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Presiede i l  Presidente B e n ia m in o  S egre

N O T E  D I  S O C I

Analisi matematica. — Almost-periodic solutions of the equation 
of Schrödinger type. Nota II del Corrisp. L u ig i  A m e r io .

RIASSUNTO. — Si assegnano delle condizioni perché l’equazione del tipo di Schrödinger, 
con operatore e termine noto quasi-periodici, abbia una soluzione, quasi-periodica e delle 
condizioni perché le autosoluzioni dell’equazione omogenea, con operatore periodico siano 
quasi-periodiche. 2

2. P r o o f  OF THEOREM I.— Existence. Let { x n(t) }  be a sequence m inim iz­
ing the functional p, ([x) in Tz : precisely

(2 .1) [a ( 0  I

Since the sequence { x n (o)} is bounded, we assume, forthwith, th a t it 
converges weakly: hence

lim* x n (o) =  x  (o)
n ->oo

and, VA

(2 .2) lim* xp+n (o) == x  (o) .
n —>00

Q
L et us now observe that, if >  o , pk =  I, the function

1
Q

w (t) =  2 *  ?kx*+k(t)
1

(*) Pervenuta all’Accademia il 21 ottobre 1967.

19. — RENDICONTI 1967, Voi. XLIII, fase. 5.
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satisfies (1,1) and it results, by (2,1),

ç
y.(w) <  2 k Pi jx (xp+k) <  [x (xf+1) .

Hence we can construct, Vp, by a theorem  of M azur, a solution

&  . . I  9P
W p 00 =  Jmäi Ppk Xp + k ( f )  I Ppt L  O , Ppk =  1

such th a t

II WP (o ) —  X (0)1 <  -  , [X (wp) I  fi .

Therefore we assume, forthwith:

(2>3) lim x n (o) =  x  (o) .
n -> o o

Let x  (t) be the solution corresponding to the initial value x  (o). By for­
m ula ( i k9), of continuous dependence on data, it follows, uniform ly on every 
bounded interval,

(2>4) lim x„ (t) =  x  (t) .
n —> oq

Hence, by (1,12), (1,13) and (2,1),

?  (pt ; v , t )  <  9 (z ; v , t )  , |x ( S r ) <  ß .

Therefore Sr (t) £ Fz and it is, necessarily, (ji (Sr) =  ß.
Uniqueness. Let x  (/) and Xq (/) be two different solutions £ such tha t

(2>5) (^) =   ̂(-̂ o) =

T hen u ( f )  =  x  (f) x o(f) satisfies the homogeneous equation and we 
have, because of the continuous em bedding of X in Y and the fundam ental 
form ula a'):

(2,6) In f I x  (t) Xq (t) I >  — In f J x  (t) Xq (t) ||Y =  — 1 x  (o) —  x 0 (o) ||Y =  & >  o
J J

(it cannot be & =  o, by  the uniqueness of the solution for the initial value 
problem).

There follows, V t £ J,

\ x ( t ) — x0 (01 > 4 - m ax  (I x(t)\\ , | K ( 0 ||}
r*

and, by the theorem  of parallelogram ,

* (0 +  *0 (*) 
2 w

m ax {| x  (t)J _&2_
4p.2
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th a t is
X Xq

<  ,

which is absurd.
The proof of the corollary follows im m ediately from the uniqueness of 

the m inim al solution. In  fact, i f  A  (f) and f  (£) are periodic, with period  co, 
then x  (f) and x  (t -j- co) are m in im al solutions, in Tz : hence x ( f )  =  x  (t ~f- co).

3. P r o o f  o f  t h e o r e m  I I .— a) Since, by hypothesis, 2 (t) is w .u.c., the 
m inim al solution #  (t) is w.u.c. too (cfr. observation II, § 1). One proves 
then th a t x  (t) is w .a.p. by the same m ethod followed in [1], which extends 
F av a rd ’s procedure for linear ordinary  a.p. systems.

M oreover, it is obvious th a t x  (t) is Y -w .a.p. We have, in fact, denoting 
by G G reen’s operator from Y to X,

(3 ,0  (x  ( t ) , y \  =  (x (f) , Gy) (yy  e Y)

and the second term  is a.p.

ß) L et us now prove th a t x  (t) is Y -a.p . For this we shall use the 
fundam ental form ula a). S ince/(/f) is a.p. and x ( t )  is w .a.p., the scalar product 
( f ( t ) , x ( t ) )  is a.p. It follows, by a), th a t the derivative —  j| L(7) ||| is a.p. 

Hence |j x  (^)||| is a.p., since it is bounded.

L et us now consider an arb itrary  sequence {s„} and the sequences 
(A  (/ +  JB)} , i-K)} , { £ ( /  +  We can assume, because of almost-

lim A ' (t +  s„) =  A i(0 ,
I —>00

lim J '  ( t +  s „ ) = f ' ( t )  .
I —>OÛ

lim* x  (t +  sn) =  x s (t) ,
n -> o o

wherç x s (t) is, by (1,1), a w.a.p. solution of the equation

(3,3) J { i  (x ( t ) , h ' ( t ) \  +  (A,(*) x( t)  + f s(f) , k ( t) )}  d t =  o .
J

Hence the norm  ||5:J (/)||Y is a.p.
By a criterion of alm ost-periodicity [2] (certainly valid in H ilbert spaces), 

we then  deduce th a t x  (t) is Y -a.p .

y) Let us now prove that, if the bounded solution z (t) is u.c., x  (t)
is a.p.

It follows in fact from ( i , i), \fv e X, 1

1 ~dt ^  ~  (0  *  00 +  f ( f )  > V) 9

periodicity, th a t it results uniform ly, 

lim A  ( t + . s n) =  A s (t) ,
/ V n -A-00
(3,2)

lim /  it  -j~ s„) =  f s (t) ,
n -» 0 0

M oreover, also uniform ly,
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th a t is
t

(3.4) i  (x  (t) , v)Y =  i  (x  (o) , v ) y +  ^ J {  A  (rj) x  (ri) + /  (4) } <h > •
0

W e obtain moreover, by (3,1),

( £  ( t ) , v \  =  ( G *  ( t ) , v)

and therefore, by  (3,4),
t

(3.5) iG x ( t )  =  iG x (o )  +  J { A ( r i )  x(rj) +  / ( r j ) } d r ] .
0

Since it results

I G x  (t +  t )  —  G x  (/)| <  J G | |  I *  (t +  t )  —  i  ( V ) | |Y ,

G x  (t) is an a.p. function.
Hence the integral

tf (Aft) x(ri) + / ( r i ) } d r i  
0

is a.p.
By observation II, § 1, the minim al solution x  (t) is u.c. Hence 

A  (f) x  (t) + / ( 0  is u.c. and, therefore, a.p.
Since f  (t) is a.p., it follows th a t A ( t ) x ( t )  is a.p.
L et us now observe th a t it is, by (1,2) and since A(V) is d -a .p .:

O <  V <  IA (t)\\a  <  N <  4- 00 .

Hence there exists the inverse operator A -1 (t) and we have [3]

It is, moreover,

I A “ 1 (* ■+ t)  —  A " 1 (t) Ia  =  I A " 1 (t +  t)  (A (0  —  A  (t +  t)) A - '  CO |a  <

^ v - * | A ( ^ + T ) - A ( 0 |a .

Therefore K T x(t) is d -a .p . and the function x  (t) =  A T 1 (t) A ( t )  x ( t )  is 
a.p. too.

S) A ssum ei at last, A  (^) =  I. In  this case we can prove that, i f  f  (t) 
and f ( f )  are a.p. and i f  there exists a bounded solution, z (t), then the m in im al  
solution, x  (f), is a.p..

W e shall prove the thesis, by using Z aidm an’s procedure [4], for the 
sam e question concerning paper [1 ].

In  order to prove th a t x  (f) is w .a.p., observe, at first, th a t every solution 
a; (t) can be put, by the fundam ental form ula b'), in the form

(3.6) x ( i )  =  U  (t) x (o ) +  w  (t) ,
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where U  (t) x(o )  satisfies the homogeneous equation, w ith initial value x  (o), 
and w(t) satisfies (1,1), with initial value w ( o) =  o; U  (t) is a X -strongly- 
continuous and un itary  operator.

L et now {sn} be an arb itra ry  sequence: we m ay assume, forthwith, 
th a t it results

(3,7) lim* x  (sn) =  x s (o)
n —>00

and th a t (3,2) are valid.
Since x  (t +  sn) satisfies the equation w ith operator I and known term  

f ( t  +  sn), we obtain, by (3,6),

x  (t +  sn) =  U  (t) x  (s„) +  w n(t) (w„ (o) =  o).

M oreover, \fv  e X,

(U it) X  (s„) ,v )  =  (x (s„) , U “ 1 it) v) .

Hence, by (3,7) and because of the continuity of LT"1 (t) v, the sequence 
(U{7) £  (,f„)} is weakly convergent, uniform ly on every bounded interval 
—  T < t  < T .

M oreover, by (1,9), on the sam e interval,
T

I w n it) — wm 0 )! <  Mx j | / 0 „) — f ( s m)W+j I f  (Y) +  sH) — f  (vj +  sm)l di) J ,
- T

th a t is the sequence {w n (/)} converges uniform ly on — T <  t  <  T.
It follows the uniform  weak convergence of { x  (t + ^ ) }  on every bounded 

interval.
One proves then, as in [i], th a t the weak convergence is uniform  on J 

(which implies x  (t) w .a.p.) and tha t the range R^(0 is r.c. : hence x  (t) is 
a.p. [5].

4. P r o o f  OF THEOREM IV .—Let us assume th a t A (/) is a periodic operator, 
with period I. Let u (t) be an eigensolution of (1,3): then also u (t +  n) —  
—• u (t +  m), V integers n  and m, satisfies the same equation.

Hence, by a'),

(4 ,0  \ u  (t +  n) — u (t +  m)\\Y =  \\u (n) — u (m) ||Y .

Let us now assume th a t u (t) is bounded. Since the sequence {u (n)} 
is bounded and the em bedding of X in Y is compact (by hypothesis), {u (n)} 
results Y—r.c.

Setting now, in the space K =  C (J ;Y) n L °° (J ;Y) (cfr. observation II I , § 1)

ü (s) =  i u (( +  s) ; J } ,
we obtain, by (4,1),
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Hence the sequence {«(«)} is r.c. and, by S') at observation II I ,  § i), 
we deduce th a t u (t) is Y -a.p .

L et us now prove th a t u ( t )  is w .a.p., th a t is, Vv  e X, the scalar product 
(u (t) , v) is a.p.

Since it is, Vy e Y, by (3,1),

(u (t)>y)Y =  ( « 0 9 . O r ) .

the function (u ( t ) , Gy) is a.p. M oreover the set GY is dense on X. Assume, 
in fact, the contrary  is true: then there exists r 0 e X  and =f= o such th a t 
(x o > GX) =  0 > Vy e Y. Hence (x0 , Gx0) =  o, th a t is || x 0\\Y =  0, x 0 =  o, 
which is absurd.

Let us now take, arbitrarily, v E X : to  every e o there corresponds 
zz E Y such th a t || v  —  Gze |j <  s.

Setting M =  Sup || u  (Y)||, it results then

I (u (t +  t) —  u (f) , v) I <  I (u (t + t) —  u ( t ) ,  GzE) I +  2 sM ,

th a t is (u (f) , v) is a.p.
Let us assume, at last, th a t u (t), bounded, is u.c.
In  this case we prove th a t u (t) is a.p. by the same device as at § 3, y), 

for proving the alm ost-periodicity of x  (t).

Observation / . —Assum e that A  (t) =  I and that the embedding o f  X in Y 
is compact: then every eigensolution u  (t) is a.p.

It is in fact, by <$'), || u  (/)|j =  || u  (o)||, th a t is || u  (/)|| is a.p. Since u  (/) 
is w.a.p., we deduce th a t it is a.p., by the same criterion used at § 3, ß).

Observation I I . —Assum e that, in the exam ple given at § 1, the open 
set Ü is bounded', then  hypothesis 2) of theorem  II I  is satisfied, even if, in
(1,5), it results a ( t £ )  > 0 .
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