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N O T E  P R E S E N T A T E  D A  S O C I

Teoria dei giochi. — Remarks on generalized n-person games 
Nota di Ezio M a r c h i, presentata(M) dal Socio B. S e g r e .

Sunto. — Utilizzando la rappresentazione euclidea di un gioco generalizzato fra un 
qualunque numero di persone ed il teorema del punto fisso di Eilenberg Montgomery [2], si 
assegnano condizioni per 1’esistenza di punti di equilibrio. Quelli di Debreu [1] sono un caso 
particolare.

I . A n e-generalized game is given by a generalized ^-person  gam e

^  {^1 ? • * * ? Xn , A i , • • •, A n ; Z i , . . . ,  Z n j

where for each p layer 1 6 N =  (1 , • • •, n), 2Z- is the strategy set, which is 
assumed to be in an Euclidean space R *, where the payoff A e- is a function
defined on 2N =  X 2b, w ith values in the completed real line R, and the

y e  n
m ultivalued function Z z : S N -> 21 { determ ine a non-em pty  com pact set Z2 ( g) 

for each strategy <7 € 2^ and where a m ultivalued function e : N is defi­
ned such th a t e(z) ÇN- —-(z) for all i eN. Such a gam e will be denoted by

— {Xi » * * • > i A i , • • •, A n ; Zi , • • •, Zn ].

For each p layer z 6 N and each strategy g € 2N , f  (V) denoted the set
N —  (e (z) u ( 0)> and

v ,-0 ) =  m ax m in A,- (s{ i $e(i) j Gf(z))
U e zi (°) se (i) ^ Ze (i) 0)

V'-(tT) =  m in m ax A-(s- J ^(z) > Gf(z))'
se(i) ^ Ze{i)(°) u ez«(«)

We denote here S R e Z R =  X 2 . and Z R =  X Z7, where R is e(z) or f(z).
a -  v  . yGR . v eR  w

A  stra teg y  g g 2 n is an  ^ —s i m p l e  p o i n t  o f th e  generalized  ^ —person  
gam e Ve if:

(i) m in _ A- (ä,., s,(i), ö/(0) =  V2 (ö)
se(t)e Z e(i)(°)

and
G; € Z2 ( g) for all z G N.

It is an ^“-sim ple point of the ^-generalized «-person  gam e Te if;

GO
and

max A ■ 0,., ae{i) , a/(i)) =  V*' (a)
si e Zi (o)

Gi G Z z (g )  f o r  a l l  f  G N .

(*) The research described in this paper was partially supported by the Office of Naval 
Research, Contract No. Nonr 1858 (16).

(**) Nella seduta dell’8 aprile 1967.
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The ^-generalized ^-person  gam e is on the one hand an extension of the 
generalized ^-person  gam e due to Debreu [1], and on the other hand a gene­
ralization of the gam e w ith a simple structure function introduced in [3]. If 
for each z‘e N :  e(i) — 0 and Z { is independent of ct^eE^, then an ^ -s im p le  
point is an e q u i l i b r i u m  p o i n t  in the sense of Debreu.

The results presented here give the general conditions under which the 
existence of such points is guaranteed.

As in [1], we prove the m ain result using as a lem m a a particular case 
of the fixed point theorem  of Eilenberg and M ontgom ery [2].

Lemma: Let W  be a contractible polyhedron and  a: W  -> W  an upper 
semi continuous multivalued function such that fo r  every w  € W  the set a (w) is 
contractible. Then a has a fixed  point.

We recall th a t a polyhedron is a set in a Euclidean space R m homeomor- 
phic to the union of a finite num ber of simplexes.

A  non-em pty set W  in a Euclidean space R m is said to be contractible, or 
m ore precisely, deform able into a point w  E W, if there exists a continuous 
function a : [0,1] x  W -> W  such th a t a ( o , w ) = w  and o l ( i ,w )= w  for s l l w e W .

A  m ultivalued function oc : Wi W2, where Wi and W2 are subsets in 
Euclidean spaces, is said to be upper semicontinuous if the graph  of the func­
tion a : Ga =  {(a , t): t  € a (a)} is closed. It is said to be lower semicon­
tinuous if for any i e a ( c )  and any convergent sequence cr (k) cr there is 
a convergent sequence t  (fi) -> t  such th a t for all k : t  (fi) E oc (a (k)). The 
m ultivalued function oc is continuous if it is upper and lower semicontinuous. 
A  fixed point of the m ultivalued function oc : W  W  is a point w  such that 
w  E oc (w).

2. THEOREM: Let Ve be an e-generalized game such that fo r  all / e N , S t- 
is contractible polyhedron, the multivalued function Z{ is upper semicontinuous.

(a) A n  em-simple point of Te exists, i f  : fo r  all i e  N 
(ai) the functions V* in cr E 2N and

m in A • ( t ,•, ^ (/), g/(0) in f i  , t,-) 6 G{
se ( i ) e  Ze ( t ) ( ° )

are continuous and
fid) f  or all cr E the set

s» (CT) =  X  e Z; (a) : m in A,- (t,- , se(i), er/(0) =  V 2-(>)}
se ( z ) e Z e ( ï ) ( a)

is contractible.
(b) A  n em-simple point of Te exists, if: fo r  all i  E N
(bi) the functions V 2 in cr E 2N and m ax  A,- (s^, xe^) , g/ ^ )  in

-vez.(o)
f i  } Ge(i) are continuous where G*(q is the graph of Ze^ ) and

(b2) fo r  all cr E S N the set

T  (a) — { t e Z N (a): m ax A,- <r<(0) =  V !' (a) f o r a l i  ?eN}
>i«;W

is contractible.
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(c) A n  em~and em-point o f Te exists, i f  it is satisfied (ai), (a2), (bi), 
(b2) and

(ci) f o r  all g £ 2  the set U  (cr) — S (cr)nT  (cr) is contractible, where 
S (cr) =  [ t € : t 2- €S,- (a) for all z £ N }.

Proof is a contractible polyhedron, since it is the product of a finite 
num ber of contractible polyhedra.

(a) Let ^ =  X S2-: 2n - > 2n: be a m ultivalued function. TYa) is
/GN

contractible for all a £ S N, because the set Sf- (cr) C 2,- is contractible for all 
z£ N  and cre2X• For each z£N,  the set

S* =  { ,  L-) ^ n X  S,- : T,- 6 St-(o)} =

— {(cr , t,-) € G,- : m in A,- (t,- , se{i) , cr/(0) =  V • (cr)}
se ( i ) e Z e ( ï ) ( a)

is closed, since G* is closed and the functions V,- (cr) and

m in A z- (tj- , se , crŷ y)
se { i ) £ r Z e{ i ) ( ° )

are continuous. Therefore the graph of the function which is 

Gy — {(a , t)  £ 2N X : t  £ ^ (a )} =

=  { ( ( j , T ) e 2Nx X N : T e S ^  (cr) for all i e N} —

=  {(o , t )  £ 2 n x ^ n • ( o ', t,-) £ s,. for all i  eN} =

“  n  {(o , t) 6 S n X ' S n  ̂ ( o  , T,-) €  S , } ,
î GN .

is closed, since S,- is. The above lemma, applied to the function gives a 
fixed point ö £ 2N : er e ^ (g). Such a strategy is an £w-sim ple point.

(b) Let 4* .=  T  : 2N - > S N be a m ultivalued function, such th a t (cr)
is contractible for all g  £ 2 N .

~  {(o, ^e{i)) e S NxS^(,-) : (cr, Ty) £ Gy for all f e e  (z)},

which is the graph of the function Ze{i) is closed for all i eN, since Gy is. By 
the same argum ent the graph  G n  of the m ultivalued function Z n is closed. 
Thus the g raph  of the function

G> — {(o , t) £ S n x  E n • t € ^ (o )}  =

^  { (G. > T) € ^ n  X : t  € Z n (cr) and m ax A t- (s; , T^y , G/,f  — V* (a)
si G ZZ (o) •

for all z£N) }  =

=  GNn  n  {(o,T)e2Nx 2 N : (<j,t,(0)€G.(0 and m ax A f s ^ ,  xe{i)i o/(o)=V*(o)}
*€N jzezdö)
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is closed since for all ie  N, the set G, (0 and G N are also closed, and the 
functions V ‘ (cr) and

m ax A,- Ov , t, (0 , cr/(0)
si e z i(a)

are continuous. The lem m a applied to the function 4, gives again a fixed point 
ä e HN;  ä e ^ ( ä ) .  Such a strategy is an £w-sim ple point.

(c) L et 4 = U  : S N - > 2n be a m ultivalued function. For each a e I N, 
the set 4* (c) Q S N is contractible. The graph  of the function 4>

— {(a , t) e SN x SN : T e 4 (a)} —

=  n  [ {(<* > T) € 2 n X : (er, T ■) e G,- and m in A,- ( r f-, se(0 , cr/(0) =  V,- (er) ] D
jx o GZx o (0)

O [ (<r , t)  e S N X S N : (a , t , (0) € G ,(0 and m ax A f- (j,- , t*(0 , <r/(0) V* (cr)} ]
^•ez.(a)

is closed, since G2 , Gef  are closed and the functions V,- (a) , V* (cr),

m in A 2- (t2 , , <7/(?)) and m ax A 2- ( ^ , , tf/py)
M0eZ*(0<°> ^-€Z.(o)

are continuous on G2 and G ,(z) respectivly. Finally, the lem m a applied to the 
function 4, guaranteed a fixed strategy fi e 4 f ) ,  which is ^ - a n d  ^ -s im p le  
point. Q .E.D .

The continuity  of the functions involved in the above results is related 
w ith the requirem ents on the functions A, and Z2.

Lemma: Let us suppose that for each i e N, the graph Gz- of the multivalued 
function  Z2- is compact, function  A 2 : S N R multivalued function
Zi are continuous. Then fo r  each i e N, the functions

B* (?i  , <0 =  m in A,- ( t  , ^ (/) , cr/(0)
se(i)GZe(t)(a)

are continuous in (or , t 2) 6 G2 ,

G'l (p*e(i) > ^) m ax A 2 (.s*2 , T^y ? q/py)
^ e z *(o)

continuous in ( a ,  e G^/) V 2 V 2 continuous in a e S N.
Proof. The m ultivalued function Z e{i) has a com pact g raph  G*(,y, since 

for all j e e ( i ) the m ultivalued function Zy has a com pact g raph  Gy. Let 
(a (k ) , Tt- (Æ)) -> (fi , t 2-) be a convergent sequence in G2. Since Ze^  (a (k)) 
is com pact se{i) (k) e Zef  (a (k)) can be chosen such th a t

A; ( t i (k), se{i) (k) , G/ ( i )  (k)) =  B, ( t 2 (k) , a (k)) ;

by  the com pactness of the graph  Ge{i) it is possible to extract from the se­
quence f i  (k) , se{f) (k) , a (fij) a convergent subsequence (t,- ( f )  , se <0 (*') . 
o X ) )  -> ( t  , , a). By the continuity of A,-,

A,- X  (i'), j<(0 (k'), <t/(o (i')) A» Ch > 5.(0 » 5/(o) >  (Â . °).



Ezio m archi, Remarks on generalized n—person games 477

Therefore, for any  8 >  o there exists a m  such th a t

B,- (ji(k') > o’ (k')) >  B2- (t- , ö) — 8 . for all kf >  m.

Since any  sequence (g (Æ) , t 2 (Æ)) -> (5 , t,.) in Gf- has a subsequence (g (£'), 
(^0) (<* > -̂) with the m entioned property  any sequence (<r (>è), t,- (k)) ->

-> (d , t,-) in G2 has the property.
Since Z^(q (a) is com pact

ê(t) ^ 2 (̂z) (f)

can be chosen such th a t A,- (t- , se{i), ö/(0) =  B2- (t- , ä). By the low er-continuity 
of the function Zeç̂  a sequence sĝ )(h)->se^  exists such th a t se(i)(Â)e Z<(0(o (i)) 
for all By continuity  of the function A 2-,

L  (T> 09 > a 09) A A,- (t,- ( )̂ , j<(0 (/è) , ct/(0 (/è)) -> A,- (t,. , J,(0 , c/(0).

Therefore, for any 8 >  o an m  exists such th a t

B* (Ai (&) , a (k)) <  B, (t- , g) +  8 for all k > m.

T he function B2- is continuous at (t,- , g) e Gt-.
T he continuity  of the functions Q  , B2- and V* can be obtained in the 

same way. Q .E .D .
T he above result implies:
COROLLARY: Let Ve be an e-generalized game such that fo r  all ie  N , S 2 is 

a contractible polyhedron, the function  A,- and the multivalued function  Zz are 
continuous.

(a) A  em-simple point of Te exists, i f  fo r  all z € N and all g e S N the 
set S2 ( g )  is contractible.

(b) A  em-simple point of Ve exists, i f  fo r  all ie  N and all ctg2n the 
set T  (<r) is contractible.

(c) A  em-and  em-simple point a e S N of Te such that Vf- (d) <  
^  A t:(öv, ae^  , öy(2)) < V * (g) fo r  all i e  N, £#AA i f  fo r  all i e  N <20  ̂ <2// 
a € S N set U  (cr) is contractible.

A very particu lar case arises when for each i e  N and each a ' e S N : 
Z* 0 ) =  -S; is convex, the function B2- (t 2 , a) =  B,- (t 2 , a/(0 ) is quasi­
concave in t 2 e S,- for fixed S/(2) and the function Q  , a) —
=  Q ( T*(0 » <*/(o) is quasi-convex in t , (0 6 2 , (0 for fixed Gf(i) e 2/(*} . A pply­
ing these conditions in the previous corollary a generalization of the m ain 
results given in [3] is obtained.

B ib l io g r a p h y .

[1] Debreu G., A Social Equilibrium Existence Theorem, « Proceedings National Academy of
Science, U.S.A. », 38, 886-8qj (1952).

[2] E ilen b erg  S. and M ontgomery D., Fixed point Theorems for Multi-valued Transfor­
mations, «‘Am. J. of Math. », 68, 214-222 (1946).

[3] M archi E.  ̂ Simple Stability o f General n—Person Game. (To appear in «Nav. Res. Log.
Quart. », June 1967).


