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Fisica. — On the range straggling of ultra-relativistic muons(*\ 
Nota (*#) di C arlo C astagnoli, P io P icchi, R enato S crimaglio 
e G iu se pp e  V e r r i , presentata dal Socio G. W a ta g h in .

R iassunto. — Si calcolano le fluttuazioni del percorso di muoni ultrarelativistici tenendo 
conto anche delle interazioni nucleari.

Dopo aver discusso brevem ente i processi principali della perdita di energia a seconda 
del loro carattere fluttuante o no, si calcola con un M ontecarlo la probabilità di sopravvivenza 
P (R, E) di un muone di energia iniziale E alla profondità R. Si segue il com portam ento di 
12.000 mesoni fino alla profondità massim a di io4 m etri di H2O equivalente.

Infine si calcola il rapporto tra  le intensità integrali verticali dei muoni sottoroccia 
tenendo conto o meno delle fluttuazioni.

I risultati sulle intensità sono confrontati in fìg. 5 con quelli di altri A utori ottenuti con 
metodi analitici o num erici e con differenti approssimazioni fisiche. Le differenze che si osser­
vano risultano abbastanza consistenti da dare sensibili effetti sulle abituali deduzioni dello 
spettro muonico alle alte energie dalle curve intensità-profondità.

Si dànno infine in fig. 6 le relazioni percorso-energia per muoni tenendo conto oppure 
no delle fluttuazioni: queste ultim e abbassano sensibilmente il range-m edio.

i . — I n t r o d u c t i o n .

M any authors [1, 7] have recently dealt with the problem  of the range 
straggling of u ltra-relativ istic m uons of cosmic rays in connection w ith the 
last sets of m easures m ade at g reat depths underground [7, 8]. These calcu­
lations have been carried out with analytical m ethods, num erical m ethods 
and w ith M onte Carlo m ethods, reaching quite different results, also for the 
introduction of several physical approxim ations. The m ost serious of them  
seem to be: 1) to neglect the nuclear interactions of muons [4, 5, 6, 7]; 2) to 
assum e a complete screening in the calculation of brem sstrahlung and pair 
production; 3) a different subdivision between either processes w ith or wi­
thou t straggling; 4) when using the M onte Carlo m ethod, a different degree 
of accuracy in the physical sim ulation of the problem .

In  connection w ith a preceding work [9] in this note we shall deal with 
the straggling problem  w ithout any of these lim itations and paying p a rti­
cular attention to the energy-losses due to nuclear effects.

2 .— F u n d a m e n t a l  p r o c e s s e s .

The energy loss (dEjdx)  of m uons m ay occur through:
a) processes w ithout straggling, th a t is continuous ones, where the tran s­

ferred energy E ' is always a small fraction of the particle energy (ioni­
zation, pair production);

(*) G ruppo di Fisica Cosmica del C .N .R ., Sezione di Torino e Laboratori Nazionali di 
Frascati del C .N .E.N .

(**•). Pervenuta all’A ccadem ia il 12 luglio 1966.
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b) processes w ith straggling, th a t is discontinuous ones, where the p a r­
ticles lose a g reat fraction of their energies in each single interaction (bremss- 
trahlung, nuclear effects). W e assum e the straggling of pair production less

than  th a t of brem sstrahlung because over a wide range of transferred  energy 
and in conditions of complete screening the respective cross section can be 
expressed by

* p.p. (E , v) dv/JL vz ; ^brem. (E , v) dv ~  dv\v

where v =  E '/E . M oreover an accurate calculation has shown th a t for 
E^ ^  3°  GeV the ratio  of crp.p. for energy transfers of 75 MeV and 750 
MeV is abopt 20.

W hen integrating over (dKjdx)tot to compute [9] the range-energy 
relation R (E), m ean values are im plicitely assumed to m ake sense even for 
the straggling processes. B ut this is not correct at g reat depths (of the 
order of 1 shower un it >  500 GeV =  4000 m. H2O e.).
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W e shall use for the cross section of processes such as ionization, bremss- 
trah lung  and pair production, the expressions already discussed in previous 
works [9, 10] of ours.

For nuclear energy losses we showed in a previous work [11] how the 
differential cross section for inelastic interactions can be correctly w ritten as

( 0  cTj, (E , s , t )/dz dT =  N (E , s , t )  crY (e) [A/A - f  r ]2

where N (E , s , t) is the equivalent photon spectrum  evaluated by Kessler; 
<7y (e) is the cross section for photoproduction by real photons, and the squared

MUON INITIAL ENERGY (GeV]
Fig. 2.

term  is a factor of electrom agnetic structure of H ofstadter type. W e showed 
the good agreem ent of expression (1) with the available data  w ith A =  0.365 
and Gy(= 3.7 X io -28 cm2/nucleon as determ ined experim entally by Castagnoli 
et al. [12] through m easures on photostars.

T he value of d E /d x  we com puted for the four processes of collision, 
brem sstrah lung , pair production and nuclear interaction and the to tal loss 
d E /d x  is shown in fig. 1,
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It is easily seen how (dE/dx)nuci tu rns out to be actually  the same as 
(dE/dx)p.p, and about the half of (dE/dx)hrem. .

Thus, it is not justified in the evaluation of the straggling to take into 
account only this last process and to neglect the nuclear one, as some authors do. 

Let

(2 ) j  (E) d E  =  kj  E -  (Y+D d E

be the differential energy spectrum  of m uons at s.L

Fig. 3.

D ealing w ith the energy losses as continuous ones, th a t is neglecting the 
straggling, each range R  is coupled in the relation R (E ) with an energy E 0 
for which the integral underground in tensity  in the vertical direction at depth 
Ro is given t)y

00

Ì (Ro) =  [ j  (E) d E  ,
È»

(3)
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If, on the contrary, we deal with the losses as discontinuous ones and 
call P (R, E) the probability  of survival of a particle at depth  R, the intensity  
at depth  R 0 will be:

00

(4) I (Ro) =  J~j (E) <a?E P (R 0 , E)
^min

where E min is the energy loss due only to the continuous processes by a particle 
which survives just up to depth R 0 .

T he purpose of our work is to evaluate the ratio

(5) 1 I(R o )/I(R „).

Therefore we shall com pute with the M ontecarlo m ethod the probability  
of survival P (R , E).
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3-— C a l c u l a t i o n  o f  P  (R  , E )  w i t h  t h e  M o n t e c a r l o  m e t h o d .

T he com puter sim ulates m athem atically  the passage of m uons th rough 
the rocks. T he chosen depth un it is AR =  25 m.w.e. Given a m uon of 
initial energy , its energy loss is com puted altogether for the continuous 
processes previously defined and for the discontinuous ones.

We have; a discontinuous event in th e jlay er AR^ (the nth layer beginning 
from the oné where the last discontinuous event occurred) as soon as the 
following condition is satisfied:

(6) ■* [Pi (Ei) +  • • • +  P, (E,) +  • • • +  P, (E.)] >  In i jr
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where r  is a decim al num ber chosen a t random  uniform ly am ong o - • • i by 
the com puter; P; (E*-) is the probability  of a discontinuous event in the layer 
AR,-; E ~ E i _ x ,  E,-_x being the energy loss due to the continuous processes in R,-. 

T he discontinuous event is due to brem sstrahlung if:
n

£  Pi (Ed

(7) V 1---------->
£  P,-(Ef)

r=1

and is due to a nuclear in teraction in the opposite case.
In  eq. (7) r* is a new num ber draw n at random  uniform ly am ong o and 

1 and the apex stands for the probability  of energy losses for brem sstrahlung 
in AR,-. T he energy lost by a m uon in a discontinuous event is:

E' E0j P (E , v) d E =  r  j P (E , v) dv 
Ò 0

where P (E, v) is the probability  for a m uon of energy E of losing the energy 
fraction v in a discontinuous event. The initial m uon is followed up to when 
its energy becomes & 1 GeV. In  this w ay we followed the behaviour of 12,000 
m uons (nam ely 2000 m uons for each energy E ,̂ =  io 5 , io 6 , 5X io6, io 7, 
5X1 0 7 , io 8MeV) down to a m axim um  depth of 10,000 m.w.e.

4 .— R e s u l t s  a n d  c o n c l u s i o n s .

T he results obtained in such a w ay for the probability  P (R, E) are 
shown in fig. 2 for different values of E^ =  io5, io 6, 5X io 6, io 7, 5X io7, 
io 8MeV. In  fig. 3, for a depth of 5000 m.w.e., our curve is directly  com ­
pared w ith the ones obtained by  other authors w ith the different approx im a­
tions and  calculation m ethods sum m arized in T able I.

T a b l e  I.

A uthors M ethod Z A Radiation N uclear p.p. T otal

N ishim ura[4] A nalytical 12.9 26.1 2.2- 10—6 E _ 1.70* 10—6 E 3.9-10—6 E

H ay m an [3] Montecarlo. 11 22 (1) 1.05 • 10—6 E 0.5 • 10—6 E 0.75 • 10—6 E 2.3 • 10—6 E

(2) 1.8-10— 6 E 1.7-10—6 E 1.6-10—6 E 5.1 • 10—6 E

O da [6] Num erical 12.9 26.9 2-10—6 E — 1.78-10—6 E 3.78-10—6 E

Present work M onte Carlo 12 24 1.84-10—6 E form. [1] 0.99-10—6 E —
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T he evaluation whose foundation m ost approaches ours is the one carried 
out by  H aym an  et al. [3] who m ake use of a M ontecarlo m ethod and 
take account of nuclear energy losses. The difference from our results is 
due: 1) to a different estim ate of (dEjdx)nnc\, ; 2) to a different sim ulating
m ethod.

W ith our P (R , E) and equations (2), (3) we obtained for the ratio 
I (R q)/I  (Ro) the values shown in fig. 4 for different values of y. In  fig. 5 
we plot for a direct com parison the results obtained by  the other authors for 
y =  2 and y =  3.

As m ay be seen, there are sensible differences between our results and 
the ones obtained by  other authors. T hey  can influence the usual deduc­
tion of the energy spectrum  of m uons which has the intensity-depth curves 
as starting  point.

F inally  in fig. 6 we report the results on R  (E) obtained by inserting 
the value of (dEJdx) from fig. (1) in:

R (E) =  f  dE I(dE ldx)tot.

and the R str (E) obtained from curves sim ilar to the ones shown in 
fig. 4 by deriving from  these distributions the m ean range for every value 
o fE ^ . W e can therefore see how the straggling sensibly lowers the m ean 
range.
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