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D avid  L ovelock , The Lanczos Identity and its Generalizations i s ?

Matematica. —■ The Lanczos Identity and its Generalizations. 
Nota di D avid L ovelock, presentata (*} dal Socio B. S egre.

Sunto. — C. Lanczos ha stabilito in [1] una notevole relazione quadratica per le 
componenti del tensore di curvatura di una varietà riemanniana a quattro dimensioni; ma 
la sua dimostrazione non è estendibile alle varietà di dimensione qualsiasi. Nella presente 
Nota una via per ottenere una siffatta estensione viene indicata coll’uso opportuno del 
tensore di curvatura conforme di H. Weyl; ciò fornisce, accanto ad una diversa dimostra­
zione e formulazione dell’identità di Lanczos, una successione di nuove identità dipendenti 
in modo essenziale dalla dimensione dello spazio, la complessità delle quali cresce colla 
dimensione. Come applicazione, si ricava una delle condizioni di G. Y. Rainich [5] per il 
tensore del momento di energia elettromagnetica.

i. I n t r o d u c t io n .— O ur considerations are based on an «-dim ensional 
R iem annian space w ith line elem ent (L

ds2 — g ij dx l dxJ .

The curvature tensor is introduced by m eans of the com m utation relations

X j  ~\r i    -p j  SJri
\ k l    A  ; Ik   K *  kl A  ,

where a semi-colon denotes partia l covariant differentiation and X* is any 
contra varian t vector field. W e shall define the Ricci tensor and the curva­
ture scalar by

R — R h~~ jh  >
and

respectively. T he W eyl conform al curvature tensor is defined by 

(i . I ) Çj  im =  Rj  im T" n  2 (R i  g j m +  Rj m 8 i  ~  R// — R m g {j )  -|-

+  — 2) *>' ~ S jm  S i) >

and enjoys all the sym m etry  properties of the curvature tensor together with

(I-*) C j l n  —  o  •

We shall always raise and lower indices by m eans of the contra varian t and 
covariant m etric tensors, respectively.

(*) Nella seduta dell’i i  febbraio 1967.
(1) The summation convention is used throughout this paper.
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Lanczos (2> has shown th a t if ^  =  4 then 

(1.3) 2 Ryt R ik +  2 R" Rh\ j  —  R Ry -  R hJlk Rhili =

=  -  (4 R lh R“ —  R 2 —  R im  RlmU) ,

— a rem arkable identity , which henceforth we shall term  the Lanczos identity. 
However, the proof suggested by Lanczos depends crucially on the dimension 
of the space being four and does not adm it of any obvious generalizations 
for a rb itra ry  n, either in the proof or in the form  of the identity.

N evertheless progress can be m ade since, by using the W eyl conformal 
curvature tensor- (r. 1), the identity  (1.3) m ay be expressed in the particularly  
simple form

f  T , i \  I /f^ rh kl \
A )  L/ V jh k l —  V rhkl) b y  .

It is the generalizations of this form of the identity  which we shall investigate 
for a rb itra ry  n . In  the next section identities between certain tensors involv­
ing an integral param eter m  are established. In  the final section it is shown 
th a t by imposing restrictions on the dim ensionality of the space generaliza­
tions of (1.4) are obtainable. The evenness and oddness of dim ensionality 
appears to p lay  an unexpectedly im portant role.

In  order th a t our results be as general as possible, we shall consider a 
tensor K ZT/ which, is anti-sym m etric in (i ,7) and (k , /) respectively, i. e.

CLS; K ^/ =  —• Ydjik — — '

and which, furtherm ore, enjoys the following property

(1.6) K*y/ =  O .

An exam ple of a tensor which satisfies (1.5) and (1.6) is the W eyl conformal 
curvature tensor O jkl. We shall frequently use the properties (1.5) and (1.6) 
w ithout explicit reference to them .

It is easily seen tha t the num ber of independent components of is

n (n —  1)
■7-(* — 3) (» +  0  -

W e thus have
Lemma i: I f  n =  3 then ¥ Ì \ i— o.
In particu lar of course, this contains the well-known result due to W eyl <3> 

according to which the W eyl conformal curvature tensor vanishes for n — ^.

(2) In the notation of Lanczos, the vanishing of Sj. (defined in [1], p. 847, equation 
(4.10)) is equivalent to (1.3) above.

(3) See, for example [3], p. 306.
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2. Id en tities  Involving K V —In this section we shall derive certain 
properties associated with the three tensors Tf  [m\ , S!y [m] and P*j[m] defined 
for M an integer, m ' > \ i by

(2.1) T .[ m \ - S 1 2HH
‘*2 m  — 1 1

d i m  — l J 2 m  Z1 12 z3 z4 t 2 m — l 3 i

(2.2) S \.[m ]

^1*2' "*2m — l 
h h "  ' h m - 1

• . K J 2 m - 3 l

l2 m - 3  l2 m - 2
K ^2 m — 2 32 m — 1

f o r  m  =  I

z2 m — \ 3

for m  >  2 ,

and

(2-3) P ‘y M
^ 1  z2" ‘ ' l 2 m  1 

3\H' ■ '32mJ *i t2 K ^2«-1^2 «

respectively, where §.\ N is the generalized K ronecker delta ([2], pp. 242
3x'  ’ ' 3 N

and 278) which m ay be w ritten in the form

(2.4) § « X " - N

3 !• • ”̂ N
det.

& • • C

slNs’.N • • • s ’N
3 1 J  2

In the sequel it is usually  easier to follow the argum ents if the righ t hand 
side of (2.4) is used explicitly whenever the generalized K ronecker delta 
occurs. In  connection w ith (2.1), (2.2) and (2.3) we rem ark th a t the quan tity  
in square brackets m  indicates the degree of linear hom ogeneity of K vki 
while the determ inantal parts of T \j\tri\ , S \j\m \ and P *j[m\ are respectively 
2 m  X 2w  , (2 m ~  1) X (2 m — 1) and ( 2 ^  f  1) X (2m 1).

W e now establish a relation between (2.1) and (2.2) which we state in 
the form  of

T h eo rem  i: For m  >  1

(2.5)’ TV — K%,- Thk [m — i] +  2 (m — 1) Sfy \m\.

Proof: By expanding T Zj[m ]  about the last row of its determ inant, and 
using (1.6), we find th a t

T \j\m \ =  2 S’1 " ’2- 1 K ^ 2. . . . .  K', ,“ ~1*. • +
J L  J  3 i * • -J2 m  — 1 zl z2 z2 m - \ 3

m — 1

+  2 2  S’1""." "'2— 1 . K'ut • • • • K'*“"1'. ■ • • • K J“ l Jl' ‘ ';2|i-L2(i + r  * ’32m T*2 z21l-1 z2h> z2 m - l 3



Lincei ~ Rend. Se. fis. mat. e nat. -  Vol. XLII -  febbraio 1967I90

By expanding the first term  on the right hand side about the last column 
of its determ inant we have

tn- 1
'T'*" r 1 , XT' ^ l* 2 ' , 4 2 a - 2 22ii"'*2m-2 22 « - l  T/V 2(2.6) T.y[m] = 4  Z  h

[1=1
K 1 12b*2 ?2(x- 1 z2ja

K •?2 m - 3 - 72 m - 2 K * ^ 1 . . +m — 3 l2m—2 l2m — \3

+  2 2  s .1'".2” “ 1 .1̂ ’ '̂ 2 JX —- lV2 (A + 1 ■ * '-̂2 *1*2 * 2 | x - l * 2 | x '2m-l;

In  each of these sums we change the dum m y indices according to the follow­
ing scheme:

^2 |x— 1 ^ > t 2 m  — 3 )

2 2 [I <-----> Z 2 m  — 2 >

J 2 |x>— 1 ** > j2m — 3 )

fx > j2m — 2 •

Hence (2.6) m ay be w ritten in the form

m — l . .  . . . . . . . .
( 2  7 Ì  T ? \ f y i \  __  4 . y  ^ zl z2 "  z2[i  — 2 l 2 m  — 2 12 [ X + 1 ‘ ‘ , t 2 m  — 4 t 2 [i — l t 2 [ i î 2 m  — l

 ̂ ■* ^  ' A - V  * ••; 2 li - 2 ^ 2 w - 3 ^ 2 m - 2 ^ 2 j x + l - * V 2 ^ - 4 ^ 2  jjl- 1-^2 ja *2*2

? ■ • • • K"
2 (x — 1 *2fx

gr ZW-3 J
*'2 m — 3 t2m — 2 t2m — 1J '

j 2  ^  g * l * 2 “  • * 2 j x - 2 * 2 w - 3  z2 w - 2  * 2 j x + l  • • • z2 w - 4 * 2 | x - l * 2 j x z2 w  — l  j ^ l - ^

^  V 2 ' , , ; '2(x- 2 ^ 2 » 2 - 3 ' /2 | x+ 1  , , ^ 2 » î - 4 - 72[x- 1 - / 2 [ x -;2 » / - 1 - / 2 «  *1 *2

-£•^2 ( X - 1-^2 r • k
*2[x—1 *2 (x

3 2 m  — 3 *

"2 w-3 l2m-2 K 32 m -lJ2 r
l2m — \3

By suitable interchange of rows with rows and columns w ith columns in 
the determ inants of the right hand side of (2.7), it is easily seen th a t

m — l . . . ... . . , .
(2.8) T ’.Am] —4 y  s:112 ' ’2“ - 4’2« - 2’2»1- 1 K ^ 2 . • . . K ^ ra-3^2„-2 K >
V J J ^ ji!-i JlJ2" ‘J2>m-4J2m-3J2m-2 *1*2 kl2m-2 l2m -l3

m — l . . . . . -.
-4-2 g*l *2“ '*2 m — 2 *2 m — 1 j^l-^2 ^2m -3* ĵ -̂ 2 m — l32m

aÌo.„ 0/0™ 1 7o.„ *2 *2w —3*2w —2 *2w —1-7M_ i 3\32‘ * '32m — 4-̂ 2 m-3^2ra-1-̂ 2̂|X—x

In  view of (2.1) and (2.2), (2.8) is (2.5) for m  >  2. However, for w =  1 (2.5) 
also holds since in this case both sides vanish identically. This completes 
the proof of Theorem  1.

It is easily seen th a t Theorem  1 enables us to calculate T \j\m \  in term s 
of S*j\m] , S \j\m  —  I ] S \j [2], by an iterative procedure since

S'y [i]  =  o,
and

(2-9) n - [ i ]  =  0.
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In  the sequel we shall consider the special cases of m  =  2 and m — 3 in 
some detail in order to illustrate the general theory. It is not difficult to show 
th a t

(2:10) S'y[2] =  2K*Ì,K*L

and

(2-.II) S!y[3] = 4 K " i* K AJr K 7V +  i 6 K \ mK iklrK r\ -  .

From  (2.5), (2.9), (2.10) and (2.11) we therefore find

(2.12) r .j[2 \ =  4 K uklK % , 

and

(2.13) T 'y[3] =  32 K % K r\<KsU +  i6 K miikK % K /rmJ+  •

W e shall now prove a result which relates (2.3) to (2.1) and (2.2), and 
which will subsequently  form the cornerstone o f our general theory. 

Theorem 2 : For m  >  1

(2 .14) P * j [ m ]  — 2 ( m  — 1) SyS^[m] — 2 m  T \ j \ m \ .

Proof'. The proof of this Theorem  is very sim ilar to th a t of Theorem  1 and 
we shall m erely d isplay the salient features. P \j\n i\ is in itially  expanded 
about the last colum n of its determ inant and subsequently th a t determ inant 
which is associated w ith 8} is expanded about its last row. This gives rise 
to the relation

m — 1
T )/ r -1   c v l  2 ....................................... 2 m  — 1P-/ \m I =  2 6/ Z j o .J J l Jl" • 'H rn- , T V  ' ’ ^  t2m — 1̂ 2u ~b

2 .....................K'3 2m
TT ^2 |A — 1 -̂ 2 [X
K z 2 (x — lV ' ’ K 1 2 W

which, w ith a sim ilar change of dum m y indices as in Theorem  1, leads p re ­
cisely to (2.14).

3. Id en tities  A rising from D im ensionality R estr iction s.—We 
shall here discuss the consequences which follow from restricting the dimensio­
nality n by inequalities involving m, the linear homogeneity of T\j\n i\ , S*y[m] 
and ]P!y[w] in K*krs. The results of this section depend on the fact that i f  
n <  N — i then
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We apply this result to (2.1), (2.2) and (2.3) and obtain 
Lemma 2:

If n <. 2 m then P\j[m\ =  0 .

If n <  2 M --- I then T.j[m] =  0 .

If n <^2 m-— 2 then S’, [m] =  0 .

W e combine these results with Theorem s r  and 2 to prove our m ain 
result.

Theorem 3: I f  n =  2 m then

(3-1) T V M

I f  n — 2 m — I then 

(3.2) Sijim ] =  2 K V * ì[ *  — 1] •

Proof'. If  n =  2 m  then (3.1) follows from Lem m a 2 and Theorem  2.
If  n =  2 m  — I then (3.2) follows from Lem m a 2 and Theorem  1. 

O f course (3.1) and (3.2) are also valid for n <  2 m  and n < 2  m — 1 
respectively, but in each case the left hand sides of the corresponding iden­
tities vanish identically.

C orollary: I f  n <  2 m then K.k\ jT hk[m\ =  o.

I f  n <  2 m — I then \m\ =  o .

In  order to illustrate Theorem  3 we shall consider the special cases of 
m =  2 and m — 3.

Case 1: m — 2.

In this case (3.1) will be valid for n =  4 and in view of (2.10) and (2.12) 
will reduce to

(3-3) K% K \  =  A  s; (K **k A ) .

(3.2) provides nothing new when m =  2, since in this case n =  3 and, 
by Lem m a 1,

K ^ - o .
Case 2: m  == 3.

For n ~ 6  we find from (3.1), (2.11) and (2.13) th a t

. r z i k  Tr th  t r s t  \ XTl r  l_ O TV^ TThk IZ rm   
4  -IV hj bv  st -IV rk ~T 2  R  hk Ir bv. mj  O JA km JA i r  JA foj -

__  I /j jr tn s  Tvrhk j r / r  I r r  Is -r7-hk -T^rm \
— • ~  Oy  ̂JA ^  JA i r  JA ms ~J7 4  b^ km  A  •

(3-4)
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For n =  5, (3.2) reduces to

(3.5) K"j* K * i Y lrmj +  4 Kuim K * i K"V  =  2 KM„ K strÂ .

N atu rally  (3.5). is also valid for n == 4. However, by virtue of (3.3) 
it simplifies to

(3.6) K miM K hkirK lrmy +  4 K likm K %  K"V =  o ,

In  fact (3.6) follows directly  from Lem m a 2 since n =  2 m  — 2 for n =  4 
and m =  3.

W e stress th a t (3.1) and (3.2), and therefore (3-3)-(3.6), are (dimen- 
sionaly dependent) identities for any tensor satisfying (1.5) and (1.6). We 
shall briefly discuss two applications of (3.3) which, with very little further 
calculation, gives rise to well-known results for n =  4.

F irstly , we replace K vrs by the W eyl conformal curvature tensor C y ­
linder- these circum stances (3.3) reduces to (1.4)— the Lanczos identity  (4>. 
We may therefore regard (3..1) and (3.2) as generalizations of the Lanczos 
identity.

Secondly, we consider the tensor H vhk defined by

n iJhk =  -  12 f ijf hk +  6 (Si T  i  +  Si T i —  Si  T i -  Si T i) +

+  ( / » / " ) ( % %  — %**) ,

where

t i = f r% - j ( f r s n y .

If  f {j is the electrom agnetic field tensor then T} is the energy m om entum  
tensor for the electrom agnetic field in General R elativ ity  ([4], p. 227). W hen 
n ~  4, H 13hk has the properties

H 2) '    Tj f i  Tjijhk — ---t l  hk — --- t l  kh ,

and

H ^  =  o .

Thus we m ay replace by H vhk in (3.3). To do this we require

(3.7) h * „  h " «  =  -  (24)2 t { t  i +  s / [30 < j „ r  f  +  72 ( t ;  t ; ) ]  .

(4) A very short proof of this result is obtained directly from the expansion of P*. [2] =  o 
with YÜJrs replaced by CZJrs.
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W hen (3.7) is substituted in (3.3) we find

(3-8) t ì t ‘ =  ì - § / ( T; t ;).

(3.8) is a well-known result which arises when electromagnetic fields are intro­
duced in the General Theory of Relativity. I t is of fundam ental im portance 
to the so-called “ already unified ” field theory since it is (3.8) (together with 
the field equations) which gives rise to the R ainich conditions [5]. However, 
we have obtained (3.8) w ithout using either the concept of duality  rotations 
([4]) P- 237> et sech) ° r  eigenvalue properties of certain 4 X 4  m atrices ([6], 
p. 417, et seq.).

I t  is remarkable that both the Lanczos identity (1.4) and the identity (3.8) 
involving the square of the electromagnetic energy momentum tensor T) are 
derivable from  (3.3).

In a subsequent paper [7] we hope to discuss certain  applications of the 
above results with particu lar reference to variational principles of the type 
em ployed in General R elativ ity  <5h
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