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Geodesia. —  Statistical analysis of models fo r testing discre 
pancies m high precision levelling. Nota di A r n a l d o  C h i a r i n i  e 
L a m b e r t o  P i e r i ,  p resen ta tan  dal Socio P. D o r e .

R iassunto. — In un precedente lavoro [1] degli A utori è sta ta  com piuta un’analisi 
degli errori della livellazione di precisione e precisam ente della variabile aleatoria

(ove p .j è la discrepanza fra le misure in andata  e ritorno della differenza di quota di due 
caposaldi consecutivi della i-esim a linea ed R*y è la loro distanza), come nuovo contributo 
all’annoso problema, ancora aperto, degli errori della livellazione di precisione. Il campione 
esam inato consta di una rete parziale della livellazione italiana.

La presente N ota approfondisce criticamente tale metodologia dim ostrando, sulla base 
del campione esam inato (di circa Km. 900 della livellazione italiana), che la variabile aleatoria 
studiata è quella che rende m inim a la dipendenza delle discrepanze pesate dalla distanza.

In  una seconda parte della N ota si studia un modello di regressione che considera la 
dipendenza delle discrepanze dalla distanza e dalla differenza di quota tra  due caposaldi 
consecutivi. I risultati di questo studio mostrano che il modello:

P . . =  ( A .V r7. +  s ' . . V r T 7r2/ ** tj 1 IJ IJ
in cui è una costante per ogni linea i ed s^. è una variabile generalm ente norm ale con valore 
medio zero, sem bra essere il più adatto.

i .  I n t r o d u c t i o n .

In  a previous work [1] we have shown some aspects 01 mgn precision 
levelling errors by m eans of non-param etric statistical m ethods, choosing a 
sam ple of 15 lines of the Italian  high precision levelling net and studying, 
according to classical theory, the behaviour of the random  variable

where : discrepancy between the direct and reverse m easurem ents of 
the relative height of consecutive bench m arks in the i- th  line; 

R #: distance between consecutive bench m arks in the i—th  line.

T he purpose of this choice was the study of a variable which is inde 
pendent of the distance and hence the study of homogeneous sets of data. 
In  this work we exam ine the consistency of such a hypothesis, also testing 
the discrepancies by m eans of a regression analysis.

(*) Nella seduta del 9 dicembre 1967.
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2. St u d y  o f  c o n s i s t e n c y .

The choice of model (1) was m ade by tak ing  into account well known 
classical considerations; however, this “ a p r io r i” model needs an adequate 
experim ental check. T he check will be carried out using a model for a 
random  variable depending on a param eter a the value of which can be 
obtained w ith a m axim um  likelihood m ethod: the com parison of this new 
model w ith (1) will give us the m easure of the consistency of our assumption.

2.1. Choice o f (a).
The problem  we wish to study consists in finding a random  variable, 

function of discrepancy and distance, which minimizes the dependence on 
the distance itself, according to the above-m entioned requirem ents. O f course 
there is som ething arb itra ry  in the choice of the form of this function, but 
the one which follows (2) seems the most practical for ascertaining whether 
the model (1) is to be preferred in com parison w ith other sim ilar hypotheses.

W e assume therefore:

where a is a param eter to be determ ined together w ith a convenient interval. 

2.2, Procedure.
The procedure we have devised for our study consists of the following 

steps. F irst we calculate a non-param etric correlation coefficient of an 
appropriate function of x#  (oc) and R^-. To be precise, the Spearm an [3] 
correlation coefficient of the two variates

in each line for different values of oc around öc =  0.5.
The reason for the choice of | x#  (oc)— x i (oc) | , where X; (oc) is the 

average value of x ^  (oc) in the i—th  line, depends upon two facts:
1) Xij(d) m ight have a m ean value different from  zero and the use 

of x # ( ol) only, could m ask effects of dependence;
2) since we are interested in studying the correlation between the 

m agnitude of x#  (oc) —  (oc) and R,y irrespective of the sign, an appropriate 
variable seems to be | x#  (oc) —  x i (oc) |

The reason for the choice of the Spearm an coefficient is th a t the variates 
taken  into consideration cannot be assumed as norm al and therefore the usual 
Pearson estim ate of the correlation coefficient cannot be properly used.

(1) Of course other functions could have been chosen, e.g.

(2)

x ij (°0 —  x i («) I and R ÿ

[Xij (a) —  X{ (a ) ]2.
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The Spearm an coefficient [2] is com puted as follows:

given a set of n  observations {£,-,?),■} (z =  1 , 2 , • • •, n) of two variables 
^ , 7] of which only one m ust be necessarily a random  variable, and defining

— the rank  of iL 

tj,- =  the rank  of 73,- 

d i =

, /- the num ber of tied values of \  and y) respectively

*i 12

the Spearm an coefficient

r  =  —
2

where the sums S T - and  S T - are extended to all the ties. 
For a sufficiently large, n (n >  10) the random  variable

has a S tudent d istribution w ith n —  2 degrees of freedom.
W e calculate for each line the value of (a) for various values of a. 

A likelihood function is then com puted using for each line the probability:

® (°0 » ni —  2) —  y

where ® ( t , n) is the S tudent distribution function w ith n  degrees of freedom. 
F inally  the logarithm  of the product of these functions, i.e.

L  (a) =  log n  F  (h  (a ) ) ,
i=l

where k  is the num ber of independent samples, is calculated.
T he value of a th a t m aximizes L  (oc), minimizes the dependence of 

on R 2y, since the values of (oc), and therefore (oc), are the m inim um  ones.

2.3. Results o f calculations.

The calculation was carried out tak ing  into consideration the only 11 lines 
for which we previously obtained results of random ness using the model (1). 
The exclusion of the rem aining 4 lines seems necessary in a search for consis 
tency, like the one undertaken  here.

F  (fi (oc)) =  P (t >  I (a) I) =  I —  2

is

— ST- — ST---- S .^ 2I n ! * 1
jin*-

-ST? --- -- — ST'
\  12
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The calculation of the values of L  (a) was carried out and the results 
appear in Table I.

As is well-known [3] the estim ator a of a param eter a0 obtained w ith a 
m axim um  likelihood procedure is asym ptotically norm ally distributed; there  

fore L (a ) is asym ptotically equal t o -----—— — Ì -|~ k, where er« is the vari-
2 \ !

ance of the estim ator and k  is a norm alisation constant.
This procedure, as a first approxim ation, can generally  be used even 

when the sam ple is ra th e r small; therefore we have fitted, using the least 
square m ethod, the L  (a) values w ith a parabola:

1 / (a) — ao? +

obtaining:

^ =  — 42.55

b =  +  53-74

c =  —  27.00

w ith a very good approxim ation, as can be seen from T able I.
The estim ators of a0 and cra are obtained from the following relations [3] :

I \ 1/2

d2 L (a) 
doc2 !

dL (a) 
<7a

from which, substituting for L  (a) its approxim ate value L ' (a), we obtain

O. I I

a = 2 a 0.63 .

We m ay now test the null hypothesis a0 =  0.5 corresponding to the classical 
theory  against the alternative one: a0 =  1, as proposed by other authors [5]. 
A ccòrding to the above-m entioned results the acceptance interval of the null 
hypothesis w ith a 5 % significance level is given, w ith a good approxim ation, 
using the m ost powerful test [3], by:

—  00 <  a <  0.68

in which falls the value à =  0.63.
On the other hand  the power of the criterion relative to the com parison 

of both hypotheses is 0.998, corresponding to a 2 % 0 probability  of an error 
of the second kind.

Therefore the assum ption of the value a — 0.5 seems confirmed by our 
analysis.
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T a b l e  I.

oc L(aj L » L' (a) — L (a) L' (oc) — L (a) 
V  (a)

0,00 ■--■ 26,825 --  2 0 , 9 9 9 ---■0,174 --  0,006

0,25 — 16,535 --• 16,224 + o ,3 H --  0,019

0,50 --  10,820 — 10,767 + 0,053 — 0,005

o', 7 5 ~  10,350 — 10,631 — 0,281 -~f- 0,026

1,00 — I5 - 8 4 5 — 15,813 + 0,032 --  O,002

1,25 — 16,375 — 26,315 — 0,060 — 0,002

L'(a) == values com puted by the regression m odel.

3. R e g r e s s io n  a n a l y s i s  o f  d i s c r e p a n c i e s .

The indications we obtain from the previous results are th a t model (1) 
seems adequate for describing a random  variable independent of the distance 
but, at this stage of our study, we extend our model introducing other kinds 
of dependence, lim iting our choice to linear dependence only.

3.1. M ethod o f study .
System atic effects, pointed out in [1] using model (1), are represented 

by the m ean values of x#  in each line, th a t are not equal to zero. Therefore 
we can transform  the model in this way

(3) X i j  fh‘ ~h £tf 
or

(3 0 pi j = R* y R # + zij y R#

where pq is a constant for each line (m ean value) and is generally a norm al 
variate w ith m ean value zero and variance a?.

It seems quite natural to try  to reduce the variance of p̂ - using a more 
complicated model in which term s depending on and | AH# | (difference 
in elevation of two consecutive bench m arks) are taken  into account.

For this purpose we have chosen the model

(4) ? ij — a i +  i R ; j  +  e  Rtf +  Rtf +  g  y I Aldtf I +  f i  I AHtf | +

+  Si  I AHtf I2 +  G/ y Rtf-
in which

through are constants in each line and £tf, as above, is a random  
variate with m ean value zero.
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A  stepwise linear regression calculation [4], which enables us to take into 
account only the term s whose coefficients are significantly different from zero, 
was in effect carried out using the variate

X it
Vr ,>-

-fl= - +  bf +  c,- i  R,y +  d{ Ì  R3.+ et t A M + / .
VR ij ’ ■ V ' l] VR,y J  VR ij -g i - V R»y

by reducing all term s to the same weight.
The com putation was carried out for all the 15 lines irrespective of the 

lack of norm ality  and of random ness in some of them , in order to bring out 
possible anom alous effects. T he results show that, except for lines 5, 7 and 15, 
model (3') is sufficient to explain the variance of p -̂. The coefficient of 
model (4) for lines 5, 7 and 15 and relative F values obtained from the 
analysis of variance of m ultiple regression, are shown in T able II.

T a b l e  II.

L i n e

Line
num  
ber

ai k Ci di ei f i Si

F
obtained  
from  the 
analysis  

o f variance  
o f  the 

regression

m Ftfx « 2 ; 0.05

F irenzeABologna 5 0.533 — 0 . 2 8 3 0 . 0 3 5 3 - 2 5 2 1 8 6 3 - 0 5

F errara-Pado va 7 0.533 — 0 . 3 1 9 4 . 6 8 1 90 3 - 9 5

Rim inFBologna 15 0 - 2 5 3 0.351 ---- O . O I 3 - 3 7 2 1 0 9 3 . 0 8

W e m ust notice however th a t line 7 showed non random  behaviour and 
lines 5 and 15 non norm al behaviour. A more detailed analysis of the above- 
m entioned lines should be carried out, but in agreem ent w ith the opinions 
of other authors [5], there seems no point, on the basis of these results, in 
introducing a more com plicated model for p# and (3') seems to be the most 
appropriate.

A n extension of our study  to the whole Italian  high precision levelling 
net and eventually  to other nets is planned to give fu rther inform ation on 
this topic. A  possible extension of such an analysis could be the creation 
of q. model in which other param eters such as the tem perature or refraction 
coefficient of the air can be taken  into account.

4. Co n c l u s io n s .

The results of our studies seem to confirm the validity of model (3') in 
thejabsence of non-random ness effects according to the classical theory  from 
both points of view: consistency (§ 2) and regression analysis (§ 3). We 
emphasize however the necessity of carrying out sim ilar analyses on broader 
samples, possibly covering nets of different countries, to confirm these results.
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