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G eom etria  d ifferen zia le . —  The projective transformation in 
a Finster space. Nota di H. D. Pan de, p resen ta ta (#) dal Socio 
E. B om piani.

RIASSUNTO. — Si considerano le trasformazioni proiettive (cioè che conservano le geo­
detiche) di uno spazio di Finsler, si studia il modo di alterarsi dei param etri di una congruenza 
per una tale trasformazione, e si dim ostra che la connessione indotta su una varietà immersa 
in quello spazio subisce pure una trasformazione proiettiva.

i. I n t r o d u c t io n .

Let Fn be an ^-dim ensional F insler space equipped w ith the positively 
homogeneous m etric function F  (x , x) of degree one in its directional argu­
ments. The entities ( [ I ], page 13, (3.1)).

def
( Ï . 0  gij (x , x) =  — 3- 3y F 2 (x , x)  (1), (2)

form the covariant components of the m etric tensor of Fn . T hey are sym m etric 
directional argum ents and

(1.2) g 3 (x , X) gjk (x , X)
I if k =  i

o if k t .

The covariant components of the unit vector along the direction of the ele­
m ent of support ( x \ x l) are given by ([1], page 69 ( 1.15'))

(! .3) /,• (x , T) =  à,. F  (x , X).

The covariant derivative of a vector X ‘ (x , x), depending on the element of 
support, w ith respect to x* in the sense of C artan  is given by [i], Chap. I l l

(1-4) xf* (x , x)  =  (3, X !) —  (3y x ‘) GÌ +  x y r y ,

where

(i-5)a
def .

Gi (x , £ ) =  dt G' (x , x),
def .

(I-S)b 2 G' (x  , x) — f Jk (x  , x) x 3x k.

j )k(x  ,£)  being the Christoffel symbols of second kind ([ i] , page 59, (27) 
and (23)) and Y f ( x , x )  are the C artan connection coefficients symmetrical

(*) Nella seduta del 9 dicembre 1967.
(1) di — d/dx1 and di =  d/dx*; Latin indices run from f  to n.
(2) Numbers in brackets refer to the references at the end of the paper.
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in their lower indices and homogeneous of degree zero in their directional 
argum ents. We have ([1], Ch. I l l )

(1-6) GÈ (x , *) x j  =  T]i  (;r  , £) y  = G i ( x ,  ±),

def
where G# (pc , x)  =  9̂  Gy (1 ,  i ) .

L et V ) {^ =  1 > 2 j ' ‘ ' 5 n } be the unit tangents of Tz-congruences of an 
orthogonal ennuple. The subscript ‘ a* in the parenthesis sim ply distinguishes 
one congruence from the other. The co variant and contravariant components 
of will respectively be denoted by X^ and \ a)i- Since ^-congruences 
are m utually  orthogonal, we have [2]

( I -7) gij (x , x) X(a) X^} =  8a0,

I I , if a — b
where the K ronecker delta $a6 =  \ ., . . .  We have the Ricci coef-

( o , 11 a =(= b
ficients of rotation, given by [2, 3]

def .
( * * ̂ ) abc (x , X) =  X(Æ) I j  X(3) i \ c) ,

where the symbol | denotes the covariant derivative with respect to xk in the 
sense of C artan and

i def
( ̂  '9) (x ) X) T mhm X(̂ ) .

h

1 he geom etric entities (a: , i:) are called the first curvature vector 
of a curve of a congruence in Finsler space [3].

2. P r o je c t iv e  t r a n sfo r m a t io n .

The differential equation of a geodesic

(2.1) d 2 x i 
ds2 +  Vjk {x , dxjds) dxt

ds
dxk
ds O

assumes the following form by the

(2 ■•:2) *  j +  rj* (> . *) &  *k I

transform ation of its param eter s to t [4]:

• i \ d 2 x i - ti* t / . j  ,k)
—  I~dF~  +  Vj'k &  ’ x ) X  X  =  ° ,

where

(2-3) r %’ (x , X) — Y*j (x , X).

"The equation (2.2) rem ains unchanged if we replace the C artan  connection 
coefficient Y j £ ( x , £ )  by a new sym m etric coefficient Y*/ ( x , x), given by

_ V . def
(2-4) Tjk (x , x)  =  Vjk (pc , x)  2 S ppk) +  Pjk x ,

33. — RENDICONTI 1967, Voi. XLIII, fase. 6.



4 S 2 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. X LIÏI -  dicembre 1967

where p k (x , f i  is a covariant vector, positively homogeneous of degree zero 
in its directional argum ents and

def .
(2.5) Pjk (x , z )  =  dj p k {x ,x).

Definition 2.1. L et Fn and Fn be two spaces with fundam ental tensors 
gijXpc , f i  and g# (x , f i  a t the corresponding points. T hen the spaces are 
said to be in geodesic correspondence if their geodesics are the same and 
we shall call (2.4) a “ projective change ” of the C artan  function 

C ontracting (2.4) w ith respect to the indices i  and j ,  we get

(2.6) r I t  (x , x)  =  i t /  (x , £) +  \n +  I) p k .

D ifferentiating (2.6) w ith respect to x l, we obtain

(2.7) Tut (% > f i  =  dI r kk (x  J f i  +  (n  +  0  pik •

T h eo rem  2.1. I f  and are the contravariant and covariant com­
ponents of the firs t curvature vector of a curve of congruence then the following 
geometric entities are invariant under the projective change:

def
(2.8) T  u  =  + g » d j r % * }

and
def

(2.9) i w  =  m *  -  ~  {2 r «  +  s j gu *  dj r « }.

Proof. If  X(a) 11 denotes the co variant derivative of 'k\ä) in the sense of 
C artan under the projective change, then we have

(2.10) \l =  dk X(a) d~ ~h(a) ^jk (x  5 fi).

Hence we get in consequence of (2.4)

(2 ■ I 1 ) 4 )  I k —  4 )  I * =  4 )  { 2 ^  (Jpi) +  Pjk & } •

W ith  the  help of equations (2.6) and (2.7) the above equation assumes 
the form

(2.12) 4 )  I k -  4 ) i*  =  f r r  [4> {§/ (Xu -  r i / )  +  si (Ftf  -  r ÿ )  +

+  / é y ( r / /  — r // ) } ] .

M ultiplying (2.12) by X(fl) and using the orthogonality  condition (1.7), we 
obtain

—t I  c ki t - i* Æ  I ij  I kj . i  LR«) — 17+7 is rtt + g J Ykj +  g J X 3y r« } =
i  I  x ki T t* h I ij  I kj . i  A i= r«> —7 +7 is Thk + g r%- + djr«},

(2-13)
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where
def. .

(2-M-) [1(a) = ^ | ï 4 ) .

Again m ultiplying (2.12) by  the product lfa) gn and using (1.7), we get

(2 -1 5 ) mi -  scfr i 2 +  skigu * h rii} =

=  R . ) / -  - r i r  {2 r i i  + g kJg,i x i òJ T i i } ,
where

def
(2 ' 1 P(«) I —  I ~k rfa) gii •

Theorem 2.2. The necessary and sufficient condition, of con­
gruence whose unit tangent is X(/) satisfies the relation [i(l) =  o, 7s* T te

(2.17) r ; y ( * ,* )  —  4 )  3y X(/), -  o

holds.
Proof. In  consequence of (1.8) and (1.9), we get, using the relation 

P(/) =  o

(2 •1 '8) { 3y X(/)/ —  X(/) w } \\h) Xfa X(Ä) =  o ,

which yields, in view of (1.7) th a t

(2-19) { ( 3 y % ) ^ - r - / } x j i )X<4) =  0.

Conversely, if the condition (2.17) is satisfied, it is obvious th a t 

(2-20) ( 4  =  O.

3. Projective change of the induced connection
IN THE SUBSPACE OF A FlNSLER SPACE,

A n w -dim ensional subspace Fm of a Finsler space F* is represented 
param etrically  by the equations

(3-0  X* =  X* (ua) <8),

W e suppose th a t the variables ua form a co-ordinate system  of Fm. W e fu r­
th e r assume th a t the  functions (3.1) are of class t 4 ([1], page 155) and we p u t

. def
(3-2) B a ^ S x ’fdu*.

T he induced connection param eters are expressed as in [1], page 159 

(3-3) r ’ßy =  B“ (BßY +  FH  Bßy),

(3) Latin indices run from I to n, Greek indices from I to n.
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where

(34)
-pi def 32*‘

ßY 3«P 9*v

and

(3-5)
xffk -r\h xyk Haß =  !>a Hß

THEOREM 3.1. When the connection Vjj (x , x) of a Finsler space undergoes 
a projective change, the same is true of the induced connection of any subspace 
and

(3-6) 8 ^ 0 Y= B ^ B ^ Y,

where the vectors <Dy (u , u) determine the projective transformation in the sub­
space.

P r o o f Substituting the value of Y j j f x ^ x )  from (2.4), the equation (3.3) 
reduces to the form

(3*7) TßY +  B* (2 S\hpk) +  phk x )  Bßy — B“ (Bßy -f- Y hl BßY).

If  we put
_  def

(3.8) Fß“ (u , ù) =  Tß“ +  2 S“(ß<t>Y) +  ÖßY (u , ü) ùa,

where C>Y (u , u) are the covariant vectors positively homogeneous of zero 
degree in their directional argum ent, then the equation (3.7) becomes

(3-9) FßYa =  B“ (B^y +  T u  Bft),

provided we have

(3-io)a 0 Y =  B“ pk Si B&

and

(3-io)b ®pYÄa =  B?B^Y/ At/ .

From  (^3.io)a it is clear th a t (m —  n) independent vectors <E>a (u , u) 
exist such th a t there is no change in the induced connection. I

I am  grateful to Professor R. S. M ishra for his kind help in the p repara­
tion o f this paper.
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