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Geometria differenziale. — Various projective invariants in a
conformal Finsler space. Nota di H. D. PanDE, presentata @ dal
Socio E. BompiaNT.

RIASSUNTO. — Si esaminano gli invarianti proiettivi di due spazi di Finsler in corri-
spondenza conforme.

1. CONFORMAL FINSLER SPACES.

Let two distinct metric functions F (x, #) and F (x, %) be defined over
an z—dimensional space F, which satisfy the requisite conditions for a Finsler
space[1] M. The two metrics resulting from them are called conformal if the
corresponding metric tensors g, (¢, %) and g, (x, %) are proportional to each
other. Knebelman[2] has shown that the factor of proportionality between
them is at most a point function. Thus, we have [1].

(1)  gy(x, %) =e5g,(x,2), (12)  g¥(x,d) =29 (x, 1),
and
(1.3) Fx,%) =eF(x,2),

where ¢ = ¢ (), 47 (x, £) being the contravariant components of the metric
tensor of F,,. The space F, with the entities F, ;, etc. is called a conformal
Finsler space.

The covariant derivative of a vector X* (x, #), depending on the element
of support, with respect to x/ in the sense of Cartan is given by [1]

(1.4) Xi; (x, ) (X)) — (3, X)GF + X"Th @,
where
(1.5) Gi(x, %) & Ghi(x, £) 2" = Ui (x, ) .

The functions Ty (x , #) and Gy (x, %) are the Cartan’s and Berwald’s
connection coefficients respectively and are homogeneous of degree zero-in
their directional arguments. We have the following geometric entities in the
conformal Finsler space: [3, 4]

(1.6) G (x,#) =G (x,%) —o, B"(x, %),
(1.7) G; (v, %) =G (v, %) —o, B™ (x, ),
(1.8) Gi(x, %) = Gia(x , %) — 0, 3,9, B™ (x, 4) ,

(*) Nella seduta del 9 marzo 1968.
(1) Numbers in brackets refer to the references at the end of the paper.
(2) 3, = 3oz, 3; = 3/a#.
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(1.9) A(x,2) = o Al (x, %),

(1.10) Z"(x,;t:’)———-éf’l"(x,;f:), (r.11) L (x, %)= e, (x, %),
(1.12) % = &, (1.13)  Chr(x, %) =Chlx, 2),
(1.14) Ti(x,#) = T (x, 2) + U (x, 2),

where we have

(1.15)  6,%, 5, (1.16)  BY(x, %)% — Frg¥— i 4,
(1.17)  F(x, %) | F(x, ), (1.18)  Li(x,®) g (x, )P (x, 2),
and

(1.19) Any(x, ) F(x, ) Cryr, ) & F (v, ) g% (x, %)

thj(x,x)=%F(x,ﬂz)g”‘ (%, %) gy (x, ),

(120)  Up(x, %) ®20 ;3% —o, {g" gu—2Cl;3B” +¢7Cy 5, B™)

Contracting (1.20) with respect to the indices 7 and ; and using the
homogeneity property of the function Cy, (x, #), we obtain

(1.21) Ul (x, %) = no, + o,,Cl 3, B™.

The functions BY (x, %) are homogeneous of degree two in #* s.

2. SOME ENTITIES OF THE CONFORMAL FINSLER SPACE.

If we denote the Cartan’s covariant derivative given by (1.4) with respect
to g, (x,%) by putting a horizontal bar over the same notation of the covariant
derivative, then we have [5]:

(2.1) X5 (x, 2) = (X — (3, X) GF + X" Ty

With the help of equation (2.1) the covariant derivative of 7 (x , #) in the sense
of Cartan is given by

(2.2) L, )= @) —@u )G +1"T,,;.

Using equations (1.7), (1.10) and (1.14) and the relation Zf,g (x,2)=o0,
in (2.2), we get

(23) Eo(e,2)=—e (' q;— (3, 1) G B™) 0, + 1" Usy}.
Again, we have

(2.4) Lii(x, )= ;1) — 0, &) GF — £, T,
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In view of equations (1.7), (1.11) and (1.14) and the relation /;; (x, %) = o,
we obtain

(2.5) L (e, 2) = e {l; 04 + (3n ;) (34 B™) 0, — 1, UG}
Similarly, we obtain the following relations:
(2.6) Fj(x, #) = e {Fo; + 1, 6,3, B™},
2.7)  Cistn (x, %) = Cijm+ 3, Clp) 3 B™) 0, + Cj Ul — Cly Ul — C, U,
and
(2.8) Rt (&, 7) =
= ¢ [Ak; + Al oy + (3 Al) (35, B7) 0, + A% Uy, — AL Uy — Aj, Uy .

3. PROJECTIVE INVARIANTS IN CONFORMAL FINSLER SPACE.

THEOREM 3.1. If /7 (x, %) and /; (x, #) are the contravariant and cova-
riant components of the unit tangent vector, in the conformal Finsler space,
then we have

(3.1 Bi(x,#) =éo [Bj; (%) + Fop—(@, 1) (3 B™) 6,— 1" Uby +

o (28 Ub, + # UL — o 3 1) # 8, UB| O,

n+1
and

(32> *Eié (x ) X) =¢° {*Bik (%’ ) .?b‘> + Zz' Oy + (am Zz) (ab an) G, —‘Zm U:rlf! +
oy (286U, + 78U b+ o ) 8 UR 7]

Proof. For a vector V?(x, %), depending on the element of support,
we have the following projective invariant geometric entities [6]:

(3.3) Bi(x, #)™ Vi, — n—l-{zsz}r@rw 5TV +

+ (a/t V) 8(7 Ty 2.

Under the conformal transformation the above projective invariant
entities transform as follows for the unit tangent vector /* (x, #) of the con-
formal Finsler space:

ol  def 77
(3-4) Bk(x ’ x) :eZZTk"

ﬁ{zgfﬁgﬁyéfﬁk}/’ o G T

' (3) We denote the symmetric and skew-symmetric parts of a geometric object Ay
with respect to the indices 7,; by

I I .
A = - (Ay 4+ Aj) and A= 3 (A;;—A;;), respectively.
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Using relations (1.10), (1.12), (1.14) and (2.3) and the fact that the function o
is of points only, we obtain the result (3.1).

Similarly, for a covariant vector V,(x, #), depending on the element
of support, we have the following projective invariant geometric entities [6]

(3-5) *Bi/e<x;/"'f>i—e*fvz‘ik+7_li_—l{23é k)r+?€ 8, Iy SAES
+o T (abv)g(r]—-‘le)m v
Under the conformal transformation (1.1) the above projective invariant

entities transform as follows for the covariant component / (x, %) of the
conformal Finsler space:

(3.6) *Ba (x, %) af Z—i_{é -+ ﬂil-

28T, + 2 o T } 1+
+ (9},1) 8(, I‘&)m mE

With the help of equations (1.11), (1.12), (1.14) and (2.5) the above rela-
tion gives the result (3.2).

THEOREM 3.2. - If Z (x, #) and 7, (x, %) are the contravariant and cova-
riant components of the unit tangent vector of the conformal Finsler space,
then we have

G T, )= [T(x, %) +2B"0,0,) — {(Fop+1"UL Y 2+

UL,

and
38)  *T;(x, ) = e°[T;(x, ©)+2B" 6,3, 2) + {0, — 4, Us } #* +

{3, Un,+ 2, U} #].

n—{—l

Proof. - We have the following projective invariant entities for a vector
V¥ (x, %), depending on the element of support, in Finsler space [6]:

(3.9) T'(x, 2) B Va4 2 Ve

Under the conformal change (1.1) the above equation transforms as
follows for the contravariant component of the unit tangent vector of the
conformal Finsler space:

Tr *m
y .

(3.10) T (e, #) & 7/, 7

Using equations (1.10), (1.12), (1.14) and (2.3) and the Euler’s equation
for the homogeneous function B¥ (x, #), we obtain the result 3.7).
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Again, we have

(3.11) *T (e, 2) SV, 24

)

projectively invariant in Finsler space [6].
The projective invariant entities (3.11) transform as follows in the con-
formal Finsler space for the covariant component of the unit tangent vector

I (x, #):

¥%m
mi

(3.12) *T; (x,2) &7

In view of equations (1.11), (1.12), (1.14) and (2.5) and the relation
%»BY(x,2) = 2BY(x, #), in (3.12) we get (3.8).

I wish to thank prof. R. S. Mishra for his encouragement and prof. H. Rund
for his kind interest and helpful advice. I am also thankful to prof. A. L. Bla-
kers for his hospitality at the University of Western Australia.
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