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Analisi matematica. Periodic or almost-periodic solutions of
a non linear functional equation. Nota 11 di GiovanNi Prousk,

presentata dal Corrisp. L. AmERI0.

SUNTO. — Dopo aver dimostrato alcuni lemmi preliminari, si da la dimostrazione del
teorema I -enunciato nel § 1.

2. Let us at first prove the following three fundamental lemmas.

LEMMA 1: Assume that conditions 1) and 11) hold and that v € W. Then
A1veZ ,AsveZ.

We recall that the operators A; ( = 1,2) are linear and continuous
from D (A;) on H and that the domains D (A;) are dense in H; as the oper-
ators A; are self adjoint, it results, by transposition, that they are also
linear and continuous from H on D (A;)’. Moreover, D (A1 Ag) is dense in H,
being, by hypothesis I), D (A1 Az)D D (AD.

Consequently (Lions [1]),

(1) W=D ((A1A)?) = [D (A1 As), H]yp = [D (A2 A1), H]ypo.
It is also, bearing in mind (1.13), (1.16),

(2.2) A1D (AgAr) = A1G1GoH = G H = D (Ay),

(2.3) AsD (A1Ag) = A2 GG H = G H = D (Ay).

From relations (2.1), (2.2), (2.3) we obtain, by an interpolation theorem
of Lions [2] and a duality theorem also of Lions [3],

A1v€[A1D (A1 Ag), AiH]1p=[A1D(A2 A1), A1 H]1p=[D (A2), D(A) N12=2,

@4 Asv €[A2 D (A1 Ag), As H]yp = [D (A1), D (A2) Ty = Z

and the lemma is proved.

LEMMA 2: Assume that hypotheses 1), 11), 111), IV), V1), VIII) kold and
let u (n) be a solution in [0, T of (1.24), with f€L” (0, T ;Y. The function
u (n) s then Na—continuous in [0 , T and N two points vy and 13> v, of [o,T],
the following ‘‘ energy > relation holds

@5 Llu@ml— |1u<m>uv,+aj e )y dn + ¢, f 1A, % () dn <

f | f Dy, [Ay % )]y an + K,

where K, depends only on ¢.

(*) Pervenuta all’Accademia il 23 settembre 1967.

20, — RENDICONTI 1967, Vol. XLIII, fasc. 5,
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Let us observe, first of all, that, by @) and the second of (2.4), it is
(2.6) Acu€l?(0,T;Z)NL (0, T;Y).

On the other hand, by (1.24), the first of (2.4) and hypothesis VI), it
results

(2.7) W €L’ (0,T;Z)+ 1" (0,T;Y).

Asu and ' belong therefore to spaces which are dual one of the other.

As #€L®(0,T;Vs) and A is, by definition, a linear, continuous,
self adjoint, positive operator from Vy to Vj, it follows, from a theorem of
Strauss [4], that = (v) is Vz—continuous in [0, T] and that

28 2 f @ (), Ay () din = (e (ng) , A 4 () — (ot () , Ag ¢ ().

In order to prove (2.5), we consider the scalar product of (1.24) by Ag « (v)
(this scalar product has obviously sense, bearing in mind the hypotheses
made and what has just been proved). We obtain, in this way, the
relation

(2.9) (@' (n) Az o (n)y + (A1 + As) 2 () , Ag 2 () -+
+ (BAsz (n) , As e () = (f (n) , Az e (),

which, after integration from #; to ny, becomes, by (2.8),

(2.10) — (e () s Ag ¢ () — — (ot (my) , Ag 2 () +

+ f (1 + As) () , Av e () i + f (BAg () , As () iy =

— [, Avu i,

We now observe that, by condition III),
(2.11) (Ar+Ag) v, Asoy=((A1+As) v, Az 2); >a Hvﬂzv , VveD(ALAy).
From a density theorem for interpolation spaces (Lions [3]) it follows
that D (A1As) is dense in W; it is therefore, by (2.11), (2.4) and con-
dition IV),

(2.12) (A1 + Ag) v, Ast) > a| o[}, Vo € W.



GIOVANNI PROUSE, Periodic or almost-periodic solutions, ecc. 283

Introducing finally (2.12) into (2.10), we obtain, bearing in mind (1.22),

(2.13) % (e (n2) , Ap 2 (ng)) — % (o (n1) , Ag e () + “f”” ) @ +

o 18,5 @l dn < [17 @l 1A 0 Gy n + K,

and this relation, by (1.11), coincides with (2.5).

LEMMA 3: Assume that hypotheses 1), 1I), 11II), IV), VI), VIII), X) are
versfied and let u (n) be a solution in [0, T] of (1.24), with f€L” (0,T; Y.
There exists them a number ¢ > o such that

(2.14) Asue€eH® (0, T ;D(AD).
Let us observe, first of all, that
(215 Z=[D (A2, D A)hp C[H,D (A)lie = D (A
It follows then from (2.7) that, by hypothesis X),
(2.16) &' €L*(0,T;Z) +L" (0, T;Y)CL (o, T;D (AVH) +
+170, T;D@AY)CL (0, T; D (Af))
where p = max (1/2 , 5).
Being # €17 (0, T;W)CcL? (0, T ;D (AD)"), it results therefore
(2.17) ueH" (0, T ;D (AD).

Bearing in mind conditions I) and II) and the observations made in § 1
on the permutability of operators, we know, on the other hand, that

(2.18) D (Af*9) C D (A; A) = D (A§ A).

Consequently, Ap is a linear, continuous operator from D (A{*?) to
D (Af). As A is self adjoint and each one of the spaces D (AJ™®), D (A),
H is dense in the following, it folloWs, by transposition, that Az is linear and
continuous from D (Af)" in D (A{™®)’. It is then, by (2.17),

(2.19) Asu e HY (0, T ;D (A5*ey).

‘Moreover, by an embedding theorem of Sobolev (see Nikolskii [s5]),

setting v = ¢ -} p, it results
3 1

(2200 H"(0,T;D (A})'jg H® 7 (0,T;DAY)CH"™ (o, T;D A}
Hence

(2.21) Asu e H'? (0, T ;DAL
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Observing that, by hypothesis 1),
1—0¢

(2.22)  Z' =[D(A),D (A)ip C[D (A1), D (ADTie = D (A, ° ),

it follows, from (2.6), that
1-¢

(2.23) Asuw€eLl’(0,T;Z)C1%(0,T;D (A" ).

Utilizing an interpolation theorem of Lions [6], we obtain then, from
(2.21), (2.23), V& with 0 <9 < 1,

1-0
(2.24) Asu€L’(0, T;D(A* )NHY (0, T;D (AD) C
1—¢
CIL* (0, T;D (A" ), H” (0, T; D (A}))]p =

1—¢

=H" (0, T;[D (A" ),D AD]y) = H™ (0, T; D (AL)),

having set p = I:6 ———3(\;-{—%——;—).

Therefore, if § = 71_}_:23: and ¢ = 1;}-, (2.24) reduces to (2.14) and
the lemma is proved.

Let us now give the proof of Theorem I.

Let {%;} be a basis on Z’NY (which, by IX), is separable); {%;} will then
be a basis, by condition IX), also in Z" and in Y. Setting & = Gg /; (G4 being,
as usual, Green’s operator corresponding to As) and observing that by the
interpolation theorem of Lions which we have already recalled, A; is a linear
and continuous operator from W on Z’ (see lemma 1), the sequence { g} is
a basis in W; as W is dense in Vy (being WD D (A;) which is dense in Va),
{g/} is a basis also in V,.

We now set

(2.25) O =Rantg o A )=

and consider the system of ordinary differential equations, associated to (1.24),
(226)  (us (0) , )+ (Br + Ag) 1, (), 1) + (BAg 0, (), i) = (F () » 1)
(j=1 ,...,h)_
Multiplying (2.26) by o, (1) and summing, we obtain, by (2.25),
(2.27) W (1) Ag 0, (1) + (s + Ag) 00 (), Ag 4, () +
+ (BAg 1, (1), Ag 0, (1) = (F (1) , g 4y ().
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From (2.27) it follows (applying the same procedure used in lemma 2
to obtain (2.5) from (2.9)) that, ¥z € (0, T,

(2.28) 5 ot (I, + o [ o DR, @ + e | [ A, @) dt <
/ /

A

<3 OR (1Ol s Oy dr+ K<

= Ll Ok, + §/V@fw §Mm%@ww K.
Let #,, be a linear combination of gy ,---, g, such that
(2.29) lim 2, = 2.
7 —>00 V,
Setting #, (0) = #,,, from (2.28) we obtain the relations
T
(2'30) Sup ” Uy (’0) EVa = KZ ’ []‘ Uy (ﬁ) “3V dT) = K3 ’
n€[0,T] .

T
/HAZ Uy <7]>Kz dy} = K4’
d

where the quantities K; do not depend on 7.

The a priori estimates (2.30) enable us to state the existence, V7, in
[0, T] of a unique solution of system (2.26) satisfying the initial condition

(2.31) o, (0) = 29, .
By hypothesis VI) and lemma 3, from relations (2.30) it follows that
T
(232) (" BAyu,(ly, dn < K5, |Agu, let0,1ip0ly =< Ko (> 0).

§
It is therefore possible to extract from {w,(n)} a subsequence (which will
also' be denoted {#,(n)}) such that

(2.33) lim*w, = =« , lim*uw, = =z , lim*Aswu, = Asu,
#% —>00 L°°(0,T;V2) n—>00 L2(0,T; W) . n—>00 Lﬁ((),T;Y)

the notation lim** standing for the limit in the weak* topology. Moreover,

by the second of (2.32), as the embedding of H® (0, T;D(A)) in L (o, T;H) is

completely continuous (having assumed that the embedding of Vi = D (A}?)

in H is completely continuous),

(2.34) lim Agn, = Asu.
7% —>00 L*(0,T;H)
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Consequently, by hypothesis VII), extracting eventually a further sub-
sequence,
(2.35) lim* BAsu, = BAsu.

n—>c0 1 0,1;v7

From (2.33) it follows immediately that the limit function = (n) satisfies
condition &); by (2.29), (2.31) u (y) satisfies also the initial condition (1.25).
Bearing in mind (2.26), (2.33), (2.35), % () is a solution of the equation

(2.36) f (e (), @' () + (Av+As) (), 0 () -+ (BAs (), @ ()} iy =
0

=f<f<n>,<p<n>> i,

Vo () = ﬁnzite b)) Ay, G;(m)€D (0, T). As the space of these functions

is dense in D (0, T;Z'NY), it follows therefore that also condition &) is
verified. % () is then a solution in [0,T] and the existence theorem is proved.
Let us now prove that such a solution is unique.
Let 21 (n) and u2(n) be two solutions in [0,T] such that u1 (0) = us (o).
If we set w(n)=121(n) —u2(n), w(n)is obviously a solution of the equation

(2.37) w'(n) + (A1 + As) w(n) 4+ BAsw () — BAswa () = 0

and the following relation, analogous to (2.10), holds

(238 3 (@), Avw () — 5 (w(e), Aew(@) + | (ArHA) @), Aveo) drt
0

—+ f <BA2 %1 (Z) — BAs o (l‘) ,Azw(z‘)) dt=o0.
0

Bearing in mind (1.23) and (2.12) and that @ (0) = 0, we obtain, from
(2.38), |

n n n
(2:39) S lwmy, +o [ le@f#<c | [Acw@fdt=c5 [lw@,, .
fimth faiia=afnc.

Observe now that the embedding of W in D(Ag) is completely continuous.
In fact, by hypotheses I) and II),

1 1—0 G 1 1—c

(2.40) D ((A,A)*)=D(A,* AFAZ)CD(A,® A).

On the other hand,

1—

(2.41) D@A,* A)=G,D@A,®) , DA)=GH
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and, by a theorem of complete continuity for interpolation spaces (Lions
l1—¢

and Peetre [7]) the embedding of D(Al_f) in H is completely continuous,
l1—0
being ¢< 1. Hence also the embedding of GgD(AI—Z) in G2 H is completely
continuous and consequently by (2.40) also that of W in D (Ag).
The following relation (Lions [8]) then holds, Ve > o,

(2.42) lolpuy <clvly+ aloly,;

choosing & =2L£5, we obtain, by (2.39),

(2.43) e+ | le@ R dt <co|lw®f a.
/ J ook

From (2.43) follows that @ () =0 in [0, T], which proves the uniqueness
theorem.
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