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N O T E  P R E S E N T A T E  D A  S O C I

Analisi matematica. —■ Periodic or almost-periodic solutions o f 
a non linear functional equation. Nota III (#) di G iovanni Prouse, 
presentata dal Corrisp. L. A merio.

R iassunto . — Si dim ostrano alcuni lemmi che verranno utilizzati nel § 4 per la 
dim ostrazione dei teoremi di periodicità o quasf-periodicità.

3. In  this § we shall prove some further lemmas, which will be utilized 
in the proofs of the theorem s regarding periodic, bounded or a.p. solutions.

LEMMA 4: Assume that the hypotheses of theorem 1 hold. Then the solu­
tion of the Cauchy problem depends continuously, V*/) € [o , T], on the initial 
data) in the weak topology of V 2 .

Let {u0jn} be a sequence of elements 6 V 2 and let {un (73)} be the sequence 
of the solutions in [0 , T] satisfying the initial condition

(3.1) nn (o) =  uq,„ .

Assume, m oreover, th a t

(3-2) lim* u0,n =  u0 .
«->00 va

In  order th a t the lem m a be proved, it will be sufficient to show th a t it 
is possible to extract from  {u„(t])} a subsequence (which we shall again call 
{«„ (?))}) such tha t, Vv) e [o , T], it is

(3-3) lim* un (tj) =  u  (rj),
« ->oo V2

u  (73) being the solution th a t satisfies the initial condition

(3 4 ) u(o) =  uQ.

L et us observe, first of all, that, by (3.2),

(3-S) IkoAlv, — K o-

It results then, applying (2.5) to the interval [o , 73] (o <  tj <  T)
T

(3*6) bup  ! un (̂ 3) |[y ^  K7 j / J un (f)  ||w dt\ CL K 8,
T] 0  [0,T] 2 J

0
T

J | A 2 ^ ( y ))||^71 < k 9 .
0

(*) Pervenuta all’A ccademia il 23 settem bre 1967.
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R epeating, w ithout any change, the procedure followed in theorem  i, 
we then  see th a t it is possible to extract from {u„ (4)} a subsequence (again 
called { « „ ( n j ) } )  which converges, in the topologies introduced in (2.33), to 
a solution in [o , T] of (1.24); we shall denote this solution by u (4).

W e now prove that, V4 6 [o , T].

(3-7) lim* u„ (4) =  u (4).
n —>oo V 2

L et h be any elem ent of the basis {hj} introduced in theorem  i and 
g  — G2 h. If  we consider the scalar product of equation (1.24) (written for 
the solutions un (yj) )  by h , we obtain

(3.8) (un (■/)) , h> 4- ((Al +  A3) u „ ( t j)  , h) +  (BA2 tin (vj) , h) =  ( /  (4 )  , h ) .

W e recall that, by lem m a 2, the functions u„ (j)  are V 2-continuous in 
[ ° ,T ] ,

In tegrating (3.8) between and t)2 >  4 i. and using H older’s inequality, 
it results,

(3-9) I <«» (42) , h) — («« (41) . h) 1 =  I («* (42) > g)v, ~  (Un (41) > g)v3 I ^

<  j  {!! A 1 U n (4) |!z II k  Iz' +  1 A 3 U n 0 ))|IZ || h Jz, +

+  ||BA2 un (ï))|Y, \h\Y +  ||/(y))!Iy, II h\Y ) di\ <

<  max (jj h Iz, , I h jjy) j (yj2 — tu)1/2

r

+  (42 —  4i)1/ji

'Ha
(Il A i un (4) jjz +  jj A3 un (yi)|| )2 d j

1/2
+

1V P '
%
r ,, 1

j |BA 2«K(v])j Y, dtj +  Ĉ 2 — 4l) / I/C'DIIy- ^
% . J

Ul

>), hypotheses IV), VI) and lemma I,

VP)

IA
1

■1 u» Ol) Iz d’f\ <  G> [ j  un (7])|^ d-tj <  K 10 )

T T

(3-IO) j"|A 3 u„ (t))|| dtj <  c7 j  jlu„ ( j ) d t j  <  K u ,
0 Ò

T T

I IIBA2 u„ (j) jj dtj <  cs j  jj A2 un (4) j|£ d-tj <  K12,
0 0

it follows from (3.9) that the functions (un (fj) , k)H =  (u„ (j) , A 2 g)n =  
=  (4) , g \ ^  are uniformly Holder-continuous \/g e {gj }  (as the constants

31. — RENDICONTI 1967, Voi. XLIII, fase. 6.
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introduced in (3.10) do not depend on n); as we have already observed 
(Theorem  1), {^y} is a basis in V 2 and, consequently, the functions un (7]) 
are V 2-w eak ly  uniform ly continuous in [o , T].

The sequence { (un (tj) , v)Y } is then, V 2, uniform ly bounded and 
uniform ly continuous in [o , T]; by the theorem  of Ascoli-Arzelà it is therefore 
possible (V2 being separable) to extract from {u n(y\)} a subsequence (again 
denoted by {^„(t))}) such th a t (3.3) holds, uniform ly in [o , T ]. By (3.1), 
(3.2), (3*3) it is obvious th a t u(r\) satisfies (3.4).

LEMMA 5: Assume that the hypotheses of theorem 1 hold and let u (7]) be 
the solution satisfying the initial condition

(3-1 0
I t  results 

(3-12)

u (o) =  uq e V 2 .

|« (T ) ||v  <  m ax {|U0|y , K}

where K is a quantity that does not depend on u§.
We start by observing that, if we apply (2.5) to the interval [o ,T], we 

obtain
T T

(3.13) I u  (T) <  I! « 0  llv, +  2 I f  I /  O']) ly' d r \ I I !  IIA 2 «  0 ) )  Üy d r > I '  +
Ò Ò

+  2 K x —  2 c3 j  IA 2 u (v))|y dr\.
0

Assum e at first th a t
T T T

K l <  c3 I  IA 2 u (t))!y drj. 
ü 0 0

Then, by  (3.13),

1 T

(3-14) j ( | / ( ^ ) 1yViq| I j | a 2 u (yi)1y^7]| +
Ò Ò

(3-15) I!« (T)!va <  I «oliv.
If, instead, the relation opposite to (3.14) holds, it results, p  being >  2,

(3-16)

1

J 1A2 «  (vj) 1y drj < K i 3 .

There exists then, in this case, a point tj e [o , T] in which 

(3-17) I U (tj) !!v <  Yi 1A 2 u (Tj) 1H <  y2 || A 2 u (vj) ||y <  K i4,

yx and y2 being em bedding constants.
A pplying now (2.5) to the interval [7) , T ], we obtain

T T

(3.18) » u  (T) ly <  I u (vj) È  +  2 | J  I/(t)I!y ' dr.
U It'

\\A%u(yi)tdri
\VP

2K1.
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Hence, by (3.16), (3.17),

(3.19) ! ^ ( T ) ! |a < K ,

where K  is independent of z/0 .
Relation (3.1-2) therefore holds in any case and the lem m a is proved. 
LEMMA 6: Assume that the hypotheses of theorem I  are verified in every 

bounded interval C [v]0 , +  °°) and that

( 3 - 2 ° )  S u p  \ \ f ( t ) \ p , =  M 0 <  +  0 0 .
/ >  rio L V0 ’1 ;Y )

Then, i f  u (yj) is the solution in  [y]0 , +  0 0 )  satisfying the initial condition 
u (o) =  u0 e V g , it results

(3.21) Sup I u (y])||v -  m ; <  + , S u p  1 u  ( 0  ||La x -  M 2 <  +  0 0 ,
'>T)o ’ '

( 3 ’2 2 )  /sup|a2«(01lVi!Y)= m;<+oo , S u p  I A s  U (t) !!He (0 ̂  _ D(Â  =  M ; < + 0 0 ,

the quantities M) being independent of 7j0 and z being an appropriate positive 
number.

L et us divide the half-axis r\ >  rJ0 in segments of un itary  length by m eans 
of the points rij ~  y\Q j  ( j =  1 , 2 , • • •) and denote by yy  the point of the 
interval [7jy_i , Y)y] in which the continuous function j| u (yj) |y2 takes on its 
m axim um  value.

Let us further set

(3-23) M =  m ax ||«(7j)||v .
,no<Ti<‘na 2

Assum e th a t

(3-24) ti ^  (^3) !iv3 >  il« (^ )!!Vl-

It is then, applying (2,5) to the interval [vji , Yjâ] and bearing in m ind 
th a t i <  7)3 —  7]i <  3,

%

(3 •2 5). !!u <X) lv2 <  Iu Oh) fVa <  I u Oil) fv3 +  2 J 1 /0i) !!y' I a 2 u (4) !y dri +

r 3+  2 K i — 2 c3 I IA 2 «  (yf) ly dt\ <

S
<l«(4;)l!v2 +  2 .31̂ M 0j j  lA a« (Y j) [^  J + 2 K 1- 2 r 3J || A2 « (4) £  •

' i  "I
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Hence

J3 *3
( 3. 26)  c$J  I A 2 u (v j) % dfj <  3V*'M o j J l A a « f t ) % dq JV +  K ,

and, consequently,

(3-27)
/»

j  IA2 u  f t)  (y dv\ <  K15 .

"i

There exists therefore a point -q* 6 f t i  , 7)3] in which

(3.28) I u ft*)||V2 <  Yl 1A 2 «  ft*)||H <  y2 1A 2 u (y)*)||Y <  K16 .

A pplying again (2.5) to the interval [yj* , 7)3], we then  obtain, by (3.21), 
(3.27), (3.28),

(3-29) Il U f t ;)  11̂  <  I! u  ft*) +  2 • 3VP' M 0 j J 1A 2 u (tj) ||£ dq ^  +  2 K 1 < K 17.
r\*

If, on the other hand, (4.5) does not hold, it results 

(3-30) 1 “ OOlIv, — I w (ïli)lvt •

Hence, by  (3.29), (3.30), it is, in any case,

(3-30  1 ly, ^  m ax (||u ft;)||v>, K „) <  m ax (M , K 17) ,

where K17 and M do not depend on 7]0 .
R epeating the procedure for the points .7̂  , 7)5 , • • • we obtain, in a sim ilar 

way, th a t

(3-32) I U (yj>)!Va <  m ax (M , K i7) (J =  i , 2 , • • •)

and the first of relations (3.21) is proved.
T he second of (3.21) and the first of (3.22) can be obtained directly by 

applying (2.5) to any interval [7] , 7) +  1] C [t)0 > +  °°) and bearing in m ind 
(3.32). Finally, the second of (3.22) follows from (3.21), the first of (3.22) 
and Lem m a 3.


