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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta del 13 gennaio ig68 
Presiede i l  Presidente B eniam ino  S egre

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — Periodic or almost-periodic solutions of a 
non linear functional equation. Nota IV (,) di G io v a n n i P ro u se , 
presentata dal Corrisp. L. A m erio .

Sunto. — Si danno le dimostrazioni dei teoremi 2, 3, 4 e 5 enunciati nel § 1 e si studia 
una particolare equazione a cui sono applicabili i risultati ottenuti.

4. L et us now give the proofs of Theorem s 2, 3, and 5.

Proof o f Theorem 2\ Consider the transform ation S of the space V2 in itself, 
defined by

(4.1) Su  (o) — u  (T)

u  (yj) being the solution in [o ,T ]  corresponding to the initial value u(o).
B y lem m a 4, S is w eakly continuous in V2; m oreover, by  lem m a 5, it 

m aps each sphere of radius R  >  ^ K in itself.
T he transform ation has therefore, by a theorem  of Tychonoff (see for 

instance D unford and Schwarz [1 ]) a fixed point, i.e. there exists a solution 
ü (7)) such th a t

(4-2) ü (o) =  ü (T) .

This solution is obviously periodic w ith period T. (*)

(*) Pervenuta alPAccademia il 23 settembre 1967.

1. RENDICONTI 1968, Voi. XLIV, fase. 1.
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P roof o f Theorem 3: Let un (r\) be the solution, defined for 7) >  —  n, 
satisfying the initial condition un (—- ri) — o. Setting un (tj) — o for 7) <  —  n 
and

(4.3) f n(y\) =
/O ?) for 7] >  —  n

for 7) <  —  n

the function u n (r\) is obviously a solution in J of the equation 

(4.4) u n (7]) +  (Ai +  A3) un (7]) +  BA2 u n (tj) — /»  (?]) •

By lem m a 6, it results

Sup 1 (y)) l  =  m ; > Su p  J (V) ; W) ^ 2  ’
(4 -5)

<e j
1 »up
j -nej

S u ç|a2* ,« ! lV i! ï ) = m ; , Sup|!A2»,(()!H, ( > =  m;.

Repeating, w ithout any change, the procedure followed in Theorem  1 
to prove the existence of a solution of the C auchy problem , from relations
(4.5) follows th a t it is possible to extract from {un (7))} a subsequence (again 
denoted by {un (t})}) which converges, in the topologies introduced in (2.33), 
to a solution in J  of (1.24), satisfying relations (1.27). T he existence of a bound­
ed solution in J is therefore proved.

Let us now show that, if also hypothesis X I) holds, this solution is unique. 
Assum e this is not so and let v (t) be another solution L 2 (o , 1 ; V2)- 

bounded in J. Setting w  (r\) =  u (tj) —  v (7)), w  (r\) is obviously a solution 
of the equation

(4.6) Z£/(t)) +  (Ai +  A3) w  (7]) +  BA2 u  (7]) ---  BA2 V (7]) =  o

and satisfies the relation, analogous to (2.38),

(4 -7) 4  (42). A 2w (y)2)> —  ~  (w  O h), A 2®  0 h)> +

1l2 *na
+- j '.((Al +  A3)-w (7]) , A2 w  (7])) dr\ +  j  (BA2 u  (7j) —  BA2 v (7)) , A2 w (t))) ^t] ' =  O .

ili iii

By hypotheses III), V i l i ) ,  X I), it results therefore, Vtj € J  and V§ >  o,

(4.8)
71 V1

II'w (4 —  S)llv, A!j«<7] ) +  2 oc j  !w (t) III,d t  — 2 cs j  \w (t) l (Aj  d t >
rj —Ô Tj — Ô

yt r)

>|jwOl)ilva+  2 (x — ^ Y 2) j  llM'(4)llv,+ ai|"  ||a'(0ilw^A
Ï] — ô T) — Ô

being g1 =  2 (a 5̂ T2) >
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As the em bedding of W  in V2 is continuous, we obtain, from (4.8),

V)

(4 -9 )  ■ ii O'] —  8) ly, >  1 o ' O')) Iv, +  || **> 00  ly, d t  ■
T| — Ô

Consequently, the function || w  (*/)) |Y is decreasing and from (4.9) it 
follows th a t

( 4 - IO) I w  O') —  8) |ya >  (1 +  <y2 8 ) 1 w  ( v ) ) !^ .

Hence

(4 -10  lim 1 w  (Z) ||L,(0>1;V>) =  +  00 ,
t —> — OO

which, for the hypotheses m ade, is absurd, u (t) is then the only L2 (o , 1 ; V2)- 
bounded solution in J.

By exactly  the same procedure it can be proved th a t (1.28) holds. The 
theorem  is then  com pletely proved.

Proof o f Theorem 4: In  the proof of this and of the next theorem , we shall 
follow a procedure given by Am erio [2], [3] for linear functional equations.

In order th a t the theorem  be proved, it will be sufficient, by JBochner’s 
criterion, to show th a t it is possible to extract from any real sequence {/„} 
a subsequence { ln} such th a t

(4 -12) lim ü (t +  Q  =  z  (t)
» -* 0 0  L*(0,1 ; V2)

uniform ly in J.
In  view of the hypotheses we have made, we can obviously assume 

that, uniform ly in J

(4-13) lim * f ( t + r n) =  g ( t ) .
I> '(0 ,1  ;Y0

Repeating, w ithout any change, the procedure followed in Theorem  1, 
we find th a t it is possible to extract from {/„} a subsequence {/„} such that, 
W e  J,

lim** ü (t +  l'f) =  z  (t) ,
w-^ °°  L°°(0,1 ; V2)

lim * ü (t +  ln) — z  (t) , 
ti — > 0 0  L2 (0,1 ; W)

lim* A2 ü (V+ ln) =  A2 z  (t) ,
n~+oo  L ^ (0 ,1 ;Y )

l im A 2 w (7 + 4 )  =  A 2 z ( t ) .
ft —►oo L2 (0,1 ; H)

is, moreover, a solution in J of the equation 

(4 *1S) 2 Oq) +  (Ai +  A3) z  (y)) +  BA2 z (*/]) =  g  (yì) .

(4-14)

The function z  (yj)
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Assum e th a t (4.12) does not hold uniform ly in J. There exist then a 
num ber g  >  o and three sequences {tn } , { an } C { 4  } , { a* } C { ln} such 
th a t

(4-16) i ü (t„ +  oQ — ü (t„ +  a")||L,(0(1 ;Vt) >  g .

It is, on the other hand, possible to extract from { tn +  a*} and { 4  +  ocw'} 
two subsequences (again denoted by { tn +  oc*} and { 4  + a«}) for which 
it results, in the various topologies introduced in (4.14),

lim ü ( t  +  tn +  a») =  z± it) ,
n —>00

lim ü (t +  tn +  a|j) =  s 2 (f).
n —>00

By the hypotheses m ade, it is however

(4.18) lim* f ( t + t n +  a*) =  lim* /  (t +  t„ +  oQ  =  ^  ( f ) ,
n —>00 n ->oo L- ,̂ (0 ,1 ; Y /)

uniform ly in J.
T he functions zi (73) and #2 (v)) are therefore V2-bounded solutions in J 

of equation (4.15). By theorem  3 it m ust then  be z\  (73) =  #2 (73), which is 
in contrast w ith (4.16). Consequently, (4.12) holds uniform ly in J and the 
theorem  is proved.

Proof of Theorem 5: Let us prove at first th a t ü (73) is V2-a.p.
L et {4 } be any real sequence; we shall show th a t it is possible to extract 

a subsequence {4 } C {4} such th a t

(4.19) lim ü (73 + / * ) = #  (73)
n ->oo V2

uniform ly in J.
W e m ay obviously assume th a t

(4-2°) lim /  (*-{-£) =  g ( t)
n -> oo  l / ' ( 0 , l ;Y ')

and also, by  Theorem  4,

(4.21) lim ü (f +  4 ) =  # (4
»>>00 l 2(0 , 1 ; v 2)

uniform ly in J.
Suppose th a t (4.19) does not hold uniform ly in J; there exist then a num ber 

g  >  o and three sequences {73^} , {a*} C {4 } , {a*} C {4 } such th a t

(4-22) ! a  (r\„ +  oc*) —  ü (t)„ +  o4')||Vj >  c .

Setting w n (yj) =  ü (v) +  yj„ +  a*) — ü (yj +  Y)„ +  °4'), the function (yj) 
satisfies the equation

(4.23) w n (yj) +  (Al +  A3) W„(r)) +  BA2 ü (Y) +  y)„ +  a() —

—  BA2 ü  (yj +  Y]„ +  a ” )  =  /  (y) +  Y)b +  oc'„) — /  (yj +  y j„  +  a ) ' )
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and, Vvj< o, the relation, analogous to (4.7),

(4-24) llW«(^)llv3 A Il Wn (°) ilv2 +
0

+  2 J <b a 2 û (/ +  ?]„+  a») —  BA2 S (V +  V)K +  oc)') , A 2 w n(t)) d t +
*1

0 0 

+  2 OC j  1 Wn (t) |j|, d t —  2 f  ( f ( t  + 7J„ +  Oc)) — f ( t  +V]B +  oc”) , A 2 Wn {£)) d t .

41 11

As / 0 0  is i J  (o , I ; Y ')-a .p . and A 2Wn(t) is L /(o  , i ; Y )-bounded, it 
is possible to choose n  >  n a so large that, when —  1 <75 < 0 ,

0
(4*2 5) j  ( f  (t +  V\n +  a »)  f  (t +  y\n +  0C„) , &%Wn(fj) d t  <Ç •

y]

On the other hand, by (1.23) and condition X I),

0

(4 -26) J  (B A 2 U.(t +  f\n +  0Cn) ---- BA2 Ü (t  +  Y}„ +  OC*) , A2 Wn(t)) d t  >

41

0 0 0
>  —  c5 f\\w„ (t) (2 (Aj) d t >  —  ch Y2J I Wn (t) III, d t  >  —  a J 1 w„ (t) |||, d t .

41 4] 11

Hence, introducing (4.22), (4.25), (4.26) into (4.24),

(4-27) !|w„(v])i|a >  —  V7) 6 [— I , o ] ,

and, consequently,
0

(4-28) il w m (— I) | 3(0il. Va) =  j  I w n 0)) l |a dq >  —
-1

Relation (4.28) contradicts (4.21) and (4.19) holds therefore uniform ly in J. 
As ü (y)) is V2-continuous, it follows, by B ochner’s criterion, th a t ü (yj) 

is V>2-a*p-
Finally, we prove th a t ü (t) is L2 (o , 1 ; W )-a.p .
Setting, in fact, wjk (yj) =  ü (y] +  I}) — ü (yj 1%), it results (see (4.24))

(4-29) I\Wjk 0 l) !vs A IIwjk (V) +  0  +
11+1

+  2 j <BA2 ü (t +  I'j) — BA2 ü (t +  l'k) , A 2 wjk (t)) dt

■n
11 + 1 11 + 1

+  2 oc Iwjk {}) III, d t —  2 ( f ( t  +  /;•) — f ( t  +  l'k)  , A 2 wjk (t)) d t ,

41 41
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By (1.23) and hypothesis X I), it follows from (4.29), setting a1 =  
=  2 (a —  c5 y2) >  o,

*1 + 1 Tl + 1

(4.30) <7VJ  ] jk if) iiwd t <  \wjk(4)|j^ -j- 2 J < / ( * + # )  — / ( *  +  £ ) , A 2wJk (t)) d t .
*1 T]

By w hat has been proved above, the right hand side of (4.30) converges 
to zero, when j  , k  00, uniform ly in J; u (/) is therefore L2 (o , 1 ; W )-a.p . 
and the theorem  is com pletely proved.

5- W e now w ant to show that, under the assum ptions m ade at the end 
of § I, equation (1.33) satisfies hypotheses I). . .X ); the theorem s and lemmas 
given in the preceding §§ will therefore hold for the solutions of this equation.

W e observe, first of all, th a t the operators Ax and A 2 defined by (1.29), 
(1.30) are obviously linear, positive, self adjoint and perm utable (having 
constant coefficients) and therefore satisfy condition II). M oreover, if V is 
of class C2, it results, by  a theorem  of N irenberg [4],

(5-0  D (Ar) =  D (E) =  H 2 (Q) n  H j (Q) .
Hence, Va 6 [o , i],

(5-2) D (A“) =  D (E a) .

As A2 =  E°, it is then

(5.3) D (Ai) =  D (A2)

so th a t hypothesis I) is verified.
Being, in the case we are now considering, Vi =  D (A*/2) — H j (£1), 

V2 =  D ( A f )  =  D (A f ) ,  W  =  D  (Aj1+0)/2) , A i W  =  D (A<°-1)/2), A 2W  =  

=  D (A ^-0)/2), it is obviously, by the second of (1.29),

(5 4 ) A 3W C A 3 H j ( 0 ) C L 2 (0 ) C A i W ,

th a t is hypothesis IV).
Setting v =  Sup | aj (x) | , it results, by  (1.29), (1.30),

x € Q
J = 0,1, • • •,m

( S - 5 )  (A iv ,  Aa®)IAQ) +  (A *o>Aaw)LF(Q) >  1 ^ 1d(A(i+c>/2) —  I Asz'||L, (Q) •

Hence, if c is the em bedding constant of D (Ai1+o)/2) in D (Aï),

(5.6) ((Ax+ A3) v , A 2 ^)L2(Q) >  I v ||D(A(i+ o)/2} c I A3 v ||L2(Q) I v | D(A(i+o)/2) •

For hypothesis II I)  to be verified, it is therefore sufficient th a t

CS-7) |A3 |̂!L2(Q) <  — !H D(A(l+a)/2} with § <  I,

which is obviously true then v is small enough.
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Setting Y — l /  (ti), from the hypotheses m ade on the function ß (£) 
it follows th a t conditions V), V I), VI I I )  are satisfied.

L et us prove th a t also condition VI I )  holds. L et {vn(x  ,7))} be a sequence 
such that, setting Q == O X [O , T],

(5-8) lim* v„ — v , lim v„ =  v .
n —>oo L̂ (Q) ft->oo L2(Q)

From  (1.31) and the first of (5.8) it follows th a t it is possible to extract 
from {v n} a subsequence (again denoted by {vn}) such th a t

(5-9) lim* ß (v„) =  <\i ( ~  +  —  =  1) ■
n —> 00 yJ>' \ Jr ir 1

W e shall show th a t 

(5.10) + =  ?■(»).

L et us observe that, by the second of (5.8), it is possible to ex tract from 
{vn} a subsequence (again denoted by {vn}) such th a t

(5*11 ) lim vn (x  , 7]) =  v (x  , 7]) alm ost everywhere in Q.
n —>00

Hence

(5.12) lim ß (y„ (x  , 7])) == ß (v (x  , 7])) alm ost everywhere in Q.
n ~>oo

If s is an arb itra ry  positive num ber, there exists a closed set Qe, w ith 
m  (Q —  Qg) <  £, such th a t in Qe the convergence is uniform  and all the 
functions vn are continuous. It is then, \/h  6 1/  (Q), w ith h — o in Q - Q e ,

'(S-13) lim / ?>(vn (x ,f\j) h ( x , f \ )  dQ  =  / (x  , tj) h (x  , ~r\) dQ =
n -> OO ./ /

Q Qe

=  (  ß (v (x , 7])) k  (x  , 7)) dQ .

%

Consequently, being h arb itrary , 4» ( x , 7]) =  ß ( v ( x , 73)) alm ost everywhere in 
QE and hence also in Q. Relation (5.10) is therefore proved and hypothesis V II) 
verified.

L et us finally show th a t also conditions IX ) and X) hold.
If  F is of class C2s, w ith s =  — —4P -[-1, it follows from a theorem  of

N irenberg [4] and an em bedding theorem  of Sobolev (see Gagliardo [5]) th a t

(5-14) D (A;) C (O) n  HJ (O) C L* (Q ).

Being D(A£) dense in L ^(ß), we obtain, from (5.14),

(S.i'5) L^(Q) CD (Aîy ,

i.e. hypothesis X). On the other hand, D (A f" 0)/2)n L ^ (Q ) is separable, as it 
is contained in H 1 0 (£L) n  L^(O), which is separable, being isometric to a
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direct sum of I / ( Q )  spaces, w ith various separable m easures. M oreover, 
being D (A i~ a>1'2) n  L* (Q) 3  H j (Û) O L* (Q) D ® (Q) and ® (Û) dense in 
D (A i1-<’>/2) and in l / ( Q ) ,  the space D (A]1~o)/2)n L ^ (£ 2) is dense in D (A i1_a)/2) 
and in l / ( £ 2). Also hypothesis IX ) is therefore verified.
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