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K nut Lage Sundet, On Cremonian reducibility of a linear system, etc. I 7 I

Geometria. —■ On Cremonian reducibility of a linear system to 
a pencil o f cubics. Nota di K n u t  L ag e  S u n d e t ,  presentata n  d a l 
Socio B. S e g re .

1. In tro d u c tio n . —  In m y paper [1], the conditions for reducibility  
of algebraic curves of v irtual genus p  =  o and p  =  1 are treated . The last 
case, only when the v irtual dim ension d  is >  2. The reason for the lack of 
the cases d  <0 1 was th a t the questions of reducibility  of a linear system  to a 
pencil of cubics or to a H alphen-pencil by a plane Crem ona transform ation  
were no t answered. T he first question is dea lt w ith here and the second one 
will be trea ted  in a following paper.

In  the m entioned paper [1], the cases occurring by successively applying 
a certain  series of quadratic  transform ations T i , T 2 , • • •, T , on a system  (9) 
of order n, given by the base-points Pi , P2 , • • •, P,* of v irtual m ultiplicities 
ri , r 2 , • • •, ri , are sorted ou t when p  =  o and p  =  1. T he ^ -tran sfo rm a­
tions T i , T 2 T f m ap successively (9) into the system s (91) , (92) , • • •, (9J 
where (9 J has the order ns and is given by the assigned points PS)i , PS)2 , • • • 
of v irtual m ultiplicities rSti , rS;2 , • • -, rs,k • W hen the v irtual genus is 1 and the 
v irtual dim ension is o, the only cases to be consider are the following ones:

A) Some of the base-points, PJ>fl , PM , PJ>tf , • • • say, are situated  on 
a s tra ig h t line and such th a t

rs,a ~h rSìb -f- rSìC fi- • • • >  ns ;

B) (9^ has the order 3 r  and is determ ined by 9 base-points of v irtual 
m ultiplicities r.

W hen the case A) is reached, we only have for (9) the possibilities I, II 
specified below.

I) T he base-points are in a special position, such th a t an irreducible 
ra tional curve exists, of order m  say, containing the P /s  w ith certain  m u ltip li­
cities at , determ ined by some of the P /s  and going through some of the others, 
the v irtual num ber of in tersections between this curve and the curves (9) 
being too large (i,e., g rea ter than  mn). The integers m  and at are no t all 
equal to the corresponding integers n and rt respectively (t — 1 , 2  ,***, / ) ,

II) Integers , o’ =  o , 1 , 2 , ■ • •, s , t  =  1 , 2 , • • •, i  exist, such th a t

ks, 1 +  ^ ,2  >• ns 1 , 

where k$i% ~<rx , no =  n, and kG>\ , kG;2 , • • - , kGy are the integers

^5 — 1 k <5 — 1,1 " — 1,2 ) — 1 k<5 — 1,2 K  __ 1?3 , nG __ X kG __ X,3   kG __ 1?1

(*) Nella seduta del 13 febbraio 1965.
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Aj —1,4 , • • •, Aj — i ,< arranged in non-increasing order, and

™  2 TIq — x ka  — 1,1 k a — x,2 K  — 1,3 •

T he assum ption in bo th  cases is th a t, when some base-points are ad jacen t 
to others, the sum of their v irtual orders is equal to or less than  the v irtual 
orders of the la tte r. I f  I or II holds, the system  (<p) is reducible or does not 
have the assigned m ultiplicities as effective ones.

On p. 180 of their work [2], F. Enriques and O. Chisini have considered 
algebraic curves of order zero. In  the present paper, the set consisting of a 
po in t P and the points in the 1st neighbourhood of P will be regarded as an 
algebraic curve of order zero. To the po in t P we shall assign the m ultip licity  
— 1 and to the points in the 1st neighourhood the m ultiplicities '+ 1 . Such a 
curve of zero order will be referred to as a ‘‘ pointline If  the po in t P is an 

/ - p o in t  of a transform ation, the “ pointline ” given by P is m apped, according 
to the usual form ulae for the order and m ultiplicities of a transform ed curve 
by a ^ -transfo rm ation , in to  an / - l in e  of the inverse transform ation; and 
vice-versa.

T he v irtual genus p  and the  v irtual dim ension d  of a system  (9) of order 
n, having base-points of v irtual m ultiplicities r\ ,r% ,■ ■ ■ , r { , are given by  the 
classical formulae:

P =  y  (» —  0  (n —  2 *) —  — 2  rt (rt —  1),

d  =  — n (n +  3) — — 2  rt (rt +  1).

I f  we p u t the order and the m ultiplicities of the points in a “ pointline ” into 
the expression tor />, we get p  =  o. The virtual dim ension d  goes to zero if a 
curve of order zero is given by a po in t of v irtual m u ltip licity  —  i.

I t  is to be noted th a t if n, n\ and are the orders o f three curves and 
rt , at and bt their m ultiplicities a t the points P, (t =  I , 2 , • • •, i), the in- 
Variance of the relations:

(1) rt =  at +  bt and n ~  n\ +  n%

and of the difference:

(2) ri a\ +  T2 <12 +  * 4 • +  —  nn\

by ^ -transfo rm ations are true, even when “ pointlines ” are concerned.
Because of the properties o f pointlines ’ m entioned above, they  will 

be counted am ong the ra tiona l curves. However, the special reservation 
concerning ad jacen t points m ade in the conditions quoted above is then no t 
necessary.

2. Necessary conditions for a system to be transformable into
a  pencil o f cubics by a  p lan e  Cremona tran sfo rm a tio n .—L et a sys-
tern (9) of order n be given (as in § 1) by the .base-points ' P i , P2 ,* • - , P*<
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of v irtual m ultiplicities r\ , , • • •, , m aking the v irtual genus 1 and the
v irtual dim ension zero. As pointed ou t in the In troduction , by  successively 
using the quadratic  transform ations T i , T2 , • • •, T , , if the case I or II is n o t 
occurring, we reach a system  (9 /  of order 3 r  w ith  9 base-points of v irtual 
m ultiplicities r. As a common factor of n , r± , , • • •, is in v arian t by
^-transfo rm ations, a system  of cubics is reached only when n, n  , r% , • • •yr£ 
have no o ther factor b u t 1 in common. A system  (9^ of order 3 given by 
9 simple basepoints P^i , PJ}2 PJ}9 is then to be considered.

If  the given system  is of order higher than  3, it exists a t least one / -p o in t  
Pj.,10 of the inverse Crem ona transform ation  composed of T i , T2 , • * •, T f 
which has v irtual m ultiplicity  zero and is no t one am ong the new base- 
points of v irtual m ultip licity  zero in troduced by a possible applied series of 
transform ations, of the type prescibed by o. Chisini in the case of cuspidal 
branches, or of o ther auxiliary  ^-transfo rm ations applied to avoid some one 
w ith ad jacen t /-p o in ts .  As (9 /  is a pencil of cubics, it  contains a curve, Cs 
say, passing through th a t point. T h e /-p o in ts  of (9 /  m ay be such th a t Cs dege­
nerates into a cubic w ith  a node or in to  a s tra ig h t line and a conic, where the 
conic also m ay degenerate. T he curve Cs and a ‘‘ pointline ” a t P^io form  toge­
ther a curve having the assigned m ultip licity  a t th a t point. T he possible 

/ -p o in ts  of v irtual m ultiplicities zero in the 1st neighbourhood of PJjl0 have 
now got the m ultiplicities 1. “ Pointlines ” a t these points, in addition to the 
form er curves, give the m ultiplicities zero a t these points also. So we m ay 
continue. T he po in t PJsio m ay be in the neighbourhood of two ad jacen t 
po in ts PJ}8 and PJj9 of v irtual m ultiplicities 1. Cs get then a node a t  PJ}8. 
By adding a “ po in tline ” a t P ^ s , we get the m ul tipici ty  1 a t this po in t b u t 
the m ultiplicities 2 and 1 a t PJj9 and P^io . ‘‘ Pointlines ” a t PJj9 and P ,)8 give 
the assigned m ultiplicities a t these point.

I t  is thus seen th a t, if  (9 /  is a pencil of cubics, th e /-p o in ts  of the inverse 
of the applied Crem ona transform ation  have to be in such a special position 
th a t they  impose a superaboundance of linear conditions on a curve Cs of 
order 3 determ ined by them ; m oreover, and some “ pointlines ” form  to ­
gether a curve having the assigned m ultiplicities a t the /-p o in ts .  T he points 
P* are consequently also in such a special position th a t—-taken w ith  appro­
p ria te  m ultip licities— they  form  a superabundan t base, m aking nam ely the 
v irtual dim ension negative, of a certain  curve C. T he curve ob tained by  
adding C w ith  possible su itab le  ra tiona l curves and “ pointlines ” satisfies 
the conditions for (9).

T he order of C is less than  the order of (9) because a t least one of the 
“ pointlines ” , which together w ith  form a curve of (9^), does no t contain 
an / -p o in t .  L e t the inverse of the applied ^-transfo rm ations Ti , T2 , • • •, T ^ , 
m apping (9) into (9 / ,  be denoted by T i , T 2 , - - - , T '  respectively, and the 
one th a t m ap s1 the m entioned ‘‘ pointline ” into a s tra ig h t line by T /  I t  is then 
seen th a t the line corresponding by T  ̂ to the m entioned u pointline ” does no t 
contain  o ther / -p o in ts  th a t  those of T , m aking the com plete num ber of in te r­
sections w ith the corresponding system  (9  ̂— 1). This line or one of its transfer-
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m ed lines cannot be used as / - l in e  again, because th a t implies a n / - p o in t  of 
v irtual m ultip licity  zero by one of the T g (q — 1 , 2 , • • •). T he im possibility 
of this follows from  the reservation concerning Cs . As the order of (9) is the 
sum of the orders of C and of the transform ed curves of the m entioned “ point- 
lines ’/ i t  follows th a t the order of C is less than  the order of (9).

As Cs m ay  degenerate, C m ay degenerate in to  ra tional curves, ra tional 
curves and “ pointlines ” , or ‘‘ pointlines Hence:

A system (9) of order n, virtual dimension o, virtual genus 1, given by the 
assigned points P t (t — 1 , 2 , • • •, i) of virtual multiplicities rv and not sati­
sfying I  and I f  is an irreducible system transformable into a pencil of cubics 
only i f  the integers n and rt are relatively prime and the points 1/ are in such 
a special position that— taken with appropriate multiplicities— they fo rm  a 
superabundant base, making the virtual dimension negative, of a reducible or 
irreducible curve C of order lower than n. B y adding C with certain rational curves 
(and ‘‘ pointlines ”), we obtain a curve having multiplicity rt at each point P^.

3. N ecessary  and  su ff ic ie n t conditions fo r  a  system to  be t r a n s ­
fo rm ab le  in to  A PENCIL OF CUBICS.—As in the In troduction , the given 
system  is now denoted by (9) and the system  reached by the series of ^ - tra n s ­
form ations T i , T2 , • • by (9^). If (9) does no t satisfy I or II, the base- 
points of (9^) are denoted by FSfi , P̂ .,2 , • • - , FS}$. Cs is the special curve in (9O 
m entioned in the precedent Section.

From  the assum ption th a t ( 9 /  is a pencil of cubics, it  follows th a t e.g. 
PSti and Fs>2 are corresponding points in the g\ cut ou t on Cs by  a system  (II .) 
of order 3 passing through FS)U (u =  3 , 4  , • • •, 9) and a po in t Qs fixed in a 
generic m anner. L et (9^) and (II*) be the transform ed system s of (9,.) and (IIs) 
by the series T) , T)__x , • • •, T*__i, where no m em ber has used FS)i , PJ>2 or any 
of their transform ed points a s /-p o in ts .  T) , T ’s — i , • • • are the inverse of the 
transform ations , T^_ i , -  - m entioned in the In troduction . T he base- 
points of (9^) are denoted by  Fiiq (q =  1 , 2 -, • • •) and , P*jX and P*j2 are 
’the transform ed points of Q, , P ^  and Fs>2 respecitively. Suppose th a t Ff,i 
and Ft}2 are d istinct and both  /-p o in ts  by T t . L e t the order of the transfo r­
m ed system  (9^—1) of (9^) be nt^ \  and the /-p o in ts  of T r be P ^_ i,i , P /_ 1,2 and 
Ft —1,3. T he lines P /_  1,1 Ft —1,2 and P ;_ i ,2 P* -  1,3, corresponding to P*,i and P*>2 , 
intersect the transform ed curve Q  _ 1 of Cs in the points A f_ i}i and A/ __i52 . These 
two points have to be corresponding points in t h e ^  cut ou t on Ct — i hy  the
corresponding system  (11^_of Because, let us suppose the contrary;
a curve in (11  ̂_ x) will then pass through A/__i,i and no t through A*__i52. T h a t 
curve contains P*_ 1,1 P* —1,2-.* T he other p a r t o f the curve is then m apped 
into a curve in (11̂ ) going through P,?1 , b u t no t through Ft,2 •

I«t is seen th a t the order of (11/_ is nt—1+ 2  and the m ultip lic ity  of the 
base-points P ^ _ Xjl , P̂  — 1,2 and P/__i)3 are +  1, ^ _ i i2 +  2 and n _ i ,3 +  1
respectively, where , r ^ i >2 and — are the m ultiplicities of (9^—1) a t
those points. If  now A * _ i,i ,. A /_ i ,2 or any of their transform ed points are 
no t used a s /-p o in ts ,  P /_ i ti P /_ i,2  , L -1 ,2  P /- i ,3  or any o f their transfer-
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m ed lines are no t /- l in e s  or they  do no t pass through any /-p o in ts  of T^_] , 
T/ — 2 >• • - , T i , we m ay conclude:

If  the system  (9) given by the base-points P t (t — 1 , 2 ,• •• f i )  o f  v ir­
tual m ultiplicities rt is transform able in to  a pencil of cubics, there exist two 
irreducible ra tional curves R i and R2, of orders n\ and n% , having as base- 
points of m ultiplicities at and bt respectively, in tersecting C in two poin ts 
Ai and A2 different from P  ̂ which are corresponding points in the cut o u t 
on C by a system  of order n -f- n\ +  71% having the P /s  as base-points o f m u lti­
plicities rt +  at -f- bt and passing through an a rb itra ry  point. C is here the 
curve m entioned in the precedent Section.

T he same procedure m ay be applied—w ith slight m odifications—when 
the points P/5i and P ^  are ad jacen t or are no t / -p o in ts  in the same ^ -tra n sfo r­
m ation. The conclusion is the same also in this case, except for the irreduci- 
b ility  in the ad jacen t case.

Consider now the general case. T he .mentioned system s (9 /  and ( I / )  
differ from each o ther in th a t the simple points ~Pt,\ and P^2 do not belong 
to the base of ( I / ) .  As system s having a simple base-point are un interesting, 
P/,i and P/,2 or one of their transform ed points are assumed to be / -p o in ts  by 
one of the T'u (u =  t , t  — 1 , • • •, 1). To exam ine the- transform ed system  
(II) of (II,) by  T u, consider the ‘‘ pointline ” a t VtiV (v =  1 , 2). T hey  correspond 
to two rational curves R i and R2 , of orders n\ and 71% say, completely determ i­
ned by having P  ̂ ( t =  1 , 2 , • • •, 1) as base-points of v irtual m ultiplicities at 
and bt , m aking the num ber of v irtual intersections w ith (<p) nnv — 1 (v =  1,2) 
and Hat bt =  71x 71%. F rom  the way the integers 7i\ , at and 71%, bt are obtained, 
the case II  in the In troduction  cannot occur. The sum of the orders of ( 9 /  
and the ‘‘ pointlines ” and the sum of their v irtual m ultiplicities a t all the 

/ -p o in ts  Pt q̂ (g— i , 2 ,* • •) are those of ( / I / .  This is then also the case w ith 
the transform ed system s. T he order of (IT) is then ^ + ^ 1  +  ̂ 2 and the v irtual 
m ultiplicities a t P  ̂ are rt at -f- b, . In addition, (II) has th e6 transform ed 
poin t Q of Q,. as simple base-point.

The' ‘‘ p o in tlin es” YtjV (v — 1 , 2) m ay have th e /-p o in ts  P/,^,1 , P/,^2 , • • > 
in their 1st neighbourhood. These points have now got the actual m ultip licity  
1. “ Pointlines ” a / th e s e  points give the effective m ultip licity  equal to the 
v irtual ones and the “ pointlines ” ¥t,v (v =  1 , 2) “ degenerate ” into the 
‘ pointlines ” Fi}V , P /jZ,,i , ~Pt-,v,2 , • * * • T he corresponding (virtual rational), 
curves will then also degenerate. If  there a re /-p o in ts  in the neighbourhood 
of PtiV,q (q=  i , 2 , • • •), w ep iay  continue to add “ pontlines ” Pt,v,i,s(s=  1 , 2 , • • • ). 
I t  is seen th a t the “ pointlines ” given by ~PtiV contains a point A t)V different 
from the / -p o in ts  and situated  on the transform ed curve Ct of Cs .

Now, a curve in ( I / )  going through P/5i also goes through P/,2 . This 
curve and the m entioned “ pointlines ” ■ Pt}V (v =  1 ,2 )  form a curve having 
the effective m ultiplicities a t all the / -p o in ts  equal to those of the general 
curve in ( I / )  and passing through A ^  . Hence, the corresponding curve, 
which then is a m em ber of (II), passes through the points Ai , A2 of intersec­
tions of R i , R2 and C.

12 — RENDICONTI 1965, Voi. XXXVIII, fase. 2.
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On the o ther hand, let R i and R2 be two curves of orders n± and n2, com­
pletely  determ ined by  the base-points of v irtual m ultiplicities at and bt 
m aking the v irtual genus zero, having nnv —  1 (v =  1 , 2) as v irtual num ber of 
intersections w ith  (9), no t satisfying condition II and such th a t Hat bt =  n \m .  
L et fu rth e r A i and A2 be two points on the curve C, m entioned in the prece­
den t Section, different from  P* and situated  on both  Ri and R2. If  the curve 
of the system  (II) of order n +  n\ +  n% , having the P /s  as base-points of 
v irtual m ultiplicities rt +  at +  bt , p o t satisfying I and II, going through a 
po in t Q no t s ituated  on C and passing through Ai, also passes th rough A2, 
the system  (9) is transform able into a pencil of cubics. This m ay  be verified 
in the following m anner.

As the system  (II) has v irtual dim ension 1 and v irtual genus 1, so (II) 
m ust be irreducible if I and II do no t occur. Therefore (II) m ay be transfor­
m ed in to  a system  (IIs) of cubics by a Crem ona transform ation. If  ns , nSi 1 , 
and nS)2 are the orders of the transform ed curves of (9), R i and R2, we have

3 — ns +  ns, 1 +  nSy% .

F rom  the im possibility  of nS) 1 and nS}2 to be negative when II is no t occurring 
and ns > 3 ,  we get ns = .3 ;  hence nS) 1 =  nS}2 =  o. T he system  (9*) is then 
given by  9 simple base-points, P^x , Vs,z , ••• ,  Pj-,9 , and the curves corre­
sponding to R i and R2 by  two “ pointlines As the sum of the v irtual 
m ultiplicties of the base-points of (9), R i and R2 are equal to the m ultip lici­
ties of (II), the “ pointlines ” have to be given, for instance, by P^i and P,.j2 . 
(Tls) is then defined by PJ}3, P.?j4 , • ■ - , PJj9 and Q^, where the la tte r  is the tran s­
form ed poin t of Q. T he points A v (v — 1 , 2) are transform ed into the points 
A S}V and, as A z, is situated  on R^, they  have to be in the neighbourhoods of 
Pj,». Now (IIj) contains a curve which, together w ith  <£ pointlines ” passes 
th rough  A S}V. T he p a r t of order different from zero m ust therefore contain FS}V . 
As it was pointed ou t in the form er Section, the points P, have to be in a spe­
cial position on a certain  curve C. By adding C w ith  suitable ra tiona l curves 
and “ pointlines ” we ob tain  a curve having the effective m ultiplicities a t 
the points P* equal to the v irtual ones prescribed to (9). This composed curve 
is then transform ed by the m entioned Crem ona transfo rm ation  in to  a curve of 
order 3, where the p a r t of non-zero order satisfies the conditions imposed by 
the simple points PS}U (u — 1 , 2 ,■•••, 9). A sC  does no t pass through Q, there 
are then two different curves satisfying these conditions. Hence, the P ^ ’s 
are the base-pointy of a pencil of cubics.

In  conclusion, we m ay s ta te  the following theorem .
A system (9) o f order n, virtual dimension zero, virtual genus 1, given by the 

assigned points P  ̂(t — 1, 2 , • • •, i) of virtual multiplicities rt and not sati­
sfying, I  and I I  is an irreducible system transformable into a pencil of cubics 
only i f  the integers n a n d r t are relatively prime and the points Ft are in such 
a special position that— taken with appropriate multiplicities— they form  a 
superabundant base, making the virtual dimension negative, of a reducible or
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irreducible curve C of order lower than n. C together with certain rational curves 
{and “ pointlines ”) having each point P, a point of m ultipli-

^ .
There exist then two curves R i and  R2, completely determined by having the 

points Yt as base.points of virtual multiplicities at and bt , having the orders n\ 
and n% , the virtual genus zero, not satisfying I f  possessing nnv-— 1 (v — 1 , 2) as 
their virtual number of intersections with  (9) and such that Xat bt~ n \  m  . Also 
there exists then a system (II) of order n -f- m  +  n%, having P  ̂ and a point Q 
not situated on C as base-points of virtual multiplicities rt -f- at -f- bt and  1, 
and not satisfying I  and I I .  (9) is then transformable into a pencil of cubics if, 
and only i f  the pair of points of intersections of R i , R2 and  C belongs to the g^ 
cut out by (II) on C, or on a component of C.

R e m a r k .— In order to determ ine the curves R i, R2 ,and the system  (H), 
we m ay  consider the system s (9'), (II'), R'x and R2, of orders n , n f n x f - n z , n\ 
and , given by d istinc t an a rb itra rily  chosen base-points P i ( / = i  , 2 , • • - , i f  
of the same v irtual m ultip licities as P  ̂ by  (9), (II), Rx and R2 respectively. 
T he system  (IP) has the v irtual dim ension 2 and the v irtual genus 1, and is 
thus transform able by a series of ^ -transfo rm ations, which always have 
the three base-points of h ighest orders a s /--p o in ts , in to  a system  of cubics 
having 7 simple base-points. I f  the orders of the transform ed system s of (9'), 
R i , and R2 are ns 'y nS)\ and nS}2 , we have:

3 =  ns +  nSii , +  nS)2 .

As i t  was seen before th a t ns == 3 and nSiX — ns,2 — o, R i and R2 are then 
given by  two d istinc t am ong the 9 simple base-points of the transform ed system  
of (9'). T he ra tiona l curves corresponding to those points have the num eric 
properties required  from Ri and R2. R i and R2 are then the curves ob tained  
by  altering the base from the points Y't to the points P  ̂ by  two of them , in 
such a w ay to m ake the system  (H) n o t satisfying I and II.

I w an t to express m y g ra titu d e  to Professor B. Segre for advice concern­
ing this paper.
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