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Geometria. — A Helly-type Theorem for Polygons. Nota di
Doucras DERRY, presentata ” dal Socio B. SEGRE.

RIASSUNTO. — Dopo di avere richiamato la definizione ed alcune proprietd inerenti
all’ordine di un poligono chiuso di uno spazio proiettivo reale L,, si dimostra che, se
A1,As,---, A, sono m punti di L, in posizione generica, con 7 > 7 + 4, tali che z + 4
qualsivogliano (purché distinti) di essi siano vertici di un poligono d’ordine # di L,,
allora anche gli 7 punti Ay, As,---, A, risultano vertici di un poligono d’ordine 7.

1. INTRODUCTION.

A unique norm curve [1] exists which contains # + 3 points in general
position in real projective z-space L,. If these z -+ 3 points are the verti-
ces of a polygon inscribed in the norm curve then this polygon has order
n. Consequently any # -+ 3 points in general position in L., are the vertices
of a polygon of order # in L,. This result forms the background for the fol-
lowing theorem which answers a query posed by Prof. B. Griinbaum. If
A1, Ag, -+, A,,, m=n-+ 4, are points of L, in general position with the pro-
perty that any = -+ 4 of these points are the vertices of a polygon of order
in L, , then there is a polygon of order 7 in L, with the vertices A1 ,As, - -, A,,.
This result, analogous to Helly’s theorem for convex bodies, is the subject of
the present note. This is a best possible result for, if z-+4 were replaced by
7 + 3, the condition would place no restriction on the points as was seen
above. However the result would not necessarily be true as there are sets of
7 +4 points in L, which are not the vertices of any polygon of order 7 in L, [3].

Section 2 contains definitions and easily established results used in the proof.
In the following section it is shown that if a polygon of order # exists in L,
with the vertices A1, Az, -+, A,,, m=n+ 3, in general position in L, , then this
polygon is unique. This fact can be established by induction from the case
m = n +- 3 previously considered by the author [3]. However, partly to
make the present note self-contained, a complete and essentially different
proof of this polygon property is given. In the final section the previous
material is assembled to establish the theorem.

2. PRELIMINARIES.

2.1. The symbol [Q1,Qz,---], where Q1,Q2,--- are either points or’
‘'sets of points in L,,, denotes the linear subspace of L, spanned by Q1,Q2,- - -.

2.2. The symbol ©: A1 As---A,, denotes a closed polygon in L, with
the vertices A1, Ag,---, A,, in general position. The subscripts are compu-
ted modulo 7, e.g. Ay and Ay, represent the same vertex.

(*) Nella seduta del 12 novembre 1966.
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2.3. If, for a polygon w: A1 As-- A, in L, ,L, ; is a hyperplane in L,
such that A, €L,_;, 1< ¢ < m, then the maximum number of points of
L,—i N = for all such L,_; is défined to be the order of .

The number of points of L,_; N = is either even for all L,_; or odd for
all L,_;. Thus = is defined to be even or odd according as a hyperplane
L,1,A;¢L,_1, 1=<7=<m, exists for which L,_; N = is even or odd.

2.4. I A, 1A;A;1is an arc of a polygon w:A1As-- A, inL,,n>1,
m > 3,‘ let A;y1 A;—; be the line segment which closes A;_; A;A;; so that it
becomes an even triangle. The contraction of © with respect to the vertex A,
is defined to be the arc Ay Ajpe- - -Ai_14m of © closed by the segment A;
A;_1. A contraction is even or odd according as = itself is even or odd. The
order of a contraction of w is at most that of =.

2.5. IfA; 1A;A;11is an arc of a polygon m: A1 As---A,, inL,, > 1,
m = 3, let A;1A;—q be the line segment which closes A; ; A; A,y so that it
becomes an even triangle. A line L; for which A;eLiC[A, 1, A, Aiy],
LiN Ai1Ai_1 =@, is defined to be tangent of m with the point of contact A;.
It is convenient to represent such a tangent by the symbol L (A)).

2.6. If A, is any vertex of a polygon mw:A;As---A,, in L,,n > 1, the
projection from A; of the arc A;i1 Asye---A; 14, of 7 closed by that of the
set of all the tangents L (A;) defines a polygon in the projected space L,_;
which we shall call the projection of ® from A;.

2.7. Two polygons which have the same set of vertices Ay, Az, -+, A,,
in general position in L, , 7 > 1, coincide if they both have an arc A, Aj A,
in common and their projections from A; coincide.

2.8. A polygon m:A;As---A,, in L, for which 7 > » has at least
order z. Such a polygon with the minimum order ~ will be denoted by the
symbol =,.

2.9. If m >n + 1 it follows with the use of 2.4 that the contraction
of a polygon =, : A1 As---A,, with respect to any one of its vertices is also a
polygon of order # in L,.

2.10. If, for a polygon =,:A1As-- A, in L,, 7> 1,A;A; { denotes
the projection of the side A;A; 1y of &, ,i==7,7 4 1 ==, from the vertex
A; and Aj_y Ajiy that of the tangent set L (A;) together with the project-
ions of the points A;_y,A;;; then the projection of m, can be written as
A1 A3 Az Aj 1 Ajq---A,, in accordance with 2.6. This projection has
order # — 1 in the projected space and so can be written as m,—; [2].

201, Jf S s set of m distinct vertices Ay Ay -, A, of a polygon
7, A1As- A, in L, n>1, then sequences X1, Xo, -+, X, of points of m,
extst for which X; is a point of the side Ay Ay iy and X;— A, 1 =7=n,
with the property that A; €[X1,Xe, -+, X, 1 =7 < m, provided only that
X; be sufficiently close to Ay, , 1 =7 =n.
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Proof. The subscripts can be adjusted sothat 1 < p1< po <--- < p, <.

Let X; be an interior point of the side Ay A, 11 of , which approaches Ay,
1 =:<n As the vertices of w, are in general position Ay, Ay -, Ay
span a hyperplane which contains these vertices but no other vertex of .
As X; = Ay, 1 =7 =, it follows that [X;,Xa,---,X,] is a hyperplane
L,_; which also contains no vertex of =, which is not within S provided
only that X; is sufficiently close to A, 1 =7 <#x Suppose at least
one vertex of S is within IL,_;. In this case let Aﬁ/. be the vertex
of S with the maximum subscript in L, ;. As X;€L,_, [Ap; ) Apa] =
[A,, , X;,]CL,_1. Hence Aj, +1 €L,_1. Because of the adjustment of
the subscrlpts p;<p;+1=m. As A, was the point of S with the maxi-
mum subscript in L,,_4 A?jﬂ ¢S. This contradicts the fact that L,_; con-
tains no vertex of =, which is not within S. Hence the supposition that
L,_1 contain a vertex of S is false. Therefore A;¢L,_;, 1= ; < m, provided
only X, is sufficiently close to A, , 1 <7 = . The proof is now complete.

3. A UNIQUENESS PROPERTY FOR POLYGONS T, .

3.1. If A;, Aj are distinct vertices of a polygon w,:A1As---A,, in L,
n>1,m=n-+3, then, for a line segment A_,_A—] which is not a side of w,,
vertices Ay Ay, ooy Ay exist which span a hyperplane L, i for which
L..i0 A A F+=0, A;el,1,A;¢L, 4.

Proof. m, is the union of the two of its arcs with the endpoints A;, A
Let o be one of these arcs which contains at least three vertices. The sub-
scripts can be adjusted so that A;, A; become A;, A,, respectively, and «
has the form Aj As- - -A, in which case A A, A; becomes A A, and 2= 3. Let
B be the arc Az Azyr - Agam complementary to . As m=mn -+ 3 there are
at least # 4 1 vertices of =, different from A;,A,. Let Q be a set of »
distin¢t vertices of w, for which A; €¢Q, A; ¢Q and for which QN «
contains an even or odd number of vertices according as the polygon
obtained by closing « with the segment A; A, is odd or even. Suppose first
that B is a single side of m,. Hence it consists of AjA,=A;A,,. In this case
as a Ay A, is, by the hypothesis, not a side of =, it must be the complement
of the interior of A; A, in the projective line [A; , A,]. The order of =, is even
or odd according as 7 is even or odd. That of the polygon obtained by closing
o with the segment A; A, is therefore odd or even according as # is even or
odd. Hence, if Q is any set of # distinct vertices of =, different from A, , A,,
Q satisfies the above conditions. If B contains at least one vertex different
from A, , A, then # vertices can‘be chosen so that Q N « is even or odd. Hence
Q can be chosen to satisfy the above conditions in both cases. ,

Let Ay, , Ay, -+, Ay be the vertices of the set Q) and L,_y the hyperplane
spanned by them. By 2.11 sequences of points X; of =, exist for which
X;€ApAp1, X, Ay, 1=i=n, and A;¢[X1,Xs, -+, X,], 1 <= m,
provided only that X, is sufficiently close to A, ,1=<7=#x Now, as
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Aﬁtzlel,AI, == A; the interior of A, A1 s in o or B according as A,
itself is in o or B. Consequently, as X;€ Ay Ap i1, X, is in o or B according
as Ay, is in e or . As =, has order # it follows that [X1,Xs, -+, X,]O =,
is the set X1, Xz,---, X,. Moreover [Xi, Xa,-- -, X,]Na and QN « con-
tain the same number of points. But this number is odd or even according
as the polygon obtained by closing o with A; A, is even or odd. Therefore
the hyperplane [Xi, Xz, -, X,] must intersect this polygon in a point not
on « i.e. in a point of A; A;. Now if P be the intersection L,_;N[A1, A,], P
is a single point as A;€¢l, ;,A,el, ;. As X1, X2, -+, X,]>L,_; it
follows then that P € A; A, and the result is established.

3.2. If, for m = n+ 3,7, is a polygon with the vertices Ay, As ,- A,
in L,, then w, is z‘}ze only polygon of order n with these vertices.

Proof. The points Ay, Az,---, A, are in general position as they are
the vertices of a polygon w,. If =1 m, is the projective line and so is uni-
que. If, for » > 1,7, , 7, 9= n,, is a polygon of order » with the vertices
A1,As, -, A, then aside A, A, of m, exists which is not a side of =, . By
3.1, applied to =,, a hyperplane L, ; = [A,, A, , -, A, ] exists which
intersects A; A, and for which A,e¢L, {,A;el, ;. By 2.11, applied to
T,, sequences of points X, of =, exist for which X; Ay, 1 =7 =n, and

for which A; €[X1,Xsa, -+, X,], 1 </ < m, provided only that X, is suf-
ficiently close to Azﬁ,- y 1 =7=n_ Consequently, as [X;, Xa, -, X,] —
—[Ay , Ay e, Ap”] , [X1, X2,--+,X,] is a hyperplane which intersects

Ay Ay while A, A €[X;, Xy, -+, X,] provided only that X; is sufficiently
close to Ay, 1=7=n X;€[A,,A;],1=<i=n, provided only that X,
is sufﬁc1ent1y close to A,, for otherwise, as X, — Ay, this would imply that
Ap €A, A - Ap , Ay, A, are distinct as A.p €L, ; but A,, A, ¢L,_
Hence A;,As, .-, A,, would not be in general position contrary to the
hypothesis. Therefore [X1, X2, -+, X,] intersects 7, in 7= + 1 distinct
points, namely Xj,Xz,---, X, and an interior point of A, A, in contra-
diction to the order of w,. Hence no such polygon =, exists and the result
is established.

4. THE THEOREM.

If every n+ 4 points of a set of points Ay, A ,- -, A,, in general posi-
tion in L, ,m=n + 4, are the vertices of a polygon of order n in L, then the
points Ay, Ag - - y A, themselves are the vertices of a polygon of order n in L,.

Proof. We assume the result to be false and obtain a contradiction. It
is true in L as, in this case, the projective line is the required polygon. Con-
sequently if 7 is defined to be the least number for which the theorem is false
in L,, then » >1. For m = »n 4 4 the result is included in the hypothesis.

If 7 is defined to be the least number for which a set of points Ay, Ag,- -+, A,
exists in L., for which the theorem is false then 7 > % + 4.
Form so defined let A1, Ag,-- -, A, be a set of points in L, which satisfies

the hypothesis but for which no polygon of order 7 exists with these points
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as vertices. Any subset Ay, Az, -+, A;y,A;1, -+, A, of this set satisfies
the hypothesis as 2 — 1 = 7 4 4. Hence, by the definition of #, a polygon
, (¢) exists of order # in L., with the vertices A1, As, -+, Aj_1,Asp1, -, A,
1=7<m. If Ay, A3, --, A, be the projections of As, Az, .-, A,,, re-
spectively, from Aj in the projected space L,_1, then these points also satisfy the
hypothesis of the theorem in L,_;. Then—1 projected points are in general
position in L, _; otherwise the original points would not be in general position
in L,-m—1= (#—1) + 4 follows from the assumption that n >z 4 4.
Finally we check that any set Q of (#—1)+ 4=+ 3 points of
Ay, Ag,---, A, are the vertices of a polygon of order z—1 in L,_;. There
is, by the hypothesis, a polygon of order 7 the vertices of which are the 7 + 3
points of A1, Ag,---, A, which are projected into Q and the point A;. The
projection of such a polygon from its vertex A is, by 2.10, a polygon of order
n— 1 with the set of vertices Q. As the theorem is valid in L,_; because of
the definition of # we may now apply it to the set Ay, Az, -+, A,, and so
obtain the result that a polygon =, ; of order »— 1 exists with the vertices
Ay, Az, -, A,. From now onward we assume that the subscripts have been
adjusted so that w,_; can be written as Aj Asz---A,,.

Let =, (7,7) be the contraction of =, (¢) with respect to the vertex
A; A=A, . =, (,7) has order z by 2.9 as =, (/) has m — 1 vertices and
m—1>n -+ 1 follows from the assumption that »> % 4 4. Let m,_; (?)
be the contraction of m,_; with respect to A;,7==1, and =,_; (¢,) that of
7,—1 () with respect to Aj,7==1,A;==A;. Again by 2.9 these contractions
have order »—1 as, in the first case, 2 — 1 > (z— 1) 4+ 1 while in the
second m—2 > (n—1) + 1 because m >#n + 4. By 3.2 the polygons
n, (¢), ™, (Z,7) are the only polygons of order » with their respective vertices
as they both have at least 7 — 2 vertices and m — 2 = # -+ 3. The same
is true for the polygons m,_1(¢),m,—1(¢,s) of orderz —1 as both have at
least 7 — 3 vertices and m —3 = (#—1) 4+ 3. The projection of =, (2)
from Ay is, by 2.10, a polygon of order »— 1 with the same vertices as 7, _; @);
that of m, (2, /) is a polygon of order »— 1 with the same vertices as 7,1 (7 , 7).
Hence the projections of =, (7), =, (7,/) from A; are m,_q (7), m—1 (7, /),
respectively.

With the use of these results we show that a polygon =, (p) exists for
which 2 < p < and of which a segment A, ; A, is a side. It is sufficient
to construct such a polygon for which 2 < p< 7 because, from the assump-
tions 7> 1,m> n -+ 4, it follows that 7> 6. By the previous paragraph
the projection of =, (3,6) from Ay is the contraction m,_; (3.6): Ay Aj A5 A7- - A,
of m,—1. If the projection of the tangents L (A;) of m, (3.6) is not the interior
of A5 A7 let p = 6 otherwise let p = 3. Clearly these values of p satisfy the
inequalities 2< p<7. Again by the previous paragraph the projection of
n, (6) from A; is the contraction m,_; (6): Ag A3 A A5A;- A, of w,_;. It
follows from 2.10 that if As A7 is not a side of 7, (6) that AsA; Ay is an
arc of w, (6) which must then have the form As AgAsAs A Ay -A,,. Conse-
quently m, (6,3) becomes As AgA5 AjAq7---A,. But w,(6.3) and =, (3.6)
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coincide by 3.2 as the both have order 7 and the same 7 — 2 vertices because
m—2 =#n-+ 3. By 2.10 the projection of the tangents L (A;) of = (3.6)
is the side As Ay of m,_; (3.6) contrary to the choice of . Hence As Az is a
side of =, (6). In the second case a similar argument shows that Az Ay is a
side of =, (3). Thus the required polygon =, () has been constructed.

We may now construct a polygon 7 with vertices Ay, Az, - -, A,, which
will subsequently be shown to have order z. As 2<<p<wm ,A; is different
from each of the points A,_1,A,,Apr1. AsA1,Asz,---, A, are in general

position A1 €[A,_y,A,], A1€[A,,As41]. Hence we may defineA, 1A, , A A,
as the line segments the projections of which from A; are sides Ay 1A}, A3A,
of my—y. If Apiq---A1---Ayy is the arc of =, (p) complementary to its side
A1 Ay let © be the polygon obtained by closing this arc by the segments
Ap_1A,, AyAsrr. The projection of 7w from Ap is the arc Aj 1+ - - Al Ag- - - Ay
of m,_1 (p) closed by the segments Ay_; Ay , A, Apiq, i.e. m,_q itself. m,_1(p) is,
by its definition, the contraction of m,_; with respect to the vertex A,. There-
fore the side Aj_j Aj4q of m,—1 (p) and Ay Ay, Ay A}y form an even triangle.
But this triangle is the projection of the side A,_1 A1 of =, (p) together with
those of the sides A,_1 A, , A, Aypq of T As the projection of an odd triangle is
an odd triangle it follows that the three segments A, 1 As11, Ay 1A, , A A
form an even triangle. In other words the contraction of © with respect to its
vertex A, is =, (p).

Let = (£) denote the contraction of ® with respect to the vertex A,. If
A, A1 A, be the arc of ® which contains A; and its neighboring vertices we
show that if A, is different from each A,, A, , A1, A, that = (&) = =, (&).
To prove this it is sufficient, by 2.7, to show that the projections of = (£) and
w, (£) from Aj coincide and that A, A1 A, is an arc of both = (&) and =, (£).
To show that the projections from Ay of = (£) and =, (£) coincide we consider
the arc A, A, A, of = which contains A, and its neighboring vertices.
A,==A1,A,==A; for otherwise A; would be one of A, or A,. Therefore
the projection of A, A, A, from A; is the arc A, A; A; of the projection
m,—1 of m. Moreover if A, A  is the segment which closes A, A, A, so that it
becomes an even triangle the projection A, A; of this segment will close A, A} A;
so that it also becomes an even triangle. Hence the projection of the contract-
- ion m (&) is the contraction m,_q (£) which was proved above to be the pro-
jection of &, (£) from A;. It remains now to check that A, A; A, is an arc
of © (£) and of =, (£). A,A1A, is an arc of w (&) because of the definition
of a contraction and because A, is different from each of A, , A1, A,. Because
2< p<mand Ay y Ay A, 1 is an arc of =, it follows that A, == A, , A, 5= A,.
Hence A, A1 A, is an arc of ® (p). We proved in the previous paragraph
that = (p) = =, (). Hence A, A1 A, is an arc of &, (p) and also of =, (p, £)
as A, is different from each of A, , A1, A,. Butwx,(p, %) ==, (%, p) as both
polygons have order z and the same 7 — 2 vertices. This means that A, A1 A,
is an arc of the contraction =, (£, p) of «, (£). It follows, then, from the de-
finition of a contraction that either A, A1 A, is an arc of =, (&) or that =, (£)
contains an arc of the type A, A, A1 A, or A,A1A,A,. In the latter two

21. — RENDICONTI 1966, Vol. XLI, fasc. 5.
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cases the projection m,_; (&) of =, (£) would contain an arc A, Ay A,. This
would imply that no segment A, A, could be a side of w,_; (£) as this polygon
contains more than three sides for 7 —2=#» 4+ 3> 3. This is impossible
as A, A, is a side of ®,_1 (£). To see this we note, by 2.10, it is a side of the
projection w,_4 of m as the latter contains the arc A, A; A,. Consequently
A, A, is a side of the contraction m,—1 (#) of w,_; for Ak—-{:Au,Ak:sz
Therefore A, A1 A, is an arc of =, (£) and the proof that = (&) ==, (k) i
now complete.

To show that = has order # let M,_; be any hyperplane of L, for which
A€M, 1, 1=7=m. If M, intersects exactly one of the sides A, A,
Ay Auqy of m it will also intersect the segment A1 A,4y which closes the arc
Ay 1A;A, 41 so that it becomes an even triangle. Therefore in the case in which
M,,—; intersects neither side A, 1 A,,A A, or exactly one of them M,_; inter-
sects 7 and its contraction T, (p) in exactly the same number of points. As
7,(p) has order # this means that M,_; intersects 7 in at most » points. If M,,_;
intersects the arc A, 3 A, A, ;in two points then, as every other point of
M,_1N = is included in M,_1N =, (p) , M, intersects 7 in at most #z - 2 points.
As m has at least # + 5 sides, there exists, in this case, at least one side of « of
which A; is not an endpoint and which has no point in common with M,,_;.
Let A, be an endpoint of such a side which is not a vertex of the arc A, A1 A,
of m. M,_, intersects = and its contraction = (£) in the same number of points.
We have proved above that w(£) =, (#) provided that A,==A;,A,==A,,
A,==A,. Consequently M,,_; intersects w, (£) and so also = in at most 7 points.
Hence 7 has order . This contradicts the assumption that Aj, Az, -+, A,
were not the vertices of any polygon of order # and so completes the proof
of the theorem.
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