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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Ferie i q 6 j  (Settembre-Ottobre)

N O T E  D I  S O C I
(Ogni N ota porta a pie’ di pagina la da ta  di arrivo o di presentazione).

Matematica. — Exceptional singularities o f an algebroid surface 
and their reduction. N ota (*} del Socio Straniero O scar Z a r isk i (**\

RIASSUNTO. — In lavori precedenti l ’A utore ha definito il concetto di singolarità 
eccezionale di una superficie algebrica o algebroide F  e ha dato un procedimento canonico 
per la risoluzione delle singolarità di F nel caso in cui F è priva di singolarità eccezionali. 
In  questa N ota il processo dello scioglimento delle singolarità della F  viene completato. 
L ’A utore dà, cioè, un procedim ento canonico per la riduzione del massimo e (F) delle m olte
plicità dei punti singolari eccezionali della F (i quali sono sempre in num ero finito).

Introduction. W e deal w ith a (not necessarily irreducible) algebraic or 
algebroid surface F, defined over an algebraically closed ground field k of 
characteristic zero and having the property  th a t locally, at each of its closed 
points, F  can be em bedded in the affine 3-space over k (we shall often refer 
to this p roperty  of F  by  saying th a t F  is an “ em bedded surface ”). If  F  is 
algebroid, we are dealing only w ith the local case, i.e., we assum e th a t F  is 
the spectrum  of a complete equidim ensional local ring o, of K rull dim ension 2, 
having k as field of representatives and free from nilpotent elem ents (other 
th an  zero). In  the algebroid case, therefore, F  has only one closed point 
(represented by the m axim al ideal m of 0); this point will be referred to as 
the center of F.

In  [5] we have defined the concept of equisingularity on F. If  W  is an 
irreducible singular curve of F  and Q is a point of W, we know w hat is

(*) Pervenuta  all’A ccadem ia il io  ottobre 1967.
(**) This research was supported in part by a g ran t from the N ational Science Foun

dation.
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m eant by  saying th a t F  is equisingular, at Q, along W. W e recall from [5] 
th a t equisingularity  of F  at Q, along W, implies th a t (1) F  is equim ultiple, 
at Q, along W, and th a t (2) Q is a simple point of the to tal singular curve 
S of F  (S =  union of the irreducible singular curves of F).

Definition: A  simple point Q of S such that F  is equisingular, at Q, along 
the irreducible component of S passing through Q, is said to be a singular point 
of dim ensionality type 1. A ll other singular points of Y are called exceptional 
singular points.

T he set of exceptional singularities of F  consists therefore of the following 
points of F: (1) the isolated singularities of F  (i.e., the singular points which 
do not lie on singular curves); (2) all the singular points of the total singular 
curve S of F; (3) certain simple points of S. T h a t the set of exceptional 
singularities of F  is finite follows from Theorem  4.4, part fi), of [5], or also 
from Theorem  5.2, (the Jacobian criterion of equisingularity) of [5]. If  F  is 
algebroid then  the center O of F  is the only possible exceptional singularity 
of F  (since the generic point of any irreducible com ponent W  of the singular 
curve S is not an exceptional singularity).

W e have indicated in [3] (Note I, Proposition 5) and have proved in [5] 
(Theorem  7.4 and Corollary 7.5) th a t if F  has no exceptional singularities, 
then the norm alization F of F  is non-singular and is obtainable from F  by 
a finite sequence of m onoidal transform ations T,* : F*+i —> F* (i =  o  , 1 ’ •••■, N ;  

Fo =  F  ; Fn+i =  F), such th a t each Ft- is free from exceptional singulari
ties and the center of each T,- is an irreducible singular curve of F,-.

For the convenience of the reader we shall state now in some detail the 
precise facts which underlie the cited theorem  7.4 and which have been brought 
out in our paper [5] for any em bedded surface.

(a) Each irreducible com ponent W  of the to tal singular curve of S 
of F  determ ines an equivalence class C (F , W) of singularities of em bedded 
(i.e., plane) algebroid curves (in the sense of our paper [4]), w ith the property 
th a t if Q is any point of W  which is not an exceptional singularity  of F, 
and if G is any non-singular algebroid surface (in the affine 3-space in which F  
is locally em bedded at Q) which is transversal to the curve W, at Q, then 
the section of F  w ith G is an algebroid curve F (i.e., has no m ultiple compo
nents) and this curve V has at Q a singularity  which belongs to the equivalence 
class C (F , W).

(fi) L et Ci (F , W) , Q  (F , W) , • • •, C'm (F , W) be the set of equiva
lence classes (of algebroid plane curves) which represent the quadratic  tran s
form  of C (F , W). H ere m is the num ber of distinct tangen t lines of any 
m em ber T of the class C (F , W), so th a t the quadratic transform  T ' of F 
splits therefore, into m  algebroid curves V'i , T 2 Y 'm, having distinct 
centers Oi , O2 , • • •, Om, and Q  (F , W) is the equivalence class determ ined 
by r ;  . (We note th a t the m  classes C' (F , W) need not be distinct). L et F ' 
be the  transform  of F  by the m onoidal transform ation T  : F '.->  F, w ith 
center W, and let W ' be the proper transform  of W  on Fr (whence W ' is a 
curve, which m ay be reducible, and each irreducible com ponent of W '
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corresponds to W). Let Q be, as above, any  point of W  which is not an 
exceptional singularity  of F. T hen the following is true: (1) the to tal transform  
of Q on F  consists exactly  of m  points Qi , Q2 , • • •, Q * , and these points 
lie on W '; (2) each point Q) is a simple point of W ', and if W) is the
irreducible com ponent of W ' which contains Q) then  F ' is equisingular 
at Q;., along Wj (the m  curves Wj- need not be distinct); (3) for a suitable 
ordering of the indices we have C (F' , W() =  Q  (F  , W ) (i =  1 , 2 , • • •, m)\ 
more explicity, if V is as in (a) and ,V'2 ,■ ■ ■ ,T m are as in (b), then  T) is 
a section of F ', transversal to W*- at Q'-.

(c) L et F* denote the surface obtained from F  by deleting all the ex
ceptional singularities of F. From  the fact th a t T “ 1 {Q} is a finite set for 
any  point Q on F* follows th a t if we get F '*  =  T “ 1 {F*}, then F '*  is dom inated 
by  the norm alization of F* (and is the m onoidal transform  of F*, w ith 
center W  n  F*). Furtherm ore, also F *  is free from  exceptional singularities. 
In  view of the relations C (F , W() =  Q  (F , W ) (i =  1 , 2 , • • •, m) noted 
in (b), and since any  plane algebroid curve can be desingularized by a finite 
num ber of successive quadratic transform ations, it follow s. th a t by  a finite 
num ber of successive m onoidal transform ations, centered a t singular curves, 
we obtain the norm alization T* of F* and th a t F* is non-singular.

In  particular, if F  has no exceptional singularities, then F* =  F , F* =  F. 
Thus, in the absence of exceptional singularities, the problem  of reduction 
of singularities if F  is essentially a problem in dimension 1: the reduction 
process consists of and runs parallel to the reduction of the singularities 
of the curve sections of F  which are transversal to the to tal singular curve S 
of F. I t  is for this reason th a t we say th a t in this case all the singularities of F* 
are of dim ensionality type 1. The situation is particu larly  illum inating in 
the case in w hich F  is a com plex-analytic surface. In  this case it can be 
proved (see W hitney [2], § 11-12, and our forthcom ing paper [6], § 7) th a t 
if Q and W  are as in (a) and we regard F* as im bedded in affine A3, locally 
at Q, in such a way th a t W  is a line in A3, then the natu ra l vector bundle 
structure of A3, over W  as base space, induces on F*, in the neighborhood 
of Q, the structure of fibre bundle over W, the fibre being any  curve in the 
equivalence class C (F,W ).

In  the general case, F  m ay have exceptional singularities. T he reduction 
of singularities of F  can thus be m ade to depend on the elim ination of the 
exceptional singularities of the surface. The object of this paper is to exhibit 
an essentially canonical procedure for the elim ination of the exceptional 
singularities of F.

§ I. R eduction to “ quasi-o rd in a r y ” multiple points.

By a permissible transform ation of F  we shall m ean a birational regular 
m ap T  : F  ->■ F  of one of the following types:

(1) A  locali y  quadratic transform ation whose center is an exceptional 
singular point of F.
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(2) A  m onoidal transform ation whose center is an irreducible singular 
curve T of F, provided ¥  has the following two properties: (2 a) if T  is m—fold 
for F, every point of F is m - fold for F; (2 b) the only singularities of F are 
ord inary  double points.

I t is quite harmless to allow F to have ordinary  double points, because 
it is easy to see th a t if O is an ordinary double point of F and if O is also 
^ - fo ld  for F  (in accordance w ith condition (2 d)), then the m onoidal tran s
form ation T  : F' -> F, w ith center F, is locally, at O, the product Ti T2 of 
two permissible m onoidal transform ations

T i : F i - * F  , T2 : F ' - > F i ,

centered at regular algebroid curves. Nam ely, if F± and T2 are the two branches 
of F at O, then  Ti is centered at F±, while T2 is centered at the T f - tr a n s fo rm
r 2,i of r 2 a).

W e note the following consequence: for any point P of F (including the 
point P — O) the set T -1 { P } is finite, and hence F ' is dom inated by the 
norm alization of F  (see [5], Proposition 7.2).

We denote by e (F) the m axim um  of the m ultiplicities of the exceptional 
singular points of F, and we set s =  e (F). The object of the rest of this paper 
will be to show th a t by a finite num ber of permissible transform ations it is 
possible to transform  F  into a surface F such th a t e (F) <  e (F). This will achieve 
the object stated at the end of the introduction. The actual permissible transfor
m ations which we shall have to use in order to reduce the num erical character 
e (F) will always have ^-fold center (s =  e (F)). W e note th a t if T  : F '- ^  F 
is a permissible transform ation and if F* is the surface obtained from F 
after deleting the exceptional singularities of F, then  the inverse image of F* 
on F r is dom inated by the norm alization of F* (see Introduction). Therefore, 
the non-singular transform  Fo of F  which our reduction process will ultim ately 
lead us to, will be such th a t the inverse image of F* on Fo is the norm al
ization of F*.

Definition 1.1. A  singular point P of F  is called quasi-ordinary  i f  there 
exist local transversal parameters x 1 , x 2 of V on ¥  such that the critical algebroid 
curve thXxX% associated with these parameters has an ordinary double point <1 2b

(1) Proof. W ith F embedded in A3, locally a t O, we m ay assume th a t P  is defined
by the equations xy  =  z  =  o. Since V is m -fo ld , the local equation of F is of the form

m
2  A i{ x  , y  , z) x* y 1 z m ~ l =  o, where the A* are power series in x  , y  , z. Since O is also 

r=0
m —fold, we m ust have A0 (o , o , o) =(= o. By the W eierstrass preparation  theorem we m ay 
then assume th a t A0 (x  , y  , z) is 1. If  0 denotes the local ring of O on F, then it follows 
th a t z jxy  is integral over 0, and hence, locally a t O, the T -1 -transfo rm  of F is Spec 0 \ßlxy~\.

z
We set F i =  Spec 0 [z/x] , z i  — — , 0i =  the local ring of the point O i : x  =  y  — Z\ =  o

of F i . T hen T i is the branch x  =  z  =  o ,¥2 ,1  is the regular arc y  — z i  =  o, and
F ' == Spec Oi [zi/y]. Note th a t both P2,i and Oi are m —fold for F i .

(2) For the definition of local transversal param eters and of Axx,xtf see [5], definition 
2.3 and the end of section 2.
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Note th a t a quasi-ordinary  point is necessarily an exceptional singularity, 
in view of [5], Theorem  5.2.

The first step of our reduction process will result from the following: 
Proposition 1.2. B y  successive locally quadratic transformations, center

ed at exceptional s-fold points, it is possible to obtain a transform  F i of F  such 
that either e (Fi) <  a, or e (Fi) =  and all exceptional s-fold points of F i are 
quasi-ordinary.

Proof. L et P be an exceptional singular point of F, of m ultiplicity s. 
L et T  : F '->  F  be the locally quadratic transform ation of F, w ith center P. 
L et P ' be any point of F ' which corresponds to P. We fix a system  of local 
coordinates xi  , x 2 , z at P such th a t x 1 , x 2 are transversal param eters at P. 
The local equation of F  at P is then of the form

(1) /  (xx , x 2 t z ) = z s -\- Ax (xx , x2) 2s- 1 --------b A, (xx , x 2) =  o ,

where A z- (x± , x 2), is a power series whose initial form is of degree >  i. Let 
D (xi , x 2) be the discrim inant of f  w ith respect to z. From  (1) it follows at

once th a t —  , —  cannot be sim ultaneously zero at Pb Hence either —  , —  
z  ' z  ■ X i  X i

or —  , —  belong to the local ring 0' of P ' on F '. Let, say, —  , —  belong to oA,
X2 X2 Xx Xx

and let, say, a and b be the m '-residues of —  , —  , where m' is the m axim al
^  XX XI

ideal of o'. U pon replacing x 2 and z by x 2 —  ax± and -z—  6x1 respectively, 
we m ay assume th a t a =  b =  o. If  we set then

x ' i  =  X \ x2 X2
XX

z z
Xx  ’

then  x ’i , x2 , z will be local coordinates at P ', and we will have A* (x[ , x\ x2) 
=  ocf Ki (x'i , x2), where A',- (x\ , x 2) is a power series in x\ , x2 . We set

(2) /  (xi, x;, z') = z1' + a; (xi, x2) z’*-1 + • ■ •+a; (x;, xâ),
wherlce

T hen

(3)

/ ( x i  , xi xâ , X i Z )  =  X 7  ( x i  , x ;  , Z ) .

/ '  (x'i , x 2 , z ) ==o

is a local equation of F ', at P ' (and necessarily, A( (o , o) =  o, since
/  (o', O , o) =  o).

Suppose now th a t the m ultiplicity of P ' for F ' is still  ̂ (by (2), it cannot 
be greater th an  s). Then two things m ust happen sim ultaneously: (1) 2!  =  o 
m ust be an j*-fold root of the polynom ial f  (o , 0 , Z '), i.e., we m ust have 
Ki ( 0 ,0 )  =  o, for i ~  I , 2 , • • •, ; (2) x'i , x2 m ust be transversal local
param eters at P \  The discrim inant D r (x'\ , x'f) of F ', w ith  respec to z , is 
related to the d iscrim inant D (x1 , x 2) of / ,  w ith respect to z y by the following 
equation:

(4) D (x'i , x'i xf) =  x { (s 1} D' (x\ , xf) .
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If then is the local critical curve of F' at P', associated with the
parameters x x .,x'z , then it follows from (4) that A*;,*. is contained in the 
total transform of A*,,*, under the quadratic transformation centered at the 
center x x =  x 2 =  o o f AXl,Xl.

Since the number of exceptional J-fold points of F' which correspond 
to P is finite, and since it is known that after a finite number of locally quad
ratic transformations we get a total transform of AXl:Xa having only ordinary 
double points, the proposition is proved.

From now on we shall assume that all the exceptional singularities of F, 
of highest multiplicity s, are quasi-ordinary singularities of F.

§ 2. A nalysis of quasi- ordinary multiple points.

L et P be a quasi-ordinary  j-fo ld  point of F, where s =  e (F), and let, 
then, x x and x 2 be local transversal param eters at P such th a t the local critical 
curve AXl,Xi has an ord inary  double point at the origin x x =  x z =  o. By a 
biholom orphic transform ation of the local param eters x x , x 2 we can arrange 
th a t AXliXt consists of the lines x x =  o and x 2 =  o. It is then well known <3> 
(the ground field k being algebraically closed and of characteristic zero) 
th a t each of the jt roots za of the defining equation (1) of F is a fractional 
power series in x x , x 2:

(s) z a —  9a Ori » *2) , <Pa (o , o) =  O,

where by  a fractional power series in x x , x 2 we m ean a power series in xx , x 2 

w ith rational, non-negative exponents, having bounded denom inators.
B y a fractional monomial we shall m ean a m onom ial x x' x2 where at 

and «2 are rational, non-negative num bers. Given two fractional monomials 
M j , M 2 , w ith M.. =  x j ' 1 x%‘* ( i=  I , 2), we say th a t M x divides M 2 if ax/ a. 
for y =  I , 2, in other words: if the quotient M 21 Mi is a fractional monomial. 
Since the  discrim inant D (xx , x 2) of f ( x x , x 2 ; Z) is, by assum ption, of the 
form  x x x2 s (xx , r̂2)> where nx and n2 are positive integers and e (xx , x 2) 
is a un it in the  power series ring k [[xx , x 2]], it follows th a t we have

(6) z a *ß =  M aß £aß (xx , x2) , a -.j= ß ; a , ß =  1 , 2 , • • •, s ,

where M a? is a fractional m onom ial in xx , v2 and saß (xx , x 2) is a fractional 
power series such th a t soß (o , o) ={= o. L et M be the common divisor of the 
j  (s—i)/2  monom ials Ma3 :

M =  x \ l x2\

where and X2 are therefore non-negative rational numbers.

(3) See, for instance, Abhyankar [i], Theorem 3.
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Proposition 2.1. There exists an integral power series g  (pc x , x 2) such 
that fo r  each a .=  1 , 2 j  we have

(?) =  g  (x i , *2) +  X\x x i* Ga (xx , *2),

where Ga (;rx , # 2) Is a fractional power series and where fo r  each index a there 
exists an index ß such that Ga (o , o) =|_ Gß (0 ,0 ) .  Furthermore, we have

(8) ^1 +  ^2 ~  1 •
Proof. From  the identity

(9) -Maß £aß ~ \~  IVIßY £ßy -|~ INdya £ya O

which holds for any  three indices a , ß , y , follows th a t either M aß divides 
Mßy or MßY divides M aß . As a consequence, for any fixed a it is true th a t 
the ^ —  I monom ial M aß are completely ordered by the divisibility relation. 
If, then, we set, M a =  highest common divisor of the M aß (ß =  1 ,2  , • • - , 
ß d= a), then  M a is one of the monomials M a3, and we have, furtherm ore, 
th a t x f  x\* is the highest common divisor of M x , M 2 , • • •, M , .

W e assert th a t M x =  M 2 =  ■ • • =  M s . For, let, say, M x =  M 12 , and 
let a , ß be two distinct indices, different from 1; assume also that, say, a=|= 2. 
W e have th a t M 12 divides M i a . From  the identity  (9) follows th a t if, say, 
M aß divides MßY, then  M a6 also divides M ya. Hence M x ( =  M 12) divides M 2a , 
for all ol-\-2  (including a  =  1, since M 12 =  M 21). Hence M x divides M 2 . 
Sim ilarly, M 2 m ust divide M x . Hence M x =  M 2 , and sim ilarly M x =  M a 
for a =  2 , 3 , • • •, s.

W e go back to the power series <pa (xx , x 2) in (5) and we denote by 
g  (x i > *2) the sum  of those term s of <px (xx , x 2) which are not divisible by 
ocfx^. Thus, we can write

*1 =  g  (x i > *2) +  x t  x t  Gi (xx , x 2),

where G1 (x1 ) x 2)-is  a fractional power series. We have, for each a-Jr: 1: 
2a =  zx +  0« — Z i)=  g  O i , x 2) +  x \l x2l Gi (xx , x 2) +  Ma 1 £a,j (xx , x 2). Since 
xi x f  divides M a l , this last expression of za is indeed of the form  (7). 
For fixed a we have za — =  ocf x\* (Ga (xx , x 2) —- Gß (xx , xf)). Since we 
know th a t for some ß we m ust have M aß =  M a =  xxx x \ \  it follows from  (6) 
th a t for th a t particu lar ß (whose value depends on a) we m ust have 
Ga (x1 , x^) —  Gß (xx , x 2) =  Saß ( x i , X 2) ,  whence Ga (o , o) =f= Gp (o , o).

To prove th a t g  (xx , x 2) is an integral power series, assume the contrary.
Let

<Pl (*1 > ^2) =  X  CH x '(m x 2 m> {Cij e k)
i , j

and let x f lm x2m be a monom ial, not divisible by  x \x x \ \  such th a t cPq ={= o, 
and; assume th a t at least one of the exponents p\m  , q\m  is not an integer. 
It denotes a prim itive mth root of un ity  and a , b are a rb itra ry  integers, 
then the power series

, x 2) =  2  Cij <»m'+iJ4 m 4 ,m
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represents one of the conjugates of z± and is therefore equal to one of the 
power series cpa (x± , x 2) (a =  ï , 2 , • • •, s). Let d  be the highest common 
divisor of p  and q. W e choose the integers a and b so as to have ap +  bq — d. 
Since d  o (mod m) it follows th a t the coefficient cM <ùd of the m onomial

Hence ^ (x± , x 2) =  cpa (xx , x 2), w ithx{,m x qt  is different from ĉ q. 
and the m onom ial x \ m x 2m actually occurs in the power series cpa (x± , x2) —  
—  9i (x i > Therefore M ia m ust divide x f ,lm x2m} and hence-#  fortiori-
x \x x t  m ust divide x f /m x2m (since x f  x f  =  Mi =  M 2 =  • ■ • =  ML). This is
in contradiction w ith our choice of the m onom ial x{pjm qjm X2

Finally, to prove (8), we observe th a t

(10) f  (xi , X2 , Z) — X t  ( 2  <pa (xx , X2J) —
a = l

s

=  n  (z  — S  (x i > x 2) — x i1 x i2 Ga (xx , x2)').a=l

Since the origin P is an .s*—field point of F, the term s of least degree in f  m ust 
be of degree i*. Now each of the  ̂ factors Z —  <pa (x1 , x2) contains term s of 
degree 1 (for istance, the term  Z). Hence, in each of these factors the term s 
of lowest degree must be of degree 1. Now, every term  in g  (xx , x2) is of 
degree ^  1 (since the relation f  (o , o , o) =  o implies ^ ( 0 , 0 )  =  o). Hence, 
for each oc == 1 , 2 , • • •, s, it is true th a t in the fractional power series 
x\ x2 Ga (x1 , x 2) the term s of lowest degree m ust be of degree ^  1. From  
the fact th a t Ga (o , o) =-.]= Gß (o , o) for some pair of indices a , ß, follows 
th a t Ga (o , o) =|= o for some index a. This implies th a t +  X2 ^  1, and 
completes the proof.

Proposition 2.2 . Let P be a quasi-ordinary s—field  point of F  and let (1) 
be the local equation of F  at P, where we assume that x x , x 2 are local transversal 
parameters and that the critical curve A*i}*a consists of the two lines x x =  o 
and x 2 — o. Let ( 2 = 1 , 2 )  denote the (locally) irreducible algebroid curve 
through P, defined by the equations

( I O : Xi =  o Ai (x±, x2)

Then I \  and  F2 are the only possible locally irreducible s—fo ld  curves of F  through P, 
and Tj is s—fo ld  fo r  F  i f  and only i f \  ^  1. Furthermore, if^N  is any irreducible 
s—fo ld  curve of F  passing through P (whence the local component of W  at P is 
either one of the curves F i , F2 or their union) and i f  the monoidal transformation 
T  : P - ^ F  with center W  has the property that the (necessarily fin ite ) set T 1 {P} 
contains a point P ' which is still s-fold fo r  F ', then T “ 1 {P} =  P ' and  P ', i f  
exceptional fo r  F ', is a quasi-ordinary singularity of F \

Proof. L et tt be the projection of F  onto the (xx , ^ 2)~plane defined gener- 
ically by tu (xx , x 2 , z) — (xx , x2). Let F be an irreducible algebroid curve 
on F  th rough  P which is singular for F. T hen n (T) m ust be contained in 
^x13x2 ; in other words, F is contained in one of the planes xx =  o } x 2 =  o. 
Let, say, xx =  o on F. The generic point of T has then  coordinates =  o,
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X 2 =  ? , Z — where £ is a tra sc e n d e ra i  over k and where £ is a root of 
the polynom ial / ( o  , ^ , Z) in Z. If  F is .9-fold, then Ç m ust be an .9-fold of 
this polynom ial (which has degree 6* in Z). Hence, in this case, we m ust have
/  (o -, £ , Z) — (Z —  Ç)f, showing th a t ^ = -----Al ^  ^  . In  other words, V
is necessarily the curve Tx defined in (11).

U pon replacing z by z +  -Al ^  we m ay assume th a t A x (xx , x 2) is 
zero and th a t consequently T,- is the line x; =  z =  o. This change of # affects 
only the power series g  (x x } x 2) in (7), but not the integers X1 , X2 .

Assum e th a t Tx , say, is indeed .9-fold for F. Each term  of the power series 
f ( x  i , x 2, Z) m ust then be of degree s in x l y Z. U sing the factorization (10) of /  
we deduce th a t each of the .9 fractional power series g (x  x , x 2)Jr ^ i 1 *2 1 Ga (xx x 2) 
m ust be free from term s of degree <  1 in x 1 . Since g  (xx , x 2) is an 
integral power series and Xx +  X2 ^  1, it follows th a t ^  1. Conversely, 
assume th a t Xx A 1. T hen each factor Z —  j 2) in (10) is of degree
^  I in X i , Z — (aq , ;r2). Hence the curve T defined by x 1 —Z — ^  , x 2)= o

is .9-fold for F. This implies th a t g  (o , £) = ----- Al ^  ^  , and thus
g  (o ,£>) =  o (since we have assum ed th a t A 3 (xx , x 2) is zero). Hence g  (xx , x 2) 
is divisible by x x , and consequently the curve F coincides w ith the curve 
Tx : x x =  z =  o, which is thus .9-fold for F.

Let now W  and T  : F A F  be as in the proposition. I f  W  consists, lo
cally at P, of both curves T1 and F 2 , T  is a product of two m onoidal transfo r
m ations w ith locally irreducible .9-fold curves as center. Hence, to complete 
the proof of the proposition, it is sufficient to consider the case in which W  
is locally irreducible at P, say W  =  F x : x 1 — z =  o. We know th a t in this 
case g  (xx , x 2) is divisible by x x and th a t Xx A 1. Hence z \xx is an integral 
function of x x , x 2 , showing th a t if P ' is any point of T “ 1 { P } then  zjxx be
longs to the local ring of P ' on F '.

A  set of local coordinates at P ' (i.e., a basis of the m axim al ideal of the 
local ring of P ') is then given by x x , x 2 , z ' , where z — —----- c and c is the

X \
constant term  ca of one of the fractional power series

g  (Al > *2)/*l + X l 1” 1 * 2  G a  (*1 , X 2) .

Now, if we set f  (xx , x 2 , x x ( / +  c)) =  x \ f  (xx , x 2 , z')} and if we assume 
th a t P ' is an ,9-fold point of F ', then o m ust be an .9-fold root of the poly
n o m ia l / ' ( 0 , 0 ,  Z ') (which has degree .9 in Z'). It follows th a t in this case 
all the ca are equal to c, showing th a t T -1 {P} consists of the single point 
P" =  ( 0 , 0 , 0 ) .  Since P ' is .9-fold for F ' and since o is an .9-fold root of 

/ '  (o , o , Z '), it follows th a t x x , x 2 are local transversal param eters of P ' 
on F ' ( f  (xx , x 2 , Z ') =  o being a local equation of F ' at P '). If  D (xx , x 2) 
and p A/ x , x 2) are respectively the discrim inants of f  (xx yx 2 i Z) (with respect 
to Z) and of f  ( xx , x 2 , Z ') (with respect to Z'), then we have

D — x x 2 D '.
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This shows th a t the critical curve AXliXt of F ' (at P ') is contained in AXuX2, 
i.e., is contained in the union of the two lines x 1 =  o , x 2 =  o. Hence, if P ' 
is an exceptional singularity, A f X2 is the set of both  lines x x =  o , x 2 =  o, 
and thus P ' is a quasi-ordinary m ultiple point of F \  This completes the 
proof of the proposition.

COROLLARY 2 .3 . I f  all the exceptional singularities of F, of highest multi
plicity s ( =  e (F)) are quasi-ordinary, then any monoidal transformation of F 
whose center is an s—fo ld  curve W  of F  is permissible.

For, in the first place, no point of W  can have m ultiplicity  greater than  
■s for F, for in the contrary  case any such point would be an exceptional 
singularity  of F, contrary  to the assum ption th a t s — e (F). In  the second 
place, if P is a singular point of W, then  P is necessarily an exceptional 
singularity  of F, and since P has highest m ultiplicity s it is quasi ordinary, 
and thus, by  the preceding proposition, P can only be an ordinary  double 
point of W.

Definition 2.4. A  singular point P of F, of multiplicity s) is said to be 
strictly exceptional i f  P does not lie on any s-fold curve of F.

COROLLARY 2 .5 . A quasi-ordinary multiple point P  of F  is strictly excep
tional i f  and only i f  X1 <  1 and  X2 <  1.

This is a direct consequence of Proposition 2.2.
Proposition 2.6. Let P be a strictly exceptional, quasi-ordinary multiple 

point of F, of multiplicity s ( =  e (F)), let X (P) =  Xi +  X2 arid let T  : F ' -> F 
be the locally quadratic transformation of F  with center P. I f  X (P) >  1 then 
T 1 {P}  contains at most two points which have multiplicity s fo r  F' ; i f  P'  
is one of these points then P r is quasi-ordinary, strictly exceptional and
X ( P ' ) < X ( P ) .  ^

Proof '. Let P r be any point of T  1 {P}. Since x x, x 2 are local transversal 
param eters at P, we m ay assume (see proof of Proposition 1.2) th a t x 2jxx and 
z\x\ belong to the local ring of P ' on F ' and that, consequently, there exists

constants a, b in k  such tha t x x , x'2 =  —  —  a and z  =  ------ b generate the

m axim al ideal of the local ring of P '. W e m ay replace z  by z Jr g ( x 1, x 2) 
and we m ay therefore assume tha t g  (xx , x 2) is zero. T hen we will have

•S
/ '  (xx , x 2, z ' )  =  X I  lA  +  b —  (X2 +  a f 3 Ga (xx , x x (x% +  a))],

a = l

where /  (x1 , x% , Z ) =  x{ f  (xx , x x (x2 +  a) , x x (l! +  b)), and /  (x± , x2 , Z ') = 0  
is the local equation of F ' at P '.

E ach  of the s factors on the right hand  side contains term s of degree 1 
(for instance Z '), and if Xx +  X2 — 1 and a is an index such th a t Ga (o , o) o, 
then  it is true th a t the associated factor contains a term  of degree less th an  1, 
nam ely the term  x x* Ga (o , o) (since, by  Corollary 2.5, we have X2 <  1). 
Hence in this case, f  contains term s of degree less th an  i*, and P ' is of m ulti
plicity less th an
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Assum e now th a t Xx +  X2 >  ï. For P ' to be an ^-fold point of F ' it is 
necessary th a t Z ' = o  be an j-fo ld  root of f  (o , o , Z7). Now, f  (o , o , Z7) =  
=  (Z7 +  b)s (since +  X2 >  1). Hence we m ust have b =  o. We assert 
that also a — o. For, were a o, then for the index oc such th a t Ga (o , o) =|-- o 
the associated factor Z — x\ 2~ (x% +  a) 2 Ga (aq , Xx (x2 +  a)) would con
tain  the term  x \1+Xz~1 a1* Ga (o , o) of degree less than  1 (since Xx <  1 and 
X2 <  1), and P 7 could not be .r-fold. Thus both a and b are zero. W hat 
we have shown is th a t there are only two points of T -1 { P } which could 
possibly be j*-fold points of F 7, nam ely the points in which either x 2fx^ and 
z[xx or x 1/x2 and z/x2 have zero residues.

I f  P 7 is such a point w hich is ^-fold for F ', and if say, x 2 — —  and

z =  —  have zero residues at P 7, then we find (as in the proof of Proposition 1.2)
X \

th a t the local critical curve of F at P is contained in the union of the
two lines x~l — o , x 2 =  o. Since P 7 is ^-fold but does not lie on any s-fold  
curve (as P does not lie on any .s*-fold curve and as no irreducible com ponent 
of T “ 1 {P} is ^-fold for F 7), it follows th a t P 7 is a strictly exceptional, quasi
ordinary  m ultiple point of F \  Furtherm ore, if we set z'a — —  then we find

X \
th a t

z ’a ---4  =  x i1+X* 1 x'i“ [Ga (xx , x x xf) —  Gß O i , x x x'f)] — Miß slß (xx , x'f),

with £aß (o , o) =1= o. Since for some a , ß we have Ga (o) —  Gß (o) =|= o,
it follows th a t the highest common divisor of the m onom ial M aß is 
X\ 2 x2 2. T hus Xx =  Xj -f- X2 —  I , X2 =  X2 and X (P ) =  Xx -j~ X2 X̂  -j- 
T~ ^2 ~f* (^2 —  0  == ^ (P) T  (^2 —  1) <  X (P), since X2 <  1.

§ 3. E lim in a tio n  o f t h e  q u a s i-o rd in a ry  j - f o ld  p o in ts  ( s  =  *(F)).

T he proof can now be rap id ly  concluded. W e start w ith a surface on 
which all the exceptional singularities of highest m ultiplicity s (— e (F)) are 
already quasi-ordinary. O ur first step is to apply to F  a m onoidal transfo r
m ation T  : F 7 -> F  centered at an irreducible i*-fold curve T, provided F 
carries exceptional i'-fold points. By Corollary 2.3, such a transform ation 
is permissible. I f  ^ (F 7) is still equal to s, all the exceptional .r-fold points 
of F ' are still quasi-ordinary (Proposition 2.2). If  F 7 still carries an irreducible 
^-fold curve T7 which contains exceptional i*-fold points, we again apply 
a m onoidal transform ation F"~> F 7 centered at T '. Since the m onoidal tran s
form ations used in this step do not blow up any points (F7, F " , etc. are 
dom inated by  the norm alization of F), the case in which e (F) =  e (F7) =  • • •
• • • == e (F(2)) =  • • • and  each F w contains an exceptional .r-fold point 

which is not strictly  exceptional cannot arise indefinitely. Hence, after a 
finite num ber of steps we will u ltim ately get a surface Fx for which either 
e (Fi) <  s or e (F^) =   ̂ and all exceptional ^-fold points of Fi are strictly
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exceptional (this la tter case m ay present itself even before the ^-fold curves 
o f F  have been elim inated).

Assum e now th a t already on F we have the situation in which all the* 
exceptional i*-fold points are quasi-ordinary and strictly  exceptional. A t 
this stage we begin to apply locally quadratic transform ations centered at 
exceptional v-fold points. Proposition 2.6 shows th a t after a finite num ber 
of such transform ations we will get a surface F 2 such th a t e (F2) <  s (since 
X (P) ^  I at every quasi-ordinary T-fold point).
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