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Geometria. — A  Helly-type Theorem fo r  Polygons. Nota di 
D ouglas D erry , presentata (*} dal Socio B. S egre.

R iassunto. — Dopo di avere richiamato la definizione ed alcune proprietà inerenti 
all 'ordine di un poligono chiuso di uno spazio proiettivo reale h n , si dimostra che, se 
A i , A2 , • • •, A m sono m punti di Ln in posizione generica, con m >  n fi- 4, tali che n +  4 
qualsivogliano (purché distinti) di essi siano vertici di un poligono d ’ o r d i n e  ?zdi L^,  
allora anche gli m punti Ai , A2 , • • •, A m risultano vertici di un poligono d’ordine n.

1. Introduction.

A unique norm  curve [1] exists which contains n 3 points in generai 
position in real projective ^-space . If  these n  +  3 points are the verti
ces of a polygon inscribed in the norm  curve then this polygon has order 
n. C onsequently any n  +  3 points in general position in are the vertices 
of a polygon of order n  in L n . This result forms the background for the fol
lowing theorem  which answers a query posed by Prof. B. G runbaum . If  
Ai , A2 , • • •, A m , m  ^  n +  4, are points of L n in general position with the p ro
perty  th a t any n +  4 of these points are the vertices of a polygon of order n 
in L n , then there is a polygon of order n in L n w ith the vertices A i , A 2,• • • ,A m . 
This result, analogous to H elly ’s theorem  for convex bodies, is the subject of 
the present note. This is a best possible result for, if n-\-4 were replaced by 
n  -f- 3, the condition would place no restriction on the points as was seen 
above. H ow ever the result would not necessarily be true as there are sets of 
n + 4  points in L n which are not the vertices of any polygon of order n in L w [3].

Section 2 contains definitions and easily established results used in the proof. 
In  the following section it is shown th a t if a polygon of order n  exists in L n 
with the vertices AT, A2 , • • - , A m, m  ^  n +  3, in general position in L n , then this 
polygon is unique. This fact can be established by induction from the case 
m  =  n  +  3 previously considered by the author [3]. However, partly  to 
m ake the present note self-contained, a complete and essentially different 
proof of this polygon property  is given. In  the final section the previous 
m aterial is assembled to establish the theorem .

2. Preliminaries.

2.1. T he symbol [Qi , Q2 , • • • ], where Qi , Q2 , • * are either points or 
sets of points in L,n , denotes the linear subspace of L n spanned by Q i , Q2, • • •.

2.2. The sym bol tu : A i A2- • -A m denotes a closed polygon in L w with 
the vertices A i , A2 , • • •, A m in general position. The subscripts are com pu
ted modulo m ì e.g. Ai and A \+ m represent the same vertex.

(*) Nella seduta del 12 novembre 1966.
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2.3. If, for a polygon tz : A i A2* • A m in L„ , L«_x is a hyperplane in L n 
such th a t A,- € L w_x, 1 A i  A m ,  then the m axim um  num ber of points of 
L^_i n  tz for all such L n- i  is defined to be the order of iz.

T he num ber of points of L^_x D tz is either even for all L n-x  or odd for 
all L w_x. Thus 7r is defined to be even or odd according as a hyperplane 
L ?*_i , A ; e L w_i , 1 A i  A m ,  exists for which L„_x O tt is even or odd.

2.4. If  A/_x A,-A,-+1 is an arc of a polygon tz : A i A2- • -Am in L n , n >  1, 
m  >  3, let A /+1 A 2_x be the line segm ent which closes Aj-_x A t* A*+1 so th a t it 
becomes an even triangle. T he contraction of iz w ith respect to the vertex A . 
is defined to be the arc A,*+1 A,-+2* * -A*_x+m of tz closed by the segm ent A,*+1 
A,-_x • A contraction is even or odd according as tz itself is even or odd. The 
order of a contraction of tz is at m ost th a t of tz.

2.5. If  A 2_x A* A,*+x is an arc of a polygon 7r : Ax A2- • •A m in L n , n >  1, 
m A  3, let A*-+1A z\_x be the line segm ent which closes A,_x A,-A,-+1 so th a t it 
becomes an even triangle. A  line Lx for which A,* G Li Q [A,-_x, A,-, A,-+1], 
Lx O A,-+1 A,-_x is defined to be tangent of tz w ith the point of contact A ,. 
It is convenient to represent such a tangent by the symbol L  (A,-).

2.6. I f  A,- is any vertex of a polygon tz : Ax A2- • -A m in L n , n >  1, the 
projection from A { of the arc-A t-+1 A,-+2* * - A ^ 1+m of tz closed by th a t of the 
set of all the tangents L  (A,-) defines a polygon in the projected space L„_x 
which we shall call the projection of tz from A,-.

2.7. Two polygons which have the same set of vertices Ax , A2 , • • •, A nl 
in general position in L n , n  >  1, coincide if they both have an arc A u Ax A v 
in common and their projections from Ax coincide.

2.8. A  polygon 7 t : AxA2-**Aw in for which m ~ > n  has at least 
order n. Such a polygon w ith the m inim um  order n will be denoted by the 
sym bol tzu .

2.9. If  m  >  n +  1 it follows w ith the use of 2.4 th a t the contraction 
of a polygon tzh \A \A%  - • -A m w ith respect to any one of its vertices is also a 
polygon of order n  in h n .

2.10. If, for a polygon 7rw : Ax A 2- • -A m in L„ , n >  1 -, A'-A/+1 denotes 
the projection of the side A,-A*-+1 of Tzn , i=\=j , i  +  1 =f- j ,  from the vertex 
Ay and A}_x Ay+x th a t of the tangen t set L  (Ay) together with the pro ject
ions of the points Ay_x , Ay+x then the projection of tzu can be w ritten as 
Ax A 2 A ^ -• • Ay_x Ay+1'- • -A^ .irl accordance with 2.6. This projection has 
order n —  1 in the projected space and so can be w ritten as tzk- i  [2].

2.11. I f  S is set o f n distinct vertices A Pl , Aa  , • • •, A ^  of a polygon 
tzh : Ax A2 • • - A m in  h n , n  >  1, then sequences Xx , X2 , • • •, Xw of points o f Tzn 
exist fo r  which  X,- is a p o in t o f the side A p. A P{+i and  X z- A p. , 1 A i  A n ,  
w ith  the property that Ay € [Xx , X2 , • • •, X n\ , 1 A  j  A  m, provided only that 
X z- be sufficiently close to A P{, 1 A i  A n .
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Proof. The subscripts can be adjusted so th a t 1 p i  <  pz <  • • • <  p n <  m. 
L et X,. be an interior point of the side A^. A^.+1 of which approaches A p., 
1 <^n. As the vertices of izn are in general position A Px , Aa  , - - - , A p

span a hyperplane which contains these vertices but no other vertex of izn . 
As X; -> A p. , 1 ^  i  ^ n ,  it follows th a t [Xi , X2 , • • •, X n] is a hyperplane 
L w h i c h  also contains no vertex o f tu„ which is not w ithin S provided 
only th a t X,- is sufficiently close to A p. f 1 i <L n. Suppose at least 
one vertex of S is w ithin h n- i  - In  this case let A*. be the vertex 
of S w ith the m axim um  subscript in L w_ i . As Xy € , [Ap ., A^.+1] =
=  [Apj , Xy] C L ^ _ i. Hence Ap^.+i e L w_ x. Because of the ad justm ent of 
the subscripts p j <  p j 1 m. As A Pj was the point of S w ith the m axi
m um  subscript in A^.+i € S. This contradicts the fact th a t con
tains no vertex of which is not w ithin S. Hence the supposition th a t 
L„_i contain a vertex of S is false. Therefore Ay € provided
only X,- is sufficiently close to A^. , 1 ^  i  <  n. T he proof is now complete.

3. A  UNIQUENESS PROPERTY FOR POLYGONS n n .

3.1. I f  A i , Ay are distinct vertices o f a polygon Ttn \ A\A% - - -A m in L n, 
n >  1 , n .+  3, then, fo r  a line segment A,- Ay which is not a side o f izn ,
vertices A Px , Aa  , • • - , A Pn exist which span a hyper plane L w_ x fo r  which 
L«—1 O A 2 Ay -A-,- € L^_x , Ay € L^_x.

Proof. 7in is the union of the two of its arcs w ith the endpoints A,- , Ay. 
L et a be one of these arcs which contains at least three vertices. The sub
scripts can be adjusted  so th a t A - , A j  become A X,A^,  respectively, and a 
has the form  A x A2- • -A k in which case A , A - becomes a x A k and k  ^  3. Let 
ft be the arc A* A ^+ r • -Ax+^ com plem entary to a. As w ^ % + 3  there are 
at least n  +  1 vertices of izn different from A x , A k . L et Q be a set of n 
distinòt vertices of izn for which A x € Q , A^ € Q and for which Q D a 
contains an even or odd num ber of vertices according as the polygon 
obtained by closing a w ith the segment A x A^ is odd or even. Suppose first 
th a t ft is a single side of nn . Hence it consists of A ± A k =  A 1A m. In  this case 
as a A x A k is, by  the hypothesis, not a side of izn it m ust be the com plem ent 
of the interior of A x A k in the projective line [Ax , A^]. The order of izn is even 
or odd according as n is even or odd. T hat of the polygon obtained by closing 
oc with the segm ent A x A k is therefore odd or even according as n is even or 
odd. Hence, if O is any  set of n distinct vertices of izn different from A x , A^, 
Q satisfies the above conditions. If  ft contains at least one vertex different 
from A x , A k then n vertices can 'be chosen so th a t Q f i a i s  even or odd. Hence 
O can be chosen to satisfy the above conditions in both cases.

Let A Px , Aa  , • • •, APn be the vertices of the set O and L„_x the hyperplane 
spanned by them . By 2.11 sequences of points X,- of izn exist for which 
X; e Ap. Api+i , X t -> A Pi , 1 ^  i n, and Ay € [Xx , X2 , • • •, X „ ], 1 ^ j ^ m ,  
provided only th a t X* is sufficiently close to A p. , 1 ^  i n. Now, as
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A^. 4 = Al , A^. 4 = t he interior of A^A^.+x is in a or p according as A p. 
itself is in oc or (3. Consequently, as X,-€ A^.A^ +i , X z- is in oc or p according 
as Ap. is in oc or (3. As izn has order n  it follows th a t [Xi , X2 , ••, X w] O 
is the set Xi , X2 , • • •, X * . M oreover [Xx , X2 , • • •, X J  D oc and Q f i a  con
tain  the sam e num ber of points. But this num ber is odd or even according 
as the polygon obtained by closing oc with A ± A k is even or odd. Therefore 
the hyperplane [Xi , X 2 , • •, X„] m ust intersect this polygon in a point not 
on oc i.e. in a point of A 1 A k . Now if P be the intersection L n_ iO  [A i, A J , P 
is a single point as A iJ fL ,- !  , A^ € L n^  . As [Xr , X 2 , • • •, X J  -> L l#_ 1 it 
follows then th a t P e A ± A k and the result is established.

3-2- If* .for m  A  n +  3 , rcn Is a polygon w ith the vertices A \  , A 2 , • • •, A m 
tn  , then izn ts the only polygon o f order n zvith these vertices.

Proof. The points Ai , A2 , • • •, A m are in general position as they  are 
the vertices of a polygon izn . If  n  =  1 7^ is the projective line and so is uni
que. If, for n  >  1 , iz'n , izn =j= nn , is a polygon of order n w ith the vertices 
A i , A 2 , • • •, A m then a side A h A k of izn exists which is not a side of izn . By 
3.1, applied to izn , a hyperplane L w_ x =  [A^ , Ap2 , • • - , A ^J exists which 
intersects A^ A^ and for which A^ € L*_i , A k € . By 2.11, applied to
7TW, sequences of points X; of izn exist for which X* -> A P. , 1 A  i A  n, and 
for which Ay € [Xi , X2 , • • •, X n] , \ A  j  A m ,  provided only th a t X,- is suf
ficiently close to Ap. , 1 A i  A n .  Consequently, as [Xi , X2 , • • •, X n] 
Z fj f fp i  , Aa  , • • •, A p J  , [Xi , X 2 , • • •, X n] is a hyperplane which intersects 
A u A^ while A k , A k & [Xx , X 2 , • • - , X J  provided only th a t X 2 is sufficiently 
close to Ap. , 1 A  i  A  n. X,- € [Ah , A k] , 1 A  i A  n, provided only th a t X* 
is sufficiently close to A p. for otherwise, as X f- -> A p., this would im ply th a t 
Ap. € [Ah , A k] • A p . , A h , A k are distinct as A p. e L^_x but A h , A k <£ L w_x . 
H ence A i , A2 , • • •, A m would not be in general position contrary  to the 
hypothesis. Therefore [Xi , X 2 , • • •, X„] intersects n'n in n +  1 distinct 
points, nam ely X i , X 2 , • • •, X„ and an interior point of A h A k in contra
diction to the order of izn. Hence no such polygon izn exists and the result 
is established.

4. The theorem.

I f  every n  +  4 points o f a set o f points A \  , A 2 , • • •, A m in general posi
tion in  L n , m ^  n - f  4, are the vertices o f a polygon o f order n in  L n , then the 
points A i , A2 , • * •, A m themselves are the vertices o f a polygon o f order n in L n .

Proof. W e assum e the result to be false and obtain a contradiction. It 
is true in L x as, in this case, the projective line is the required polygon. Con
sequently if n  is defined to be the least num ber for which the theorem  is false 
in L w, then n >1. For m  — n  +  4 the result is included in the hypothesis. 
If  m  is defined to be the least num ber for which a set of points Ax , A 2 , • • •, A m 
exists in for which the theorem  is false then m  >  n +  4.

For w  so defined let A i , A 2 , • • •, A m be a set of points in L n which satisfies 
the hypothesis bu t for which no polygon of order n  exists w ith these points
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as vertices. A ny subset Ai , A2 , • • •, A*-.! , A m  , • • •, A m of this set satisfies 
the hypothesis as m -— 1 ^  n  +  4. Hence, by the definition of m y a polygon 
izn (i) exists of order n in L n w ith the vertices A i , A2 , • • •, A ,_ ! , A,-+i , • • •, A m ,
1 z <Lzn. If  A2 , A3 , • • •, K m be the projections of A2 , A3 , • • •, A m, re
spectively, from A i in the projected space L n- i , then these points also satisfy the 
hypothesis of the theorem  in "Ln- \ . The m —-1 projected points are ingenerai 
position in L^_i otherwise the original points would not be in general position 
in L n'n t '— 1 2̂  (n -— 1) +  4 follows from the assum ption th a t m >  n 4. 
F inally  we check th a t any set Q of (n •— 1) +  4 =  n +  3 points of 
A2 , A3 , • • •, K m are the vertices of a polygon of order n —  1 in L n- X ■ There 
is, by the hypothesis, a polygon of order n the vertices of which are the n +  3 
points of A i, A2,* • -, A m which are projected into Q and the point A i . The 
projection of such a polygon from its vertex Ai is, by 2.10, a polygon of order 
n  —  1 with the set of vertices Q. As the theorem  is valid in because of 
the definition of n  we m ay now apply it to the set A2 , A3 , • • •, K m and so 
obtain the result th a t a polygon of order n — 1 exists with the vertices 
À2 , A3 , • • •, K m. From  now onward we assume th a t the subscripts have been 
adjusted so th a t n n- \  can be w ritten as A2 A^- • -A m.

L et rcn ( z , j )  be the contraction of 7rn (i) w ith respect to the vertex 
Ay , A,-^= A,- . 7in (i , j )  has order n by 2.9 as izn (i) has m  ■— 1 vertices and 
m  — 1 >  n +  1 follows from the assum ption th a t m >  n  +  4. L et itn- \  (i) 
be the contraction of with respect to A '-, i =j= 1, and izn- \  (i , j )  th a t of
7Tw_i (V) w ith respect to A} , j= J= 1 , A' =)= A}. A gain by 2.9 these contractions 
have order n <— 1 as, in the first case, m •— 1 >  (n ■— 1) -fi- 1 while in the 
second m  ■— 2 >  (n —  0  +  1 because m >  n +  4. By 3.2 the polygons 
nn (0  » Tzn (? yj) are the  only polygons of order n w ith their respective vertices 
as they  both have at least m  ■— 2 vertices and m  ■— 2 n  +  3. The same 
is true for the polygons (i) , nn- i  (i , j )  o f o rd e rs  —  1 as both have at 
least m ■— 3 vertices and m  —  3 A (n ■— 1) +  3. The projection of tun (i) 
from Ai is, by 2.10, a polygon of order n — 1 with the same vertices as izn^ i  (i)\ 
t]iat of tĉ  (z ,y) is a polygon of order n — 1 with the same vertices as nn- 1 (i , j ) .  
Hence the projections of n n (i) , izn (i J )  from A i are (i) , (i , j ) ,  
respectively.

W ith the use of these results we show th a t a polygon tc„ (j>) exists for 
which 2 <  p  <  m  and of which a segm ent A^_i A p+1 is a side. It is sufficient 
to' construct such a polygon for which 2 < p < y  because, from the assum p
tions 1 , m  >  n -f- 4, it follows th a t m~> 6. By the previous paragraph  
the projection of izn (3,6) from  A i is the contraction 7v_i (3.6): A2 A i A5 A7 • • • A m 
of Tcn—i . I f  the projection of the tangents L  (Ai) of 7r„ (3.6) is not the interior 
o f A5 A7 let p  — 6 otherwise let p  =  3. Clearly these values of p  satisfy the 
inequalities 2 < p < y .  Agairt by the previous paragraph  the projection of 
7U* (6). ifrom A i is the contraction 7u^_1 (6): A'2 A3 A i A 5 A 7- • -A m of 7iw_ i . It 
follows from 2.10 th a t if A 5 A? is not a side of 7^ (6) th a t A5 A i A 7 is an 
arc of 7t;„ (6) which m ust then have the form A 2 A3A4A5 A i A? • • -A m. Conse
quently  n n (6,s) becomes A2 A 4 A 5 Ai A 7 • • -A m . But izn (6.3) and ^ ( 3 .6 )
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coincide by  3.2 as the both have order n  and the same m  •— 2 vertices because 
m —  2 ^  n  +  3. By 2.10 the projection of the tangents L (Ai) of tu (3.6) 
is the side A5A7 of 7t^_x (3.6) contrary  to the choice of p. Hence A5 A7 is a 
side of izn (6). In  the second case a sim ilar argum ent shows th a t A2 A4 is a 
side of 7in (3). T hus the required  polygon izn (p) has been constructed.

W e m ay  now construct a polygon tz w ith vertices Ax. , A2 , • • •, A m which 
will subsequently  be shown to have order n. As 2 < ^ < w , A i  is different 
from  each of the points A^_x , A p , A p+\ . As A i , A2 , • • •, A m are in general 
position A iM[A^_i , A^] , A±G[Ap , A/+1]. Hence we m ay define A^-xA^ , A^A^+x 
as the line segm ents the projections of which from Ai are sides A^_iA^ ,K pK p+i 
of TXu-i. If  A^+1* • - Ai* • ‘A p - i  is the arc of izn (J>) com plem entary to its side 
A p ^i A p+i let tz be the polygon obtained by closing this arc by the segments 
A p -i A p , A^ A^+i . T he projection of 7u from Ai is the arc A^+x • • • A ^ A2 • • • A^-x 
of 7T„_x (p) closed by the segments Aj*_x A'p , K p A'p+i > i-e - 1 itself. Tzn- i  (p) is, 
by its definition, the contraction of 7u„_x with respect to the vertex A p . T here
fore the side Aj»_x Aj*+x of nn- i  (p) and Aj*_x A'p , A ’p A p+i form an even triangle. 
B ut this triangle is the projection of the side A^_x A^+x of izn (p) together with 
those of the sides A^_x A p , A p A p+i of tz. As the projection of an odd triangle is 
an odd triangle it follows th a t the three segments A^_x A^+1 , A^_x A p , A p A^+1 
form an even triangle. In  other words the contraction of tz w ith respect to its 
vertex A p is

L et tz (k) denote the contraction of tz w ith respect to the vertex A k . I f  
A UA \ A V be the arc of tz which contains Ax and its neighboring vertices we 
show th a t if A^ is different from  each A p , A u , Ax , A v th a t tz (k) — tzh (k). 
To prove this it is sufficient, by  2.7, to show th a t the projections of tz (k) and 
tzh (k) from  Ax coincide and th a t A u A \ A V is an arc of both tz (k) and Tzn (k). 
To show th a t the projections from  Ax of tz (k ) and tzh (k) coincide we consider 
the arc A r A k A s of tz  which contains A k and its neighboring vertices. 
A r =±J= Ax , A, =j= Ax for otherwise A^ would be one of A^ or A p. Therefore 
the projection of Ar A ^A S from  Ax is the arc . K r A'k A's of the projection 
t t w_ x  of tz. M oreover if A r A s is the segm ent which closes A r A k A s so th a t it 
becomes an even triangle the projection A^ A* of this segm ent will close A^A^A* 
so th a t it also becomes an even triangle. Hence the projection of the contract
ion tz (&). is the contraction nn- i ( k )  which was proved above to be the p ro 
jection of .tzh (k) from  Ax. I t rem ains now to check th a t A wAx A^ is an arc 
of tz (k) and of tzh (k). A u A i A v is an arc of tz (k) because of the definition 
of a contraction and because A k is different from each of A u , A i , A v. Because 
2 <  p  <  m  and A^-x A p A p+i is an arc of tz, it follows th a t A u =j= A^ , A*, =}= A p . 
Hence A uA x A v is an arc of tz (p). W e proved in the previous paragraph  
th a t tz (p) — TZn (p ). Hence A UA \ A V is an arc of tzh (p) and also of tz„ (p , k ) 
as A k is different from  each of A u ,A \  , A V. But Tzn (J> , k) — tzh (k , p ) as both 
polygons ha^e order n  and the sam e m  — 2 vertices. This m eans th a t A u A i A v 
is an arc of the contraction tzh (k , p)  of Tzn (k). It follows, then, from  the de
finition of a contraction th a t either A u Ax A^ is an arc of tzh (k) or th a t tz„ (k) 
contains an arc of the type A mA ^ A i A & or A^Ax.A^Ag,. In  the latter two

21. -  RENDICONTI 1966, Voi. XLI, fase. 5 .
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cases the projection - 7cn- i  (k) of izn (k) would contain an arc A'u A p A v . This 
would im ply th a t no segm ent A'u A v could be a side of tuw_] (k) as this polygon 
contains m ore than  three sides for m —-2 ^  n 3 >  3. This is impossible 
as A UA'V is a side of izn- i  (k). To see this we note, by  2.10, it is a side of the 
projection izn_x of 7t as the latter contains the arc A i A v . Consequently 
A UA V is a side of the contraction izn- i  (k) of izn- i  for A^ =f= A M , =j= A^..
Therefore A u A i A v is an arc of (k ) and the proof th a t tz (k) =  tzh (k) is
now complete.

To show th a t tu has order n let M n_1 be any hyperplane of L n for which 
A,-6Mb_i , If  M w_i intersects exactly one of the sides A p - iA p ,
A p Ap+i of 7i it will also intersect the segment A ^-i A^+1 which closes the arc 
A p -i A p A p+i so th a t it becomes an even triangle. Therefore in the case in which 
M w_! intersects neither side A p - iA p , A pA p+i or exactly one of them  M*_i in ter
sects tz and its contraction tun ( p )  in exactly the same num ber of points. As 
7un(p )  has order n  this m eans th a t M n- i  intersects tz in at m ost n  points. If  
intersects the arc A^_i A p A^+i in two points then, as every other point of 

is included in M w_in7uw(j>) ,M„_i  intersects tz in at m ost n  +  2 points. 
As tu has at least n +  5 sides, there exists, in this case, at least one side of tu of 
which A i is not an endpoint and which has no point in common with M w_i .  
L et A h be an endpoint of such a side which is not a vertex of the arc A UA \ A V 
of tu. M ^_i intersects tu and its contraction tz (k)  in the sam e num ber of points. 
W e have proved above th a t tu (k) =  rzn (k)  provided th a t A^ =j= A i , A k =J= A u, 
A ^ ^ A ^ . Consequently intersects izn (k) and so also tu in at m ost n  points.
Hence tz has order n. This contradicts the assum ption th a t A i , A2 , • • •, A m 
were not the vertices of any  polygon of order n and so completes the proof 
of the theorem .
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