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Elettrom agnetism o, —  Maxwell's Equations in a Deformed 
Body. Nota di J. B. W a lk e r , A. C. P ipkin, and R. S. R iv l in , pre­
sentata (*} dal Corrisp. G. F ic h e r a .

We consider a body which undergoes a static deform ation in which a 
particle of the body in itially  at X in some reference configuration occupies 
the position x  (X) in the deform ed state. Let e , b , d  , h , and j  denote the 
electric, m agnetic induction, electric displacement, m agnetic intensity, and 
current density  fields at the particle. M axw ell’s equations in integral form are

where ds is a vector elem ent of a fixed closed curve and da is a vector element 
of area of a fixed surface, a , bounded by .s*. We suppose th a t the curve S and 
surface A in the body in its reference state become the curve ^ and surface a , 
respectively, in the deform ed body, as a result of the deform ation.

In Cartesian tensor notation, equations (1) m ay be re-written as

f i  ds; = --j b{ da{ ,
s  a

[  h  ds{ = d L  f i  da{ +  j ' j i  dai .
s a a

W e have

(3) dsi =  xt-,p d Sp and da{ =  | dx/dX | Xp^dAp  .

By introducing (3) into (2) and employing the notation

(4)

we obtain

(5)

Ep , Hp X ì } j> ,
BP -  J dxfdX j X P>,- bi , D P =  I dx/dX | X P>f- d{ , 

j P =  |3 ^ / a x | x P>̂ . ,

Ep dSp = - Idt j
A

Bp d A p ,

H p  d S p
s

j  Ep ^Ap +  J  Jp dAp .
A A

(*) Nella seduta dell’8 maggio 1965.
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These are M axw ell’s equations in integral form  referred to the initial configura­
tion of the body. W e note th a t there is no distinction between the tim e partial 
derivative holding fixed and the derivative holding X A fixed, because the 
deform ation is static. The relations (5) m ay be re-written in vector form as

M ,
S A

f H -^ S  =  ^ D - d À +  j J-dA ,
s À À

vector with Cartesian com ponents Ep and analogous 
m eanings are attached to the other vectors in (6).

The M axwell equations in differential form corresponding to (6) are

(7) Curl E =  —  d'Bjdt , Curl H =  cDjdt J.

We em ploy a capital initial letter in “ Curl ” to indicate th a t it is taken with 
respect to the coordinates in the reference state.

L et p be the charge per un it volume in the deformed body. Let dv be 
an elem ent of volume of the deform ed body and v a dom ain in the deformed 
body bounded by  a closed surface d. L et da  be a vector element of area of d. 
Then, we have

(8) j  d ‘da  =  j'  pdv  , j  b da  — o.

(6)

where E denotes the

Now, let V  be the dom ain in the reference state which becomes the dom ain 
v'in  the deform ed body. Let A  denote the boundary of V and let d V  and 
dA  denote the elem ents in the reference state corresponding to the elements dv 
and da  in the deform ed state. W e define p by

(9) p =  p dv/dV  =  p I dx/dX I.

T hen p is, the charge m easured per un it volume in the reference state. Also, 
em ploying Cartesian tensor notation, we have (cf., (3)).

(10) ddi = 1 ckr/ax I Xp,* dAp.
W ith (9), (10), and (4), the relations (8) yield

( 1 1 ) Dp d A p p d V Bp dAp — o .
A V A

In. vectqr notation these equations are

(12) D dA

A

: j  ? d V
V

In differential form, these become 

(13) D iv D  =  p

B .^ A  = o.

A

Div B =  o.
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A gain the capital initial letter in “ D iv ” indicates th a t the divergence is taken 
w ith respect to the coordinates in the reference state.

From  (6) and (12) we obtain the equation of conservation of electric 
charge in the form.

0 4 ) |r  ? d V + i  J • dA — o ,
V A

w ith the corresponding differential form

(15) dp/dt +  D iv J =  o.

It follows from  (6) th a t the tangential component of E is continuous 
across a surface A draw n in the undeform ed body, and th a t the tangential 
com ponent of H is continuous in the absence of surface currents. From  (12) it 
follows th a t the norm al com ponent of B is continuous across such a surface and 
th a t the norm al com ponent of D is continuous in the absence of surface charge. 
It also follows from (14) th a t the norm al component of J is continuous across a 
surface A draw n in the underform ed body, in the absence of surface charge.

E quations (7), (13), and (15) bear the same relation to the usualM axw ell 
equations as do the Kirchoff equations of equilibrium  to the Cauchy equa­
tions. W e anticipate th a t in conjunction with the Kirchoff equations of equili­
brium  they  will prove useful in discussing problems in m agnetostriction and 
electrostriction in which is it not desired to m ake the usual assum ption of infi­
nitesim al strain. T hey m ay also be of interest in studying problem s involving 
other electrom agnetic effects in deformed bodies.

If  we m ake the constitutive assum ptions th a t d i .) bi} and j iy the electric 
displacem ent, m agnetic induction, and current density fields, are functions 
o f the electric and m agnetic intensity  fields, e{ and h{, and of the deform ation 
gradients p , then the constitutive equations m ust be expressible in the form [1]

I D r =  D r (G pq , Ep , Hp) ,

(16) Br — Br (Gpq , E P , H P) ,

( J r  =  J r  (G pq , E P , Hp) ,
where

( x7) Gpq =  X;,pXitQ ,

and Ep and Hp are defined by (4). The generalization of the results given in 
this note to the dynam ic case will be given elsewhere [2].

Acknowledgement. -  T he work reported in this paper was carried out 
under a g ran t DA -  A RO (D) -  31 -  124-G484 from the A rm y Research 
Office, D urham , N. C., U .S.A . We gratefully  acknowledge their support.

R e f e r e n c e s .

[1] A. C. P ipk in  and R. S. R iv lin , «Arch. RatM Mech. Anal.», 4, 129 (1959).
[2] J. B. Walker, Brown University, Ph. D. Thesis (1965).


