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N O T E  P R E S E N T A T E  DA SOCI

Analisi matematica. — Bounds for the first derivatives of Green s 
function. Nota di J a m e s  H. B r a m b l e  n  e L a w r e n c e  E .  P a y n e  

presentata (***} dal Corrisp. G. F i c h e r a .

R iassunto. — Vengono dimostrate formule di maggiorazione, della forma 
\dG(x ,y)/dx. \ <  Gr~~n per le derivate prime usando un metodo che si basa 'sul principio 
di massimo.

Nel caso in cui la frontiera appartiene alla classe C1’1 il metodo ottiene facilmente un 
valore numerico per la costante C.

I. I n t r o d u c t io n  .—L et G ( x , y )  be the Green function for L aplace’s 
operator defined on a finite n dimensional region R  with L iapunov boundary 2R. 
The purpose of this note is to give a complete proof of the inequality

(1 .1) 3G (x ,y) 
dx-i < c G

where C is a constant depending only on R, and rxy is the distance from the 
point x  =  (x± , • • •, x n) to the point y  =  (y i , • • •, y H).

This question is discussed elsewhere in the literature. For example, Eidus 
[3] presents (1.1) and states w ithout proof the inequality  (2.1) which is 
crucial in his derivation of (1.1). G iraud [5], however, gives a proof of (2.1) 
so th a t if the results of these two authors were combined (1.1) could be consi­
dered as having been proved. The m ethod presented here is sim pler and in 
certain cases allows us to easily determ ine the constant C in (1.1). M ore re ­
cently F ichera [4] has treated  the case of second derivatives in two dimensions 
using a m ethod of conform al m apping even for non-sim ply connected do­
mains. His m ethod can be applied, to obtain an inequality  analogous to (1.1) 
for partia l derivatives of an} order

By the m ethods used in obtaining (1.1) we can obtain

(1.2) d2G (x , y) <  Cr“"

where d\dnx and d/dny are outw ard directed norm al derivatives at x  and y,  res­
pectively, and, of course, x  and y  lie on 3R. This, we show, leads to a bound 
for the D irichlet integral of a harm onic function whose boundary  values are 
H older continuous w ith exponent greater th an  1/2. T h a t this is a sufficient

■(*) Supported in part by NSF GP~3Ó66. Some of this reasearch was completed while this 
author was an NSF Senior Postdoctoral Fellow, visiting the University of Rome, Rome Italy. 

(**) Supported in part by NSF GP-5882.
(***) Nella seduta dell’8 aprile 1967.
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condition for the existence of the D irichlet integral was shown by  M iranda [8], 
For further interesting w ork on this subject see De Vito [2].

T hroughout we shall use C as a generic constant, not necessarily the 
same in any  two places.

II . B o u n d a r y  e s t im a t e s .— We shall assume th a t the boundary  9R 
satisfies the following conditions of Liapunov.

(1) A t every point of dR there exists a uniquely defined tangent plane.
,(2) There exist two constants G >  o and X , o <  X < 1, such th a t for 

any  two points Pi and P2 on the surface, 0 <  Crx, where 0 is the angle 
between the norm als th rough Pi and P2 and r is the distance between Pi and P2 .

(3) T here exists a constant d  >  o such th a t if S  is a sphere w ith ra ­
dius d  and center at P e dR, every line parallel to the norm al at P intersects 
9R at m ost once inside S  <1).

In  this section we shall show th a t

(2.1) 3G (x , y) 
dnx <  O f

for x  € dR , y  e R. In  the case n =  2 (2.1) is easily obtained using confor­
m al m apping and the m axim um  principle. W e shall consider now n >  3 
and at first prove (2.1) for X — 1 since this case can be treated  in a somewhat 
sim pler m anner.

(a) X =  1. Consider an arb itra ry  but fixed y  e R  and arb itra ry  x 0 € 9R. 
W e choose e such th a t o <  s <  1/2 and such th a t it is possible to construct 
the sphere S of radius p =  zrXoy outside R, tangent to dR at x 0 . Because 3R 
is ai L iapunov boundary  and X =■ 1 this can always be done. Since R  is

(1) Because of the finiteness of R the conditions of Liapunov are not independent. We 
state them here in the usual manner (c. f. [6]) for convenience.

39, ~ RENDICONTI 1967, Voi. XLII, fase. 5.
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finite s m ay be chosen independent of x 0 and y.  For the m om ent we take 
the center of this sphere to be the origin. Let r  be the distance from 
the origin to a point x. Let Ro =  RfY[# | r <  2p] , Co =  3 R n  [x \ r <  2 p] and 
Ci =  R n  [x I r  =  2 p] (see fig. j) .

Now consider the function of x  in Ro defined by

p—»_r~n
(2.2) w (x) =  m ax \ G ( s , y ) \  — — —  •

z e e ,  p w — (2 P)

This function has the following properties:
I . W (xo) =  o
2. w (x)>  o , x  e Ro
3. w (x) — m ax I G (z , y)  I , x  € Ci

.* G Cj
4. Aw  <  o in R o .

(Note th a t w  is just a local barrier at xo, cf. Kellogg [7]).
T hus since G (x , y) — o for x  eC o, it follows from the m axim um  prin­

ciple th a t

(2.3) G (x , y) < w  (x) , x  e R 0 .

3G (x0 ,y) <; dw (x0)
dnx dn

But since G (xo ,y )  =  w (xo) =  o we conclude th a t

(2-4)

dw (x0)

Now we can calculate -?7(’v1"' asdn
dw (x0)

(2-5) dn ------ ( V — ì m ax I G (z , y)  I.P V 2 - - W . e e ,  1 v 1

2—n
(n---2) iùn

It is well known th a t 

(2-6) o <  G 0  , y) <

and hence by  the construction 

(2.7) m ax I G (g ,y )  \ <  ( 1 — 2 r\
zCCx \n — 2) <*n

Com bining (2.4), (2.5) and (2.7) we obtain

2 —  n 2 —  n
*0 y

(2.8) dG (x ,y)
dnx <

e in — 2) cùn (I ----2 £)'2 — n
2n— I

1 — n

for any x  £ 3R and y  e R.
The same m ethod in two dimensions would yield

(2-9)
3G ( x , y)

dnx <  CrXy I In rxy \

which is not optim al w ith respect to rxy .
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Note th a t we could have introduced another param eter 8 >  1 into the 
construction and restricted s so th a t o <  s <  i/8 0 =  m in [1/8 , d\2 (diam eter 
of R)] and defined R 0 as R n  [x \ r  <  80 p], etc. W e could obtain better 
constants by optim izing first w ith respect to s and then  w ith respect 80 . A n 
interesting case is th a t in which S f ) R  =  0  even if p >  (diam eter of R) as 
would be true for exam ple for convex domains. T he optim um  value of the

constant of (2.8) then  tu rns out to be —  ( — ~~ 1 Y*-1 (n +  i~f/1 n +  1 For
<s>n\n — 2 /  v ' n

n =  3 we obtain 4J’/3/ 3 tc.
(b) o <  X <  1. For sim plicity and clarity  we shall consider n =  3. 

The case of general n is com pletely analogous.
W e first observe th a t SR will be a L iapunov surface for any  positive

X' <  X so th a t we can take, w ithout loss, X =  - 1 , where m  is a positive
integer. Also d  m ay  be chosen small.

Consider an arb itra ry  point P e SR and take it to be the origin. L et the 
positive £-axis be along the  outw ard norm al and the (pc, y)  plane be tangent 
to SR at ( 0 , 0 ,  o). Inside x 2 +  y 2 +  z2 <  d  we m ay represent SR as 
z  — q>(x,y).  As is shown in Sm irnov [10] p. 571, if Cdk<  1 then

(2.10) I <p (x , y)  I <  c (x2 -f- y2jd+>.)/2 _

W e consider for a positive num ber z o < d j 2 <  1 the “ sp h e re ”

(2. r i )  (z —  ^o)2 +  xl+k + y 1+*' =  s2.

T he set S : (^ —  z0)2 +  x 1+l +  y l+x<  z2 lies inside the L iapunov sphere. 
Now we have for (x , y  , z) e S , z  <  z0

(2.12) I <  C {*1+* +  y + i ) <  C [z2 —  (3 —  z0)2]

=  C [2 z0z  —  z2] < 2  C z 0z.

Thus if z0<  1/2 C we have

(2-i3) I ? (x ,y) I < 2
which m eans th a t S f l R  is em pty.

W e now are in a position to construct a barrier at (o , o , 0) w hich exhibits 
the  proper behaviour. F or this purpose we consider the function

(2- H ) /  (x , y  , z) =  (z ■— z0)2 -f  x 1+x +  y 1+x ■— z2.

N o w / e C 1,1 in R bu t does not have second derivatives everywhere in R. 

But J a / d V  exists and is positive for every subdom ain O C R  so th a t /  is a

subharm onic function in R. Hence f  h, where h is the harm onic function 
tak ing  the v a lu e s /o n  8R. By a theorem  in G unter [6], Satz 1 p. 212, since 
8R is a L iapunov boundary  and f e  C1'1 (R), it follows th a t h has continuous 
first derivatives in R.
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W e now consider Q to be an arb itra ry  point of R  and let tq be the 
distance from Q to the origin. L et Ro be the intersection of R with 
(z -—z0f  +  x 1+,k (#0 +  zro f  > where £ >  o is to be chosen. Let Ci
be the intersection of R  w ith (z ■— z ^ f  -f- x 1+l +  y 1+x — (^0 +  zrQ)2- It is 
not difficult to see th a t (diam eter of Ro) <  C zrq so th a t s can be chosen so 
th a t Ro lies in a sphere about the origin of radius SrQ with 8 <  1.

Now let

(2-15) w (x , y  , z)
h ( x  , y  , z)  sup I G (T , Q) I 

_ _ _ _ _ _ _ _ _ Tec,
(^ o + ^ q )2 — 4

in Ro • The function w  satisfies

and on Ci

Aw — o in Ro 
w  (o , o , o) .= o 
w~> o in Ro

/  sup i G (T , Q) I 
t e Ci
(̂ 0 +  zrQÌ2--z\

>  sup I G (T , Q)
TC-Cj

Thus it follows trom  the m axim um  principle th a t 

(2.16) G (P , Q)< w (P)

for P e Ro . 

(2.17)

Since G (o , Q) — w (o) == o we have

3G (0, Q) < 3w  (0)
dnp dn

sup I G (T , Q) |; 
Tec,
(z0 + crQ)* — zl dn

But sup I G (T , Q) I <  C/rQ 
t eCj

th a t finally,

(2.18)

, (z0 +  zrq f  —  z^> CrQ and

dG (o , Q)
dnp <C[rl

3 h (o) 
dn <  C, so

where the constant in (2.18) depends only on R.
By exactly the same types of argum ents as in (a) and (b) we can establish

(2.19) 32G (x, y)  
dnx dny <  Crr

where for example, in case (a) we use (2.8) in place of (2.6).

III .  I n t e r i o r  e s t im a t e s .— In this section we m ake use of the following 
observation. L et the origin O be an arib itra ry  point of R and h be a function, 
harm onic in R  except at the origin. T hen

(3.1) A (rn~2 h) —  2 (n —  2) X;r~2 (rn~2 K)ti — o

in R  — O, where here the notation, m e a n s  partial differentiation w ith respect 
to x i} and sum m ation from 1 to n over a repeated index is understood. The
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symbol A means, of course, L aplace’s operator. Now from the m axim um  
principle for second order elliptic equations it follows th a t

(3.2) \rn~2k \  <  m ax [ sup \rn~2h(x)  | ,  lim sup \rn~2h ( x ) \ \ .
x c- cR >0

Since the origin was taken  to be an arb itra ry  point, we can assume, w ithout 
loss, th a t the point y  is the origin. Let us consider

(3.3) h(x )  =  G,i(x , o ) ,

and verify by  calculation th a t Ah =  o if x  =}- o. Thus using the definition of 
G ( x , y ) ,  and the fact th a t G (x , o) is of class C1 in Ru<?R except at the 
origin (cf. G unter [5]),

(3.4) I rn~2 X i  (p c 'y o) I <  m ax

where % is the com ponent of the outw ard un it norm al in the direction x {. 
N oting th a t \ x i ni[r\ <  1 and using (2.8) (or 2.18) we have

(3-5) \r Ĥ x i (S,i {x , 6) | < C  ,

where C is a constant depending only on R. In  fact C can be calculated 
from (2.8) (or (2.18)) and (3.4). In  exactly the same m anner we take

(3.6) h (x) =  X i .G j  (x , o) —  xj G ti (x , o ) .

for a rb itra ry  but fixed i and j .  As before we observe th a t Ah = '0  in R  —  O 
and conclude finally th a t

(3.7) [rn~2 (xì G j  ( x , o ) —  X; (x , o) | <  C .

W e now note th a t

sup
r.

J Xi nt dG ( x , o)
dn

1
Cùn

(3.8) r n~l G j ( x , o) yfi 2 . G 1 ( x ì G j ( x  , o) — XjGti( x , o)).

It follows at once from  (3.5), (3.7) and (3.8) th a t

(3-9) r”^ 1 G j ( x  , o)J <  C

where C is another constant. Since the origin was chosen arb itrarily  we have 
the result

(3-io)
3G (z,y)  

: dxi <c 1—»

IV . T h e  D i r i c h l e t  i n t e g r a l . — L et « be a harm onic function in R 
which is H older continuous w ith exponent a >  1/2 in R (J  2R. The following

expression for the D irichlet integral, D (u , u)'=  u t iu'tidx  , is easily derived
R

(4.1) D ( « , * ) =  J [  [u (x ) —  u (y )]2 dSx dSy
5R(a:) 3R(j)
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(cf. Slobodetski and Babich [9]). The inequality (2.19) thus leads to 

(4.2) D ( u , u ) < c  J  J [ u ( x )  —  u  ( y ) f  r~ndSx d S y .
3R(tf) 3R(j/)

Such an inequality  can be used to provide error bounds for the approxim ation 
of the D irichlet integral of one harm onic function in term s of another. Since 
the inequality  is quadratic  the Rayleigh-R itz technique can be applied to syste­
m atically im prove the approxim ations (cf. B ram ble and Payne [1]).
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