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N O T E  P R E S E N T A T E  D A  S O C I

Analisi matematica. — On a uniqueness question of Levi-Ci- 
vita n . Nota di D ennis D unninger  ^  e M onroe H. M artin , pre
sentata dal Corrisp. G. F ichera.

Sunto. — Si considera un problema posto da Levi-Civita nella teoria delle onde perio
diche irrotazionali in un fluido incompressibile. Esso consiste nel provare l’unicità di una 
funzione olomorfa nel disco unitario verificante una condizione al contorno non lineare. Ven
gono date diverse condizioni sotto le quali si ha la richiesta unicità.

Introduction.— In  1925 Levi-C ivita [1] reduced the m athem atical theory 
of periodic, irro tational waves of finite am plitude in an incom pressible fluid of 
infinite depth to the following boundary  problem.

Determine all functions

w ( 0  — ® w (o) =  o,

of the complex variable £ =  peia holomorphic in the unit circle | £ | <  1 and 
subject to the condition

d'z(I) _  =  ^ - 3  ̂ sin 6, p =  const.,

on its boundary.
The constant p  is non-dim ensional. A ctually

p  =  —  ,^  2 7T C2

where X is the wavelength, c is the velocity of propagation of the wave and g  
is the acceleration of grav ity . To insure th a t the velocities of the fluid particles 
are small relative to c, one requires th a t | co | <  8 for some sufficiently small 
positive num ber 8. H ere 0 is the angle of inclination of the flow to the hori
zontal and t is related [1, p. 275] to the speed q by t  =  log (jq/c).

Levi-Civita dem onstrated existence and uniqueness of the solution provid
ed p  is sufficiently close to unity . H e pointed out further th a t if one is in ter
ested only in the existence of the solution, only the values p  ftL 1 need be 
considered, since one can always regard n waves each of length X as a single 
wave of length Xi =  rik for which p x — np.

On the other hand  on p. 284 of his m em oir [1] he writes “ Toutefois il n ’est 
pas im m ediatem ent evident que les seules solutions de (I) pour p  >  1 soient
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elles qui Fon peut construire de la sorte. Je crois bien q u ’il ent soit ainsi, 
m ais je n ’ai pas analysé exactem ent la question The question was consi
dered again in 1931 by L ichtenstein [2] who using the theory  of non-linear 
integral equations dem onstrated existence and uniqueness for the solution if 
p  =  m  —  x, for any positive integer m provided x is sufficiently small. A n 
excellent account of m odern work on the subject and on w ater waves in general 
is given by Stoker [3].

C learly the problem  belongs to a  general class of boundary  problem s which 
can be form ulated for a holom orphic function w (2) =  u f i v  of a complex 
variable z =  x  -j- iy, nam ely

Determine all functions w (z) — u - f i v  of the complex variable z =  x f - i y ,  
holomorphic in a region S bounded by an analytic arc C upon which

GO un =  h (' s ) f  (u ,v),  s =  arc length of C,

where un denotes the external normal derivative of u on C, the functions 
f  (u ,v )  ,h  (s), holomorphic in their arguments, being given in advance.

This paper is devoted to the determ ination of conditions under which the 
solution to problem  (T) is unique, w ith special attention paid to L evi-C ivita’s 
problem  (I).

2. The in te g r a l id en tity .— Consider two functions

holom orphic in the region S. T he unusual designation of their real and  im ag
inary  parts tu rns out to have advantages later on. Following Monge, we adopt 
the notation

and observe th a t the C auchy-R iem ann equations for w\{z) ,wt{z) take the 
form

(Z) =  «1 +  ÌÙ3 , W2 (z) =  «2 +  ÌUì ,

(k =  I , 2 , 3 , 4 ) ,

A =  . <i\ =  — A ; A  = , 92 = — A •

A straightforw ard application of G auss’ theorem  verifies the formal in te
gral identity

(2.1)

where

(2.2) Q — api +  2 bpx p2 +  cp\ +  2 d  (p2 p 3 —  P1P4) +  api +  2 bp% p± + cpt >

is a quadratic  form in p \  , p% y p% , p± , w ith coefficients
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in which the function t  =  t  (u\ , us , us , uf) is at our disposal and

,Uz) , /2  = / 2  (^2 , ^4),

are functions, either specified in advance arbitrarily , or related to the boundary 
problem  (I ') by  selecting

f i = f  (mi , us) , f 2 = f ( u 2 ,  uf).

T he identity  (2.1)1 is the source of our uniqueness theorem s. L et D denote 
the set of points of the four-dim ensional Euclidean space E4 upon which Q 
is positive definite. T he fu n c tio n s/1  ,/2  being given, D obviously depends 
on the choice of t . This function t should, of course, not be confused with 
the function t in troduced by  Levi-Civita and referred to in the introduction.

T he following theorem  illustrates the type of uniqueness theorem  we can 
expect.

THEOREM 2 . i .-— I f  w\ —u\ f -  tus ts a non-constant solution of the boundary 
problem

Au — o in S , un — h ( s ) f  (u , v) on C,

no other solution ws — us +  iu± exists fo r  which the integrals in  (2.1) exist and 
the manifold

M2: u\ — u i( x ,  y)  , us = .  m  ( x , y)  , us — us ( x , y)  , u± =  ua (x , y )  (x, y )  s S

lies in the set D of points of E4 in which Q is positive definite.
If  a second s o l u t io n ^  exists, both sides of (2.1) vanish. Since MseD,  

this implies pi  — ps =  ps =  p4 =  o and both wi  , ws would be constant, 
contrary  to hypothesis.

As an exam ple consider the identity  [4].

£ ( / !  +  >D +  4 o i  +  /DJ 1 /  2
dS, r, _  ffy_ /■/ _  3 

J  1 d u i y J 2~ d

which arises from  (2.1) when t  =  ( / l /h ) -1 ., Q .is positive definite in

D: / i  <  o , f s  > o

and the integrals in (2.1) exist provided f± =j= o , / 2 =[= o in S -f -C .
In  this w ay we obtain.
T h eo rem  2.2.'— I f  w± =u±-\-ius is a non-constant solution of the boundary 

problem

Au =  o in S , un =  h (s) f  (u , v) on C,

fo r  which f  (ui , us) =)= o , f r(ui , us) <  o hold in S +  C, no other solution 
w%. =  us +  im  exists fo r  which f  (u s , uf) =j= o , f ’fu s  , u f  >  o hold in S +  C*
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The requirem ent th a t M2 lie in D places restrictions on the uniqueness 
theorem  and one quite na tu ra lly  seeks to m ake these restrictions as light as 
possible by  appropriate choice oh t .

3. The quadratic form Q .— From  (2,3) Q changes its sign if t changes 
its sign. Consequently if Q is definite, one can assume it is positive definite 
w ith no loss in generality. T he m atrix  of Q has a curious property, for its 
rank  can be even bu t not odd. Q will be positive definite, as is well known [8], 
if the principal m inors in the leading positions are all positive. These tu rn  out 
to equal

a , ac —  b2 , a (ac -— b2 —- d2) , {ac •— b2 —  d2)2, 

and consequently Q will be positive definite, provided

(3.1) a >  o , A =  b2 +  d2 ■— ac <  o.

4. P artia l d if fe r e n t ia l in eq u alities.— From  (2^3) the two ine> 
qualities (3.1) represent partia l differential inequalities for t . L et us write 
the second in the form

(4.1) x 2 +  y 2 T- z1 <  ^2,

where, after referring to (2.3) we have put

(4.2) a = / i  tBi —  / 2 (A —  A ) t , y  . - / i  ■ « .t /s ': , , ,  -i~ C/i -r f t  ",
z  = / i  V  +  / 2 , r  = / i  — / 2 ..

Here, and throughout the paper we use the abbreviations

f i sIl
dui

f ’ =  9/ 2 A __ /  =  9/ 2
5 72  3«2 ’  J1 dm  ’  J2 dm

W hen the point y , z  is confined to the octagon

\x\ +  \y  \ -j~ \z  I p= r

it will, vertices excepted, lie in the spherical ball (4.1).
If  we select the face, x  y  z — r y. we are led, from (4.2), at once to 

the linear partia l differential equation of first order

(4- 3) A  +  A  +  A  *«, +  A  t*. 4- (A — A  + À  +  A)  * =  °  •

If  f  (u , v) is m ultiplicatively separable, i.e., if

/  j / , A  • ? f n  v Ov /1  =  ? >1;  ̂>-3 , A -  ? («2) .̂(«4).,

the m ethod of L agrange yields a solution

(4.4) T =  k —----- ?(U2) ,
' y 9 («i> 9 (m) 4 (U4) k =  const.,



456 Lincei -  Rend. Sc. fis. mat. e nat. -  Voi. XfH -  dicembre 1966

of (4.3). W ith this selection for t from (2.3) and (3.1) the inequalities (3.1) 
become

(4 .5 )  «  =  - — / 2 T  > 0  , A  = / 2 ( / 2 ----/ Ì ) t2 < 0 .

From  Theorem  2.1 we obtain 
Theorem 4.1.— I f  the boundary problem

A u =  o in S , un =  h (s) 9 (u) ij> (v) on C ,

has a solution u\ +  iu3 regular analytic in  S -f~ C, it cannot possess a second 
such solution u% +  iu± fo r  which the inequalities (4.5) hold in S and the integrals 
in (2.1) exist fo r  t  chosen as in  (4.4).

T his theorem  forms the starting  point for the treatm ent of the problem  
of Levi-C ivita in the next section.

5. The problem of Levi-Civita.-—This problem  comes w ithin the 
scope of Theorem  4.1, for by w riting the boundary  condition in (I) in the 
form

Qn =  pe~3x sin 0 P — const.,

the problem  is identified w ith (I7) by placing

u =  0 , 27 — t , h (s) =  p  ,

by taking S to be the interior of the un it circle p <  1 and C to be its boundary  
p =  1. On placing

(5 -0  f  — e~3v sm u , f i  =  e~3u* sin u\ , p2 =  e~3u* sin U2 , 

the solution (4.4) becomes

(5 .2 )  t — k \e 3(̂ 3+û  , X =  S|n- 2 ,J sm u\

from which it is easy to verify th a t

a — — kX2 e3u3 cos u\ , b =  kX e3u* cos ^2 , c — — ke3u4 cos U2 , d  — o ,

and th a t
A =  k2 X2 e6 u3 cos U2 (e3 Ua cos U2 — e3 Ui cos u\) .

T hus the inequalities (3.1) will be satisfied by choosing k <  o and requiring 
th a t

I . 7T , I I TC
U l \ < —  , \ U 2 \ <  —

1 2 1 1 2
(P> «4 ^3 «3 COS U2 

COS Ul

F urtherm ore the integrals in (2.1) will exist, provided X is regular in S +  C.
Introducing the directions 0i , 62 and the speeds of q± , q2 of the two 

flows by placing

(5-3) «1 =  01 , «2 =  02 , «3 =  lo g —- , «4 =  log >
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the inequalities become

(5-4) I 0i | <  — , | 02 I <  — , q%>q\ ——  •
\ 1 2  ’ 1 ' 2  5 ^ 2  -*1 COS U i

If  we take, q , 0 to be polar coordinates in a “ hodograph plane ” , the 
inequalities (5.4) attach  the shaded region in the figure below to the hodograph 
point (q1 , 0^, and the following theorem  becomes apparent.

Theorem 5.1.—I f  the problem of Levi-Civita has a solution co =  coi (Q 
no second solution co =  <02 (f) exists fo r  which the hodograph point (q2 , 62) 
always lies in the shaded region attached to the point (q± , in fig. 5 .1 by 
the inequalities (5.4), and the ratio X =  sin 02/sin 0i is regular.

Fig. 5.1.

T he solution (5.2) has the form

t  =  T  (u\ , ui) .

A ny function t  of this form  with f \  , f %  given by (5.1) renders d  —  o  in (3.1), 
as is readily  seen from  (2.3), and from [5, p. 10] we are led to take

1—1
(5-5) T  = COS 222---COS U \ X-1— X

sin ui sin 222 cos ui +  cos U2

A simple calculation based on (2.3) verifies tha t

(5-6 )
i I ---COS 22* COS 222 oa =  r\sin2 u\ 1 2 b sin 222 9 , sin ui t

r \  4----=----- r ‘1 sin 222 2
I  —  COS 221 COS U 2 9

C — --------; o----------  r9sin2 222 2

sm 221

d  ~  o

!)■
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or, if one desires to bring out the dependence on the ratio X =  sin «2/sin u\ , tha t
X2 +  cos2 m

(5-7) a = I +  COS Ul COS U2

Xc =

r\ , 2b =  —  ( X r f+ X - ir f ) ,  

d  — o .
+  COS Ul-----------------    y ~

I +  COS U\ COS ^2 2

where, in both cases, from  (5.3),

(5-8) =  , r l = e ^  =  (^-

U sing (5.6) we com pute A from (3.1) and (5.6) as

A — (r± cos2 — - ■— r 2 cos2 ~ s i n 2  -----r 2 sin 2

’ [(r i +  "̂2)2 — (r\ cos m  +  r 2 cos u \ f \  esc2 u\ esc2 U2, 

and consequently A <  o provided

Ul

(5-9)

or

cos —02 \ 4/3

COS 0i if 02<  0j[

. j h \ 4/3

< ( ^ 1 * * > * ■

T he inequalities (5.9) are portrayed by the shaded areas in fig. 5.2 below

Fig. 5.2.
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Given two flows

9 i =  9i (p » ^ ) > =  0* (p , <0 , (i — i , 2),

for which | 0i | -f- 1021 <  tu and X- 1 , X ~  sin 02/sin ©i are regular, it is clear 
from (5,5) and (5.7) th a t the integrals in (2.1) exist. Consequently since 
A < o  in the shaded region in Fig. 5.2 we have

THEOREM 5.2.— I f  the problem of Levi-Civita has a solution coi(Q =  © i+ z tl, 
no second solution 6)2(0 — 02 +  z t2 exists fo r  which the hodograph point (q2 , 62) 
always lies in the shaded region attached to the point (qx , 0X) in fig. (5.2) by the 
inequalities‘ (5.9) and fo r  which the ratios X” 1 , X =  sin 02/sin 0i are regular 
in I £ I ^  1 and |©i | +  |021 <  iz .
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