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Geometria. — On the congruence o f hyper surf aces. N o ta (#) di 
C huan- C hih  H siu n g , presentata ((*) **} dal Socio B. S eg re .

In tro d u c tio n .—T he purpose of this paper is to continue our form er 
work [1] to derive a new integral form ula for a pair of im mersed com pact 
hypersurfaces x  (M) , x * (M ) in a Euclidean space under a volum e-preser
ving diffeomorphism. B y using this integral form ula fu rther conditions are 
found for x  (M) , x * (M) to have the same second fundam ental form, and a 
com bination of this resu lt w ith a former one of ours [1] thus gives a new 
congruence theorem  on im m ersed com pact hypersurfaces in a Euclidean 
space.

In order to sim plify the presentation of our work, as in [1] we shall con
sider tensor products of m ulti vectors and exterior differential forms. Diffe
ren tiation of m ulti vectors will be taken in the sense of equation (2.3), and 
differentiation of exterior differential forms will be exterior differentiation; 
m ultiplication of m atrices will be by the usual row-by-colum n law. T hrough
out this paper the range of all L a tin  indices is always from 1 to ^  inclusive.

1. Lemmas.—Let V be a real vector space of dimension n  2), and 
G and H two bilinear real-valued functions over V x V  so that G and H 
are completely determined by the values gik — G (e{ , ek) and hik =  H (ei , ek), 
I  i  , k  ^  n, where e\ , • • • en , form a basis of the space V. Under a 
change of basis
S \  •X- k\  I  • I  )  & i ^    ti )

the m atrices |j g ik j! and |j hik |j are changed to T  || g ik ||'T and T || hik [|'T 
respectively, where the repeated  index k indicates the sum m ation over its 
range, T  — |^  jj, and *T is the transpose of T. Consider the determ inan t

(1.2) det (gik +  \ h ik) =  det ( g a ) +  n\V  {gtk , hik) H---------b X" det (h ik) .

Since det (ga  +  will be m ultiplied by (det T )2 under the change (1.1) 
of basis, the ra tio  o f any  two coefficients in the polynom ial in X on the righ t 
side of equation  (1.2) is independent of the choice of the basis e1- • en. In 
particu lar, if G is nonsingular, th a t is, if det (gik) =4= o, the quotien t

( i-3) H g =  P (g it , ha)ldet (giit)

depends only on G and H. For example, if g jk — 8fi (— 1 for i — k  ; 
=  o for i =)= k), then Hq =  2  hH\n  .

(*) Supported in part by NSF grant GP-1567.
(**) Nella seduta del 14 novembre 1964.
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Since the construction of Hg is linear in H, it can be generalized to 
a bilinear function H over V x V  w ith  values in a vector space W, and Hg 
is then an elem ent in W. Hg can be called the contraction of H relative to 
G, or, in the language of tensors, is a vector in W  constructed  from a cova
rian t tensor H of order two w ith  values in W  relative to a nonsingular 
co varian t tensor G of order two.

T he following two lemmas will be needed in the proof of our m ain 
theorem .

Lemma i . i .— L e tV  be a real vector space of dimension n ( ^ 2 ) ,  and Ox 
and  H symmetric positive definite bilinear real-valued functions over V X V 
completely determined by the values g ik — G (e- , ek) and hik — H (e- , ek)>
1 ^  i  , k f i  n, ivhere ex , • • •, en form  a basis of the space V. Denote

(1.4) < ?=  det (>,.*) , h = d e t ( k a) .

Then

(1.5) H (%)! / »,

where the equality holds when and only when hik — pgik fo r  a certain p.
This lem m a is due to Gàrding [2].
Lemma 1.2.— Let / x,- • • , f n be n mutually orthogonal unit vectors, and 

?i > * • • > Zn » > * * * > fil > i  — 1 » * • * > n , linear differential form s at a point p  of
a Riemannian manifold  M of dimension n  2) imbedded in a Euclidean 
space Kn+m of dimension n fi- m fo r  m ' f i i .  Denote

A

/ =
Sn

, 5 = II  ̂ • • • £ 1II "■= > > m̂ II )

U ) = l f , yj = h?I> i f i i  , h  f i  n

Then at the point p  of the manifold  M

(1.7) y)fzvn~1 — (n — 1) f \ r \ f w n~2 =  o .

This lem m a is due to Chern and Hsiung; for its proof see [1, p. 283].

2. H ypersu rfaces  in E uclidean  Space.—L et M be a C2-R iem an- 
nian m anifold of dim ension n ( ^  2), and consider an im mersion x  : M -> E W+1, 
th a t is, a C2-m app ing  x  of M into  a Euclidean space. ,E*+1 of dim ension 
n f i  I, such th a t the induced linear m apping x^ on the tangen t spaces of M 
is un ivalen t everywhere. T hen  x  (p), p e M, is a vector in Rn+1 and will be 
called t-he position vector of the hypersurface x(M).  L e t ex , • • •, en be m u
tually  orthogonal u n it vectors in the tan g en t space o fM  a t a po int p  so th a t 
they  form  a fram e. Since the m apping x * is univalent, we identify  e -w ith  
xffei). L e t o)1 • • • cow be the cofram e dual to ex • • • en so th a t the volume 
elem ent of M is

(2.1) dV  — co1 A • • • A ^n-
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L et en+1 be the u n it norm al vector of a: (M) a t x (p ) ,  and in troduce the 
m atrices

(2.2) CÙ =  . CO1 -, <*>"

Then we have the m atrix  equations

(2*3) d x  =: toc , d e  :=  £le -J- 0^«-f 1 ,

where

( 2 4 ) a  =  licori

«+1COi

0)5n + 1

I ^  i  , k ^  n ,

> w”+1 being linear differential forms in the bundle induced over M from 
the principal bundle o f E*+1. E x terio r differentiation o f equations (2.3) gives

(2-S) dm =  to A O , w A 0 =  o ,

(2-b) d£l =  Q2 -f- 0 A Q , d(1 =  O a 0 ,

where O is defined by

(2*7)

(2.8)

^  I j * * * > J

dê ĵ . 1— .

I t  is well-known th a t the m atrix  fi gives the connection form of the in 
duced R iem annian m etric by-* , and th a t the second fundam ental form II (p) 
of the hypersurface *  (M) a t the point x  (J>) is the negative of the scalar 
p roduct {dx , den+i) of the two vectors dx  and den+i in the Euclidean space 
E*+1- From  equations (2.2), (2.3), (2.7), (2.8) it follows im m ediately  th a t

0 -9) {dx , deH+1) =  2  co* cojT x

where the m ultip lication of linear differential forms is com m utative in the 
ord inary  sense. In the explicit form the second equation of (2.5) can be 
w ritten  as

( 2 .1:0) C0 * A < 0?+ 1 = O ,

which enables us to p u t

( 2 . 1 1)  c ù * + i = ^ y W ,

where b{j is sym m etric in i  , j 9 th a t is,

(2.12) b i i = b u .

Since , eK+1) =  o , \ <* i <Ln, by  exterior differentiation and equations 
(2-3). (2-4)> (2-7)> (2-8) we can easily have
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S ubstitu ting  equations (2.11), (2.13) in equation (2.9) we thus reduce the 
second fundam ental form of the hypersurface x  (M) a t  the point x  (p) to the 
form

(2.14) II =  b{j  co* co-7.

On the o ther hand, using equations (2.3), (2.11), (2.14) we obtain the 
second differential of x  in the o rd inary  sense:

(2.15) d 2x =  (</co‘ +  o*'<o‘)e .  +  I I c m+1,

from which it follows th a t

(2.16) (e„+1 , d 2 x) =  II .

Bu putting-

(2 A 7) (x , e„+1) =  y n+1 ,

we have the one-rowed m atrix

(2 •18) y«+\ '6 =  \y«+i ba  I.

L et xL(p) be the orthogonal projection of the position vector x(p') onto the 
direction along the norm al vector en+i of x  (M) a t the point x  (p). Then we 
have

(2A 9) x i =  y n+1 en+l ,

and therefore the following quadratic  differential form:

(2.2°) Q =  (xi , d*x) =  y M+1II.

3. In te g r a l  fo rm u las.— Consider two immersions jc ,x*  of a C2-R ie - 
m annian  m anifold M of dim ension n 2) into a Euclidean space E"+1 and 
a diffeomorphism  /  as given by  the com m utative diagram

M > x  (M ) C En+1

\  x* (M) C En+1.

T hen § 2 can be applied to the hypersurface ac(M), and for the corresponding 
quan tities and equations for the hypersurface ** (M) we shall use the same 
sym bols and num bers w ith  a s ta r respectively. Suppose th a t / i s  volum e-pre
serving, th a t is, by definition it  m aps the volume elem ent of one im m ersed 
hypersurface into th a t of the other. As a consequence of this definition /  
exists only if is oriented, and /  is then orientation-preserving. Now over 
the ab s trac t n^anifold M there are two induced R iem annian m etrics w ith the 
same volume elem ent, nam ely, (dx(fi)  , dx (fi)) and

(dx*(p) , dx*(J>)) =  (d (fox) ( p ) , d  (fox) (p)) .
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Thus the notion of fram es ■e1- • • en having m easure 1 and an orientation cohe
ren t w ith th a t o fM  has a sense in bo th  m etrics. A t a point />eM  any such 
fram e can be obtained from a fixed one by a linear transform ation of deter
m inan t 1. The condition for the frames ex • • • en to be of m easure 1 is

(3-0  («1 A • • • A , «1 A • • • A en) =  1 •

D ifferentiating equation (3.1) and using the second equation of (2.3) we can 
easily ob tain

(3.2) T r Q  =  2 < o ' =  o .

For an (m X ^ )-m a trix  a =  ||af.y|| and an (n X ^ - m a t r ix  6 =  || bik\, 
whose elem ents are vectors in the space E ”+1, we shall use the no ta tion  ( a , 6) 
to denote the m atrix  of real num bers given by

(3*3) « . 6) =  I X  (aO > bJk)

In  order to derive a new integral form ula for two com pact hypersurfaces 
jc(M) ,'3c*(M ) under a volum e-preserving diffeomorphism / ,  we have to con
struct some exterior differential forms globally defined over the m anifold M. 
For this purpose we in troduce the following matrices:

(34) G = (e , *e) == 'G =  Win] .

(3-5) A == I I  wi . • • •, coB 1 =  coG ,

(3-6) v = ' 0e , V *  =  '0*e ,

(3-7) Y = (x , *e) --= b i , -  ■ ■ >y« 1 >

(3-8) r  = Y e ,

(3-9) i jr  — . r v *n-1 =  <W A • • • A en

Since ^ is an exterior differential form of degree n — 1 globally defined over M, 
for a com pact m anifold M S tokes’s theorem  gives

(3.10) j d ^ = o .
M

M aking use of equations (3.7), (2.3), (3.4), (3.5), (2.17) we obtain

(3.11) d Y  =  (dx  , fe) +  (x , d*e) =  A +  Y 'Q  +  yn+i*Q ,

from which and equation (3.8) it follows th a t

(3.12) dr =  [A +  Y (Q  +  *Q) +  ' 0] * +  Y0 e„+x .

By equations (3.6), (2.3) and the second equation of (2.6)* a sim ilar calcula
tion gives

(3-13) dv* =  — '0* ('Q* +  O) e —  '0* 6 e„+i .
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U sing equations (3.11), (3.12) and noting  th a t

(3.14) d  0II**-1) =  (n —  1) (dv*) i>*”~2

from equation (3.9) we have

(3.15) d W = [  A + Y  ('£2+ £ 2) +  ;y*+i ' 0] ev**-i — (n— l)r*Q*( 'n*+Q)ev*"-*+

Since A • • • A «*) contains no term  in ex A • • • A eH in consequence of 
equation (3.2), equating  the term s in e±/\ • • . f\en on both  sides of equa
tion (3.15) we thus ob ta in

+  Y [('Q +  O) ev* —  ( n — i) e *Q* ('£2* +  £2) e] v*”-* .

By p u ttin g  / =  e , E, = . /0*, vj =  Q and yj = /Q^ respectively in Lem m a 1.2 of 
of § 1 we can reduce equation  (3.16) to

(3.17) (dif) exA • • • Aen =  [A +  y n+i '0 +  Y ('£2 — '£2*)] ev**-\

Thus the integral form ula (3.10) implies th a t for a pair of com pact immersed 
hypersurfaces x ( M)  , x*(M)  in the space En+1 under a volum e-preserving 
diifeom orphism  / ,  the integral, over the m anifold M, of the coefficient of 
ei A ' - - A e n on the right side of equation (3.17) is zero.

4. Theorem s.—L et M and M* be two «-dim ensional (n ^  2) C2-R ie- 
m annian m anifolds w ith  fundam ental tensors G and G* respectively, and 

/  : M -> M* a C2-m apping . T hen on M there are two connections: the 
Levi-C ivita connection defined by its R iem annian m etric and the connection 
induced by the m apping /  from  the Levi-C ivita connection of M* The diffe
rence of these two connections is a tensor field A of con trav arian t order 1 
and co variar! t order 2, and the construction in § 1 gives a vector field AG. 

/ i s  called an isom etry, if G *=-G , and an alm ost isom etry relative to G if 
Ag =  o. I t  is obvious th a t an isom etry  is also an alm ost isom etry, since 
in this case A =  o.

Theorem 4.1.—Let M be a QZ-Riemannian manifold of dimension 
n ( ^  2), x  , ** : M -> En+1 two immersed compact hyper surf aces, in a Euclidean 
space En+1 of dimension « +  1, with fundam ental tensors G , G* and positive 
definite second fundam ental form s  II, II*, whose coefficient tensors being deno
ted by B, B*, respectively, and f : x ( M )-^ * * (M ) a volume-preserving diffe- 
omorphism. Then II = 11*, i f

T" Y 0ew+1 v*n 1 — (n — 1) r /0* den+i v*n~2

(3-16) (aty) «i A • • • Ae„ =  (A +  y n+1 *&) ev*n~1 +

(4-0
(4.2)

det B — det B*, 

Gb* ^  Gb ,

and f  is an almost isometry relative to B*, that is,

(4 -3) Ab* =  o .

19 . — RENDICONTI 1964, Voi. XXXVII, fase. 5 .
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P r o o  f .— In order to prove this theorem  we have to find dty, which 
is the coefficient of ex A • • • A on the righ t side of equation (3.17). For 
this purpose we observe th a t each term  on the rig h t side of equation (3.17) 
is of the same type as the form  nev***”1, where

(44 ) F i

is a one-rowed m atrix  of linear differential forms. By using equations (2.2), 
(2.4)* (3.6) we have

(4 -5) ■rzev*»-1 = , *»+i „ \* -i coy eA ■-

a < ”+v . a A e„,

where sq ...^  is equal to + i  or — i according as q , • • •, in form  an even 
o r odd perm uta tion  of I , • • •, n, and is equal to zero otherwise, and the 
sum m ation is extended over all il s - ■ -, in from i to n. Assum ing

(4.6)

(4 -7)

*V= .

H =  ^ y , 1 >• - , n.

and using equations (2.11)*, (2.1), (i.2), (1.3), (2.14)* and elem entary  proper
ties of determ inants, from  equation  (4.5) we can easily obtain

(4.8) —1 __ s !H B*(det B*)<«l A - - - A  e„)dW.

By p u ttin g  t c = A  and Tz—y n+1'0 in equation (4.8), and recalling 04 =  g Sj- od 
and equation (2.14), we therefore have

(4-9) Ae#*”- '  =  n ! GB*(det B*) (e1 A • • • A e„) d V ,

(4 -10) y*+1 ‘Qev*»-1 =  n ! y„+x Bb* (det B*) (ex A • • • A e„) dV .

Since co =  ot*, from  the first equations of (2.5), (2.5)* we have

(4-i 0  c ù ,a ( Q —  Q*) =  o ,

so th a t we can w rite

(4-12) at*

E quations (4.11), (4.12) im ply 

(4 -13)

k __ nka*.<ùJ . v

a). w?Aw; =  o ,

which gives the sym m etry  of a# in the subscripts i , j ,  th a t  is, 

(4 -14) ak.. == ak. . .V V

From  the properties of the forms £} , O* and the definition of the tensor A
it follows th a t the com ponents of A are

(4-15) a" = 4 -

For each fixed k denote

- , n,
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On the o th er hand, a use of equations (3.5), (3.5)*, (3.7), (4.12) yields 
readily  the m atrix

(4 . 16) Y (fti -  « * )  =  ! y k a\j , • • •, y k 4  0 / 1| .

By p u ttin g  H =  y kA k in equation (4.8) we obtain

(4*17) Y (*£2 —  *Q*) ev*n~l =  n\ y k Ab* (det B*) (e1 A • • • A en) ^V ,

since Ab* =  o due to condition (4.3). Thus equations (4.17), (4.6), (4.7) 
reduce equation (3.17) to

(4.18) d<p =  ni (G b* +  y n+1 Bb*) (det B*) d V .

Hence for a pair of com pact im m ersed subm anifolds x  (M ) , jc*(M) under a 
volum e-preserving diffeomorphism /  w ith  AB* =  o the integral form ula 
(3.10) becomes

(4-19)

In particu lar, when the two hypersurfaces x ( M ) ,  x*(M ) are identical, by 
definition Bb* = i and the form ula (4.19) is reduced to

(4-20) j (Gb +  y„+i) (det B) d N  =  o .
M

S ub tracting  equation (4.20) from equation (4.19) and noticing condition 
(4.1) we ob tain

(4 -21) j  [(Gb* —  Gb) +  y H+1 (Bb* —  i)] (det B) d V  =  o .
M

Since by the assum ption of the theorem  the com pact hypersurface jc(M) 
has positive definite second fundam ental form  II, we can choose the common 
origin of the position vectors x{p )  for all points p e  M in the Euclidean space 
E w+1 to be in x ( M)  so th a t y n+1 > 0 .  M oreover, by Lem m a 1.1 of § 1 we have

(4-22) Bb* — 1 ^ 0 ,

where the equality  holds when and only when, for a certain  p , B =  pB* 
from  which it  follows th a t I I ' =  II* due to condition (4.1). Thus by condi
tion (4.2) the in tegrand  on the left side of equation (4.21) is nonnegative, 
and the valid ity  of equation (4.21) gives im m ediately th a t the equality  in 
(4.22) holds. 'Hence the theorem  is proved.

B y com bining Theorem  4.1 and a form er one of ours [1] and noticing 
equation (2.20) we are readily  led to

I  (Gb* +  y K+1 Bb*) (det B*) d V  =  o .
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THEOREM 4.2.—-Under the same assumptions as those in Theorem 4.1, 
the diffeomorphism f  is a rigid motion, i f  the following further conditions are 
satisfied:

(4 -23) Bg* ^  Bg ,

and f  is an almost isometry relative to G*, that is,

(4.24) ÀG* =  o .
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