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Geometria. —- Extension of the Notion  « C om portam ento A sso
ciato ». N o ta r) di J e r z y  H e r s z b e r g , presentata dal Socio B. S e g r e .

1. T he notion of associated behaviour (comportamento associato) was 
introduced first by B. Segre in his paper on resolution of singularities [3]. 
Some fu rther results were given by the same author in [4] and related topics 
were also considered in [5] and [1].

Let V be an algebraic prim al in S ^ . For sim plicity we take non-homoge- 
neous coordinates x± , • • •, x d and the equation of V is then given by f  (x) =  o, 
where f  (x) is a polynom ial in

We write

g  X )  ~ { f X ) } r ,

if there exists an identity  of the form

g  0 )  =  a (x) /  (x) +  X  bs {x) w « /  ( x ) ,
s < r

where a (x) , bs (x) are polynom ials in x\ ,■ ■ ■ , x d , and co(j) denotes some
differential operator of the form — r-------r-— with Xi +  • • • +  \ d =  s.

Sx 1 • • • 3x “
1 ; d

The prim al W  of S^ whose equation is g  (x) =  o is said to have associated 
bahaviour at o of index r  w ith V. If  the m ultiplicity  of V at o is m (m  > r )  
and if the m ultiplicity  of W  at o is precisely m  — r } then the behaviour is 
said to be regular.

T he prim al W  which has associated behaviour with V plays a fundam ental 
role in connection w ith Segre’s m ethods of resolution of singularities, as pointed 
out by the au thor in [3]. However, one of the conditions th a t a subvariety  
m ay be a bàse of a d ilatation is th a t the subvariety  is non-singular. If  V  has 
a subYariety C such th a t each poit of C is pie on V and no point of V is 
Yi-ple, where s± > -s, then it is possible th a t C itself has singularities. Thus, 
we have to perform  prelim inary  dilatations on C, in order to resolve the 
singularities of V. Here, however, C is not a prim al and it appears th a t it is 
essential to extend the notion of associated behaviour to varieties situated 
in a space of a rb itra ry  dimension.

In this paper we estend the definition of associated behaviour and show 
th a t such associated prim als exist and have properties sim ilar to those shown 
by B. Segre in [4].

2. L et V be an irreducible algebraic variety  of dimension d  situated 
in a projective space of dim ension n over the complex num ber field K, where

+  i • *For sim plicity we take non-hom.ogeneous coordinates x \  , • • •, x n .

(*■) Pervenuta a ll’Accademia il 14 luglio a 965.
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Then the variety V  is given by a prime ideal p in the polynomial ring 
K  [xi , ■ ■ ■, x n]. Suppose C is a subvariety of V  such that

i) C is not at infinity,
ii) C itself has no m ultiple points.
iii) each point of C is i'—ple on V, where s >  i,
iv) no point of V  has m ultiplicity  s i , where si >  s.

If, in general, F  =  F a -f- F a+1 +  • • • +  F p , where F a =j= o and F ,• is a 
form of degree i, then we say th a t the order of F is oc and F a is called the 
subform  of F. W e write o (F) == a.

L et the basis of the ideal p be / i  , • • •, f m • Suppose C passes through 
the origin o and suppose fu rther th a t o (/,•) =  i for i  =  i , 2 , • • •, p and 
0 ( / / ) > ■ 1 f°r i  >  p. L et be the subform  of I f  ,. . ., ®Q are
linearly  dependent, then we m ay replace /1  , • • •, f Q by suitable linear com
binations of them  which have the following properties:

i) 0 ( f t)  =  i for i =  1 , 2 , • • •, r, where r  <  p,
ii) ° '( f i )  >  i for i  =  r  +  1 ,. • - , p,
iii) ®i , • • - , are linearly  independent.

Now V  is of dim ension d. Hence r <  d. W e assert th a t r e d .  For sup
pose th a t r '=  d. T hen ®i , • • •, can be taken as the uniform ising param e
ters of V  at o and thus o is a simple point of V. This is a contradiction to 
our hypothesis and thus the assertion is proved. O f course, it is possible 
th a t r  =  o, i. e. o■(/,•) >  1 for all i.

W e now proceed in the same w ay as above and arrange the basis of p 
so th a t the following properties are satisfied:

i) 0 ( f t)  =  ni+1 for j  =  Ti +  i , • • •, r i+1 and
t — o , 1 , • • •, M —  1 , rQ — o , r  =  n ,

ii) ( j  =  r i +  1 , • • • > rt+i) are linearly independent for 
i  ”  o , I , • • •, M —  1 and r M — m,

iii) 1 <  m  <  U2 <  • • • <  n M.

L et ao be the ideal formed by the subforms . T hen a0 is a homogeneous 
ideal and represents a cone Ko which determ ines the m ultip licity  of V  at o 
(cf. [2]). T hus Ko is of order s when all its components are counted w ith the 
proper m ultiplicity.

W e assum ed th a t each point of C is of m ultiplicity  s on V. Thus, if P 
is a general pont of C, we m ay transform  the origin to P and obtain a hom o
geneous ideal in the sam e w ay as we obtained a0 . Hence, w ith each point of C 
we m ay associate a homogeneous ideal and we denote it by a0 [P]. T he cone 
Kq'IPJ represented by it is also of order s-. Suppose th a t the basis of the ideal 
a0 is given by the forms , i  == h  , h  , • • •, ^  and h  <  i2 < • • • < % <  M. 
Since each point of G has m ultip licity  s, it follows th a t ■/,•, has has the 
m ultip licity  at each point of C for i  =  fi , i2 , • • •, .

same
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Let k  be an integer such that i <  k <  ri+1 and k  =  is for some
j  . I ^  j  < , [A. Put

gk (x) =  «4 (x) f t (x) +  X  b f  (x) cow/ 4 (*),
1 <  r  <  m ̂

where m k is an integer, m k <C ^+ 1  —  I and ak (pc') , bp  (x) are polynom ials 
in x \  , • / •, .

Suppose o [gk (x)] — n&+i —  m k. Suppose further th a t we choose the po
lynom ials g k (x) and the integers m k so th a t X =  ni+x — for i =  zi , f2 , • • •, ẑ  
and I <L \  < n ,  where n =  m in (n4).

l  <  i <  M
L et

M

W  g  (*) =  2  oo  *  w .z=i
where (#) e K [#].

W e now give a definition.
DEFINITION. A  prim al W  represented by the equation ( i)  is said to 

have associated behaviour w ith V  along C of order X.
W e rem ark th a t here I <  X <  n and n is possibly less than  —  I . In 

deed, if C is a curve of order 9 in S3 w ith a quadruple point at P, given by 
the intersection of two cubic surfaces, each having a double pount at P, but 
otherw ise general, then =  4, bu t the only choice for X is X =  1.

Furtherm ore, g i (pc), =  a{ (oc) f t- (x) for i  =  1 , 2 , • • •, r, and we also rem ark 
th a t the polynom ials g i (x) are so chosen th a t the corresponding prim als have 
regular associated behaviour. W e restrict our definition to this case only.

W e now perform  a dilatation w ith C as the base. W e obtain a variety  Vi 
corresponding to V  situated in an alfine space An . L et Ci be a subvariety  of 
V i, corresponding to C of V. Suppose Ci is also s-p le  on Vi and Ci is not at 
infinity. I f  Pi is any  point of Ci we form a homogeneous ideal a\ [Pi], as before. 
Since the m ultip licity  of W a t  P i is s , hence Ki [Pi] is of order s and thus 
ai [Pi] i repesents a cone of order s.

Now a0 is given by Of. , z =  h  , z2 , • • •, , where 1 <  [x <  m. L et the p ro 
per transform  of/,- be f P  and let O f  be the subform  of f P  for i  =  1 ,2  , • • ., m. 
H ere O f  is not necessarily the proper transform  of Ov. T hen  the po lyno
m ials O f ,  where z — zi , z2 , • • •, ẑ  certainly occur among the basis of the ideal 
ai [?]• Since the m ultip licity  of Vi at Pi is s4 the cone Ki [Pi] is of degree j  
and thus the m ultiplicities of /,• , z =  zi , • • ■, z^, are not dim inished.

B ut / •  =  o represents a prim al W f- and C is ^ -p le  on it, say. Thus, after 
the transform ation, C i , is also jy-ple on V i . Hence, by the result of B. Segre [4] 
the transform  W f  of W* has regular associated behaviour w ith W  along C i .

W e thus state
T heorem  I. Let^J be a variety and  let W  have associated behaviour w ith a l 

along C. Suppose Ox is s—ple on V  and  suppose we apply a dilatation w ith  C as 
the base. I f  Vi ,Wi are the transform s o f V  , W  respectively and i f  Ci correpon- 
d m g  to C, is s~ple on V i , then Wi has associated behaviour w ith  Vi along C i .
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W e m ay now apply  a sequence of dilatations and repeating the argum ent 
we obtain

THEOREM I I .— W ith the notation o f Theorem  / ,  suppose we apply a se
quence o f dilatations which takes V , W  , C into V 2 , W,- , Q , respectively. I f  
C* is s—ple on V*-, then W,- has associated behaviour w ith  V,- along Q .
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SUNTO. — Si dà u n ’estensione della nozione di « comportam ento associato» dovuta 
a B. Segre [4], e si stabilisce che anche per essa sussiste una proprietà d ’invarianza di fronte 
alle dilatazioni.


