £), we obtain

(ï-21) Urk (pc , x) =  nak +  amĈ ndk Brm.

The functions (x , x) are homogeneous of degree two in x {r s.

2. Some entities of the conformal F insler space.

If we denote the Cartan’s covariant derivative given by (1.4) with respect 
to g# ( x , x) by putting a horizontal bar over the same notation of the co variant 
derivative, then we have [5]:

(2.i> Xby( * , ±) =  (a, x ‘) -  (a„ X*) g ;  +  x m T*Jj.

With the help of equation (2.1) the co variant derivative of Ì1 (x , x) in the sense 
of Cart an is given by

(2.2) ï f / x , £) =  (?j T) -  (dm T) c ;  +  r  TJj .

Using equations (1.7), (1.10) and (1.14) and the relation I\k ( x , £ ) = o ,  
in (2.2), we get

(2.3) J\. (x ,±)  =  — é° {/*’ Oj -  (dm Ò  (dj Bmn) a„ +  /"  t Q .

Again, we have

(2-4)
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In view of equations (1.7), ( i . i i )  and (1.14) and the relation l ^ k (x , £) =  o, 
we obtain

(2.5) 7; j k ( x , £ )  =  e° {/, +  (dm /,) &  Bm") <y„ -  ln US} .

Similarly, we obtain the-following relations:

(2.6) FTy (x , x) =  { Fay +  lm 3, B "  },

(2.7) c;*Tw( * ,* )  =  c ; , jOT+ ( i c ; , ) ( a MB” )a K+ c ; , u L  — c * u ; „ — cJ u l ,

and

(2-8) Ä^Jy , ^) =

— [A^|y +  A-kh Gj +  (3r A^) (dj Brn) an +  A ^ U*y— U^- — K\r U rhj \ .

3. Projective invariants in conformal F insler space.

Theorem 3.1. If P (x , x) and (x , x) are the contra variant and co va
riant components of the unit tangent vector, in the conformal Finsler space, 
then we have

f3.i) Bi (x , x) =  g° \Bi(x  , *) +  l i ai  — (dm V) (2k Bmn) aH —  r  u L  +

+  l A r « ' U L + ^ 2 y u ^}^ '- n +  I
(a, i*)*r (3)

and

(3.2) *Ba ( x , ± ) =  e° [*Ba  ( x , x )  +  lt Gk +  (?m /•) (S, B”*) o„ — lm US +

+  A t  U î)r +  a - u ; , } ij +  ^  (h  /.) 8 f,uT)m v  .

Proof. For a vector V* (# , £)y depending on the element of support, 
we have the following projective invariant geometric entities [6]:

(3-3) B Ì ( x , X ) M v \ k- 7 {2 8 t-C )’; +  x 'a ;. r ; ; } v / +\ t i
n +

+  A A v A < trIfMv .

Under the conformal transformation the above projective invariant 
entities transform as follows for the unit tangent vector V  (x , x) of the con
formal Finsler space:

(3.4) — { 2S (/rt;r +  y è x : i } r  +  ^ ( s J ) s f x ^ r

(3) We denote the symmetric and skew-symmetric parts of a geometric object Azy 
with respect to the indices i , j  by

A(*y) =  — (Â y T  Ay*') and Apy] =  — (Â y — Ay A respectively.2 2
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Using relations (1.10), (1.12), (1.14) and (2.3) and the fact that the function a 
is of points only, we obtain the result (3.1).

Similarly, for a covariant vector V,- ( x , x), depending on the element 
of support, we have the following projective invariant geometric entities [6]

(3-5) *b,vs( x , ir)= y,-,* +  {28^ r*;r +  p à. r : i } v y +

Under the conformal transformation ( i. i)  the above projective invariant 
entities transform as follows for the co variant component (x , x)  of the 
conformal Finsler space:

(3.6) *Brt(X , x)  =  lf \k +  { 2 % T t{r +  3,.m  } Tj +

With the help of equations (1.11), (1.12), (1.14) and (2.5) the above rela
tion gives the result (3.2).

T h e o r e m  3.2. -  If ?  ( x , *) and /,• ( x , £) are the contra variant and co va
riant components of the unit tangent vector of the conformal Finsler space, 
then we have

(3.7) r  ( x , x )  =  f  [ t ‘ ( * , * )  + 2  i r ,! (3„ r )  -  {P *k +  r U L } ^  +

and

(3.8) *Ti ( x , x )  =  e°[Ti ( x , x )  +  2B™ox(Smli) +  { l i <yk- l mXJ7k} ± k +

+  ^ f T { 3 t i U Z r + l r U Z } * r] .

Proof. -  We have the following projective invariant entities for a vector 
V* (x , x), depending on the element of support, in Finsler space [6]:

(3-9) T ! ( x , *) ^  Vf* x k +  -^jL- v [!' r t?  .

Under the conformal change ( i . i) the above equation transforms as 
follows for the contravariant component of the unit tangent vector of the 
conformal Finsler space:

(3-IO) +

Using equations (1.10), (1.12), (1.14) and (2.3) and the Euler’s equation 
for the homogeneous function Bij' (x  , f ) ,  we obtain the result (3.7).
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Again, we have

(3.11) * t.-( x , £) ^ v , - , i  ±k +  {3v . r *m7 +  Vr r t r j x ,

projectively invariant in Finsler space [6].
The projective invariant entities (3.11) transform as follows in the con

formal Finsler space for the covariant component of the unit tangent vector
h  ( x . x):

(3.12) *T,- o , *) =  V \ k +  —  {3 h r»T +  ir r :r } Jr .

In view of equations (1.11), (1.12), (1.14) and (2.5) and the relation 
3k B*'(x , x) x k =  2 ( x , ir), in (3.1.2) we get (3.8).

I wish to thank prof. R. S. Mishra for his encouragement and prof. H. Rund 
for his kind interest and helpful advice. I am also thankful to prof. A. L. Bla
kers for his hospitality at the University of Western Australia.
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