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Chimica fisica. — Redundancy Condition and Wilson’s Vectors 
Nota di M arian gela  Gussoni e Giuseppe Zerbi, presentata (**) dal 
Socio G. N a tta .

R ia ssu n to . — Le vibrazioni molecolari sono di solito descritte in term ini di « internai 
displacem ent coordinates » introdotte da Wilson. A volte, ragioni di sim m etria impongono 
l’uso di un numero di « internal displacem ent coordinates » ^maggiore del numero di gradi 
di libertà della molecola. In  questo caso tra  le coordinate esistono una o più dipendenze 
che si chiam ano ridondanze.

Le ridondanze sono di solito espresse in letteratura come relazioni del secondo ordine tra  
le « internal displacem ent coordinates ». Gli autori mostrano in questo lavoro che nella appros­
simazione di W ilson le ridondanze hanno sempre una forma lineare e che l ’uso di termini 
del secondo ordine in esse contraddirebbe alla definizione di « internal displacem ent coordi­
nates ».

In  problem s of m olecular vibrations the more suitable coordinates are the 
“ in ternal displacem ent coordinates ” p* which are the small changes in the rt 
(bond length, bond angles etc.) [ 1 ]. In  the formalism of the book of Wilson, 
Decius and Cross they  are defined by the two equivalent expressions

N _ 3 N
(0  p ( =  =

a 1

where the sums are extended to the N atoms in the molecule and to their 
3 N degrees of freedom; t h e n ’s are the displacem ent vectors of the atoms 
from  their equilibrium  positions and the stJ s are the W ilson’s vectors referring 
to coordinate t and to atom  a; and are the projections of and sia on 
the cartesian, axes. Norm al coordinate calculations are usually perform ed 
starting from  internal displacem ent coordinates as defined in eq. (1).

D epending on the geom etry of the molecule or on the choice of the force 
field one m ay be led to use a num ber M of coordinates rt higher than  the 3 N -6  
vibrational degrees of freedom. In  this case the coordinates are related by one 
or m ore contraints of the type O ('rt) =  o. The relation among the p, is usually  
expressed [ 2, 3, 4, 5] as a series espansion in the internal displacements:

M M

( 2 )  ? t  9m +  • • * —  0  •
t z t m

H ere '<]>,= (d̂ >!drt)eq and Otm =  (c2<I>ldrt drm) and the sums are extended to 
all the M internal coordinates. It is usually  thought th a t in the harm onic

(*) Lavoro eseguito presso l ’Istituto di Chimica Industriale del Politecnico di Milano 
e Sez. I del Centro Nazionale di Chimica delle Macromolecole del C.N.R., Milano.

(**) Nella seduta del 14 maggio 1966.
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approxim ation the term s of the first and of the second order in eq. (2) need 
be considered. Redundancies are then  divided into two groups: those for which 
the <£/w’s are identically zero (“ redundancies exact at the first o rd e r” [3]) 
and those for which the <$>tm ’s do not vanish. W hen the coordinates describing 
the vibrations of a molecule are related by  a redundancy  of the second type, 
the potential energy is usually  w ritten with the addition of an ex tra contribu­
tion due to the so called tf intram olecular tension ” [2, 5]. This contribu­
tion does not appear when the redundancy  is exact at the first order.

W e feel th a t the distinction of redundancies exact and not exact at the 
first order is m isleading because when the W ilson approxim ation (defined in 
eq. (1)) is adopted all the redundancies m ust be linear. Indeed as far as eq. (1) 
is accepted for the definition of internal displacements, the sum  of the first 
order term s in eq. (2) vanishes. As a m atter of fact it can be easily seen that 
the exact relation

M
(3) 2  =  0t

is satisfied for each atom  a in a molecule whose motion is described by a depen­
dent set of M coordinates related by a constraint 0 (^) =  o. As an exam ple 
let us take the well known XY4 molecule. In  this case the 3 N -6  vibrational 
degrees of freedom  are 9 and the M internal coordinates are 10. U sually  the 
dependence am ong the coordinates is expressed for this molecule as a second 
order relation. However, substitution of the appropriate expressions W for sta 
and ^  satisfies eq. (3). One then obtains

M N _ M

(4) X  P, =  2  5o • 2  Sfa =  o
t  a i

which is the first term  of eq. (2). This m eans th a t the relation among the in­
ternal displacem ent coordinates in the XY4 molecule is an exact linear relation, 
at least as long as the W ilson’s approxim ation, nam ely eq. (1), is used. The 
geom etrical in terpretation of this fact is im m ediate and in the case of the XY4 
molecule becomes particu larly  evident. If  we restrict ourselves to bending 
coordinates, while each atom  vibrates on a portion of a sphere around its equi­
librium  position, the W ilson’s approxim ation considers the projection of this 
m otion on the tangent plane to the sphere in the equilibrium  point. M ore gene­
rally  W ilson’s m ethod leads to approxim ate a “ curvilinear ” surface on which 
the m otion should take place by the plane tangent to it in the equilibrium  point. 
W ilson’s vectors are used as a basis to represent the vibration in the internal 
displacem ent system. T he vibration of each atom  is represented in a (3 N -6 )-  
dim ensional hyperspace spanned by the W ilson’s vectors. W hen we use a 
num ber of basis vectors higher th an  3 N -6  one or m ore linear relations m ust

(1) Expressions for the sta ’s m ay be taken from ref. [1]. The values of the <Df ’s m ay 
be com puted since the geometrical relation <D (rt) — o is known [4].
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exist am ong them . T he use of a quadratic relation such as eq. (2) would m ean 
th a t while we describe the whole problem  on the tangent plane, we constrain 
the displacem ents to lay  on a curvilinear surface. This is a clear contraddic- 
tion. W e have shown here the easy exam ple of the X Y 4 molecule. A , little 
algebra would show th a t for all kinds of redundancies an exact first order re la­
tion exists am ong the W ilson’s vectors, and therefore am ong the internal 
displacem ent coordinates as defined in eq. (1). These considerations m ust be 
extended also to those molecules which have redundancies arising from the 
use of a particu lar type of force field, like in the case of the well known U rey  
B randley Force Field. Also in this case the relation among the coordinates 
m ust be w ritten as a first order expression.

We conclude that, as long as the W ilson’s approxim ation is adopted, all 
the redundancies am ong internal displacem ent coordinates have an exact linear 
form  and no intram olecular tension appears in their Potential Energy. This 
fact has led us to re-analyse the whole problem  of redundancies on a more 
exact m athem atical ground. T he results of this investigation, which confirm 
the thesis of this Note, will be reported elsewhere [6].

T he authors thank  Próf. C .Longo for very helpful discussions and criticism.
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