ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

GIOVANNI PROUSE

Periodic or almost-periodic solutions of a non linear
functional equation. Nota III

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 43 (1967), n.6, p. 448-452.

Accademia Nazionale dei Lincei

<http://wuw.bdim.eu/item?id=RLINA_1967_8_43_6_448_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1967_8_43_6_448_0
http://www.bdim.eu/

448 Lincei — Rend. Sc. fis. mat. e nat. — Vol. XLIII — dicembre 1967

NOTE PRESENTATE DA SOCI

Analisi matematica. — Periodic or almost-periodic solutions of
a non linear functional equation. Nota 111 @ di GiovannNi Prousk,
presentata dal Corrisp. L. AMERIO.

RIASSUNTO. — Si dimostrano alcuni lemmi che verranno utilizzati nel §4 per la
dimostrazione dei teoremi di periodicitd o quasi—periodicita.

3. In this § we shall prove some further lemmas, which will be utilized
in the proofs of the theorems regarding periodic, bounded or a.p. solutions.

LEMMA 4: Assume that the hypotheses of theovem 1 hold. Then the solu-
tion of the Cauchy problem depends continuously, N € [0, 7T], on the initial
data, in the weak topology of V,.

Let {#,,} be a sequence of elements € V, and let {#, ()} be the sequence
of the solutions in [o, T] satisfying the initial condition

(3.1) %, (0) = 20, -
Assume, moreover, that
(3.2) lim* 2y, = u,.
n—>00 s

In order that the lemma be proved, it will be sufficient to show that it
is possible to extract from {, ()} a subsequence (which we shall again call
{#, (n)}) such that, ¥n €[o, T], it is ‘

(3-3) Liem a0, () = (),
u () being the solution that satisfies the initial condition
(3.4)  (0) = up.
Let us observe, first of all, that, by (3.2),
(3-5) | #0,uly, < Ko.
It results then, applying (2.5) to the interval [0, 7] (0 <z < T)
T
36) Sup [, (ly, < Ko ,dﬂ%mmngm

ﬂ&%wﬁmsm.

(*) Pervenuta all’Accademia il 23 settembre 1967.
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Repeating, without any change, the procedure followed in theorem 1,
we then see that it is possible to extract from {#, (n)} a subsequence (again
called {#, (n)}) which converges, in the topologies introduced in (2.33), to
a solution in [0, T] of (1.24); we shall denote this solution by « (n).

We now prove that, Vv € o, T].

(3.7 Lim* o, (n) = 2 (n).

Let %4 be any element of the basis {/%;} introduced in theorem 1 and
g = Ggk. If we consider the scalar product of equation (1.24) (written for
the solutions #, ()) by %, we obtain

(3-8) (), )+ (A + Ag) u, (1), ) + (BAg w0, (n) , ) = (f (n) , /).

We recall that, by lemma 2, the functions #, () are Vy—continuous in
[0, T].

Integrating (3.8) between vy and 7y > n;, and using Hélder’s inequality,
it results,

(39 [ow (2) s By — ot () | = | (2 (02) , £)v,— (% (1) &)y, | <

N2
< j Ay 2 Dl 1Ly + |Ag 200 (o)l |21, +
M

+ | BAg w0, (), [ 2ly + [ £ Dy, 14ly } i <

N2
1 1] 1/2
‘< max (“ A !!z/ ’ ” h Hy> (7)2 - 7]1)1/2 [ /(H Al %y (VD ”z + H A3 Uy (7}) Uz)z dv)l +
N2 " M
Us g [ us| [ v, W
(™| w%%@wm]+@rwo[fumww}}
';i1 M

Being, by (3.6), hypotheses IV), VI) and lemma 1,
T T
183, )l in < o [ 1y DIy i < T,
¢ 0
T

T
(3.10) /“As 14, ()l dn < o7 /” t, ()l @1 < Ku,
0 0
T

-
[ 1BA w, 4. i < [ 12 . () din < K,
0 0

it follows from (3.9) that the functions (u,(n), Ay = %, (), Az &)y =
= (u, () , &)y, are uniformly Holder-continuous Vg € {g;} (as the constants

31. — RENDICONTI 1967, Vol. XLIII, fasc. 6.
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introduced in (3.10) do not depend on #); as we have already observed
(Theorem 1), {g;} is a basis in V, and, consequently, the functions #, (1)
are Vy—weakly uniformly continuous in [o, T].

The sequence {(,(n),v)y,} is then, Vo € Vy, uniformly bounded and
uniformly continuous in [0, T]; by the theorem of Ascoli-Arzela it is therefore
possible (V, being separable) to extract from {z,(n)} a subsequence (again
denoted by {u, (n)}) such that (3.3) holds, uniformly in [0, T]. By (3.1),
(3.2), (3.3) it is obvious that z(n) satisfies (3.4).

LEMMA 5: Assume that the hypotheses of theorem 1 hold and let u (v) be
the solution satisfying the initial condition

(3.11) % (0) = 1y € Vy.
It results
(3'12> ‘ <T>Hv <max{”u0[v ’K)’

where K is a quantity that does not depend on u,.

We start by observing that, if we apply (2.5) to the interval [0,T], we
obtain
T T

(3.13) “”(T>l.v —J‘”O“ % /”f@))!é/' § I% /HAZ%\Y]MY P“‘

0

+2K;—2 Cs/i,‘Az% )y dn.
0

Assume at first that
T
K< aa [ Mgl an.
0

(3.14)

T T
A } 1p
[ | F (|2, a’n% § / | Ag ()] dy
b 8

Then, by (3.13),
(3.15) [ (D[S lv, <luo Hv

If, instead, the relation opposite to (3.14) holds, it results, p being > 2,
(3.16) [180 ) dn < Ko
0

There exists then, in this case, a point % € [0, T] in which
(3.17) L@y, <0 A n@ly < 10l A @ly < Ku,

v1 and vy, being embedding constants.
Applying now (2.5) to the interval [n,T], we obtain

(3.18)  lu(DE, < lu@f, +2 k.

T
ﬁf@ﬁdr;NHM%WK@
0
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Hence, by (3.16), (3.17),
(5.19) |u (DR, <K

where K is independent of z,.
Relation (3.12) therefore holds in any case and the lemma is proved.
LEMMA 6: Assume that the hypotheses of theorem I are verified in every

bounded interval C[v,, + o0) and that

(3.20) Sup [f (D] »

t2m,0 '

= M, < + co.
1 0,1;v1) 0o~

Then, if u(n) is the solution in [1,, + 0o0) satisfying the initial condition
2 (0) == 2y €V, , it results

(20) Sup lu@ly,=Mj<+oo , Sup [#@)ug,w =M<+ oo,
n=ne 12",
== ! - I 9 ‘ !
(3.22) S/ui) ]]Azu(t)I - M <400, IfSBqu)\A u(t)| . 0,15 D%y =M, <+o0,

the quantities M being independent of vy and = being an appropriate positive
number.

Let us divide the half-axis n > 770 in segments of unitary length by means
of the points n; =29+ 7 (7 =1,2,---) and denote by ¥ the point of the
interval [7;_1, ;] in which the contmuous function |z
maximum value.

Let us further set

(3-23) M = max [u (9,

Ne<N=M2
Assume that

<3'24) ” (7]3) “V > ll u (711)
It is then, applying (2.5) to the interval [4), 73] and bearing in mind
that 1<m3—m < 3,
-
e

"]1

(3:25)  lu@ly, <lu(

| Az 2 ()] dn +

a
t2Ki—2 [ |Asumldn<
m

3 Mg
w237 M{ f [Agu @2 dn § ‘LK 20 j | Ao ()[4 .

n

A



452 Lincei — Rend. Sc. fis. mat. e nat. — Vol. XLIII — dicembre 1967

Hence
,’]l ,rI/

o P’ s ) P lz
636 oflasumlan <0 | (1Al o | &
, 7

i
and, consequently,
N
"

(3.27) j | Az 2e(n) [ dn < Kis .

'

"
There exists therefore a point n* € [, 93] in which
(28) Ol < va I As % ()l < valAs w1y < K.

Applying again (2.5) to the interval [v*, %3], we then obtain, by (3.21),
(327), (3-28),
M

(529) |Gl < e, + 25" M| [1Asulf dn |+ 2% < Kun
.

If, on the other hand, (4.5) does not hold, it results
(3.30) L2 Caly, < |2y, -

Hence, by (3.29), (3.30), it is, in any case,

(3‘30 “ %Cn;) ”Va < max <“% (71’1> HVa ’ K17) < max (M ) K17) ’
where Ki7 and M do not depend on 7.
Repeating the procedure for the points 7, 95 ,- - - we obtain, in a similar
way, that
(3-32) | % (1), < max (M, Kir) G=1,2, )

and the first of relations (3.21) is proved.

The second of (3.21) and the first of (3.22) can be obtained directly by
applying (2.5) to any interval [y ,7n =4 1] C[9,, + o0) and bearing in mind
(3-32). Finally, the second of (3.22) follows from (3.21), the first of (3.22)
and Lemma 3.



