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Analisi matematica. —  A lm o st-p er io d ic ity  f o r  some d ifferen tia l 
equations in  H ilb ert spaces. N ota di S a m u e l Z aidm an presen ta ta0  
dal Corrisp. L. A m erio .

1. We present a new proof of an alm ost-periodicity theorem  for the 
bounded solutions of the (elliptic) equation

( 0  il — A u =  f

in a H ilbert space H , A  being self-adjoint and ^  o, whereas f ( f )  is a (Bochner) 
alm ost-periodic function from — oo < /  <  - f  oo to H.

The line of this prqof was suggested to us by L. N irenberg, during a 
course C IM E  on «A bstrac t differential equations », V arenna (Lake of Como) 
19^ 3> an d in M ontréal, in M arch 1964.

2. L e t V, H be two H ilbert spaces, V C H  w ith continuous immersion, 
V  is dense i n ! H.

Consider on V  X V a sesqui-linear continuous sym m etric form  a ( u , v ) ,  
such th a t for every p >  o, there exists a >  o, w ith the p roperty  th a t

(2) a (m y d) +  p I u  J2. >  a I u  |2 , for every u e V .

The sesqui-linear form  a (u  , v) defines a self adjo in t operator A  in H, 
w ith dom ain DA C V C H , by  m eans of the relation

(3) (Au  , v)h =  a ( u  yd) , for any u  e DA , v e V

(4) Da =  { u € V , I a (u , v) | <  Cu \ v |h } , for any z / e V .

W e deduce from  (2) th a t  (Au , u) ^  o, for any u e DA .
I t  is also easily seen th a t

(5) V =  D(i+„,„

(with equivalent norms: | u  |2 ^  | u  ^  +  | (A +  I)1/2 u  |2 ) .

3. A s a  corollary of a m ore general result (See [5]) we have the following: 
Theorem i .—Given an arbitrary function f  (f) e L?oc (— 0 0 ,0 0  ; H),

there exists at least a func tion  u  (f) 6 Lfoc (—  0 0 ,0 0  ; H) such that the relation
+00  +00

(6) f  ( « ( 0 , 9 — A9)h dt =  j ( f , <p)H d t ,
—  OO —  OO (*) (**)

(*) Dept, of Math., University of Montreal, Canada.
(**) Nella seduta del 14 novembre 1964.
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holds fo r  every

9 G Ka =  { 9 e Co (—  0 0 ,0 0  ; H ) , 9 e DA, A9 continuous in  H }.

In our particu la r case (A self-adjoint ^  o), we m ay regularize our solu­
tion. Precisely, we have the following:

THEOREM 2.—E very solution u(t)  o f 6) has the fo llow ing  supplementary 
properties'.

i° u ( t ) , u ( t ) e L?oc(— OO , OO ; V ) , u (t) eL?0C(—  oo , oo ; H ) ;
2° u (t) € D a almost everywhere, and A u  (t) 6 L?oc (—  0 0 ,0 0  ; H) ;
30 The relation.

(7) il — A u — f

holds, almost everywhere in  —  00 <  /  <  -|- 00 .
40 A n  inequality o f the fo rm

b.

(8) j  {\u(t )\y-\ -  \ù(t) |v.+  \ H(f) |h +  |A ^ ( / ) |h } ^ < C s  j*{\u(t)\uA~ \ f ( t ) \u }d t ,  
*
a a - b

holds where C5 does not depend fro m  u, nor fro m  (a , b).

One proves this resu lt w ith  an easy adap ta tion  of the m ethod given in 
A gm on-N irenberg ([1] -  Ch. IV). (See for details [6]).

We need also a little  m ore precise inequality  th an  (8), where C5 will 
be precised better.

Theorem 3.— In  the hypothesis of the preceeding theorem, the following  
estimate holds

b b + b  b + b

(9) J ( \ u g + \ A u g ) d t < - ^  j ' \ u \ * d t + j \ f f d t
a a — b a —5

Inhere C non depends from  u or (a , b).

i
I , a A  t A: b

We take £ (f) =  <$£(/), where 9 € Co° =  \ o , t <C. a —- S ,  ̂ ,

! <  I in  o t h e r  p o i n t s

C cand such th a t |<p | <C-g-, | 9 |< - p - .  A fter, by (7) we have

b +  b b + b

j  Z>(u — A u  , il —  A u)u  d t =  j  £ \ f \ 2d t ,
a — b

or
^+8 £-f-5 £4-8

j  ? ( I u  |2 +  IA u  |2) d t —  (  K [(u , A u)  +  (A u  , u)] d t =  j  X , \ f f d t .
a — b a — b a — b
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P artia l in tegration and self-adjointness gives us th a t

3+5  3+ 5  3+6
/* /»

^ £ [(w , Aw) +  (Aw , w)] dt  =  —  2 j  £ (Aw , u )d t  j  C (w , A u)  d t .
a —6 a —5 a — b

C onsequently

+  6 3 + 5 3+6  3+ 6

y  £ ( | w |2 +  | A u  |2) dt  —  ̂ £ | /  I2 dfr —-2 y  £ (Aw , u) dt  f -  J f  (Aw , w) dt
a — 5 a — 6 « — 6 a — 6

and from (Aw , w) >  o, it follows

3+5  3+5  3+5

j  C( | w |2 +  | A u |2) dt  < / £ . | /  I2dt  +  ^ £ (Au , u) d t .
a — 5 a — b a — h

Now

|£ (A  u , u ) \ < ! X ,  \A u \  -'A  \u \< ~-X , \Am \2 +  —  Is \ u \2

and obtain
3 + 6  3 + 6  3+6  3+5

/ C | « P  +  C| A u  |2) dt < c j  \ f  |2 dt +  — j '  +  Aw |2 dt-\- A  j  — L  \ u \2 d t
a —b a —b a —b a —b

and from this
3 3+6  3+5

y  ( | w |2 +  | A u  |2) dt <  2  ̂ |/  |2 dt +  j  \ u f  d t .
a. a — b a — b

\’t \ 2' AB ut , as easily results from £ =  <p4. Hence the theorem  is proved.

4. We pass now to the theorem  of alm ost-periodicity for' the solutions 
of equation  (7), when the known term  f ( t )  is an alm ost-periodic function from 
— o o <  t  <  +  00 to H.

We note firstly th a t due to the facts: w(£)eL?oc(— 0 0 ,0 0  ; V), and 
^  (/) 6 L L  (—T 0 0 ,0 0  ; H), it follows th a t u ( f )  is continuous in V, and w ft) 
is continuous in H.

We have the following:
Theorem 4 (1b— I f  f  (f) is almost-periodic fro m  — 00 <<  ̂ << +  00 to 

H, and  i f  u ff)  satisfies 7), and the relation \ u f )  |h <  L  , —  00 <  t <C +  00, 
then u ( t ) is almost-periodic in  V, and it (t) is almost-periodic in  H.

(1) I t was proved already with a different method, in [6].
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W e prove firstly  th a t ù (t) is alm ost-periodic in H . Take an s >  o. 
There exists a relatively  dense set of s-alm ost-periods t f o r / (7); th a t is

sup I / / +  T)—  f ( t ) \ H< Z .
—  O O  < /  <  - j - O O

If  u  — A u  = / ,  then obviously v (t ) =  u (t +  r) — u (t) satisfies the equation 

 ̂ ~Av =  f  (t +  t) — /  (t) =  g  ( f ) , alm ost-everywhere.

W e use the following inequality  (Gagliardo [3], N irenberg [4]).
T+ d

I “  (T) JH < C  ! sup I *>(*) W  +  ^ r  SUP | “ (jf)|
\ J  I  T — d K K ^ + d  "  d  T ~ d < t < T + d  H

T — d

where C non depends of co and d , and which holds for scalar as well 
for vector-valued function co, for which, co , co , gÌ€Li2oc (—  0 0 , 0 0 ;  H). 

W e apply  this inequality  to v (/), and obtain, w ith  d  =  L/s, the relation
T +  L/e

I ^ ( T ) I h < c (  j I \h d t 
T — L/e

Now we apply  9) w ith  § =  L/s. We have
T + L /e  ^ T + 2 L/e T + 2 L /e

j \ v ( t ) \ l d t  < ^ f \ v \ l d t ^ j \ g \ l d t  <  4 V  • Ì L +  £2 4+  =  /6 C  £3+4 Le
T — L/e T — 2L/e f  — 2 L/e

Hence

I ^ CO |H <  Ci ( —— -----\- 4 Lsj • (2L )1/3 +  2Cs =  D i (s) , D i (s) -> o
as

s - + o ,  —  00 < T  < - ( -  00.

and this proves the alm ost-periodicity of ii(t) in H . As u ( t )  is bounded in 
H, by  a theorem  of Am erio [2], u (t) is alm ost-periodic in H .

To prove the alm ost-periodicity of u (t) in V, we use (8), applied again 
to U (t -j~ T) * 'Ll 00 =  V 00 , /  (t +  T) —/  (t) =  g  (t)

T + l  T + 2

J  I V (0  I\ d t  <  C / { I V (t) | |  +  \g (t) I l } d t .
T — 1 T — 2

T ake s >  o; and t a common s-alm ost-period for f  (t) and u (t) in H . 
(This is possible for a relatively  dense set of t). Then | v if) |h <  £ , | g  00 |h <  s, 
—  00 <  t <  00; hence

T +  l  

T — 1

for every T  , — 00 <  T  <  +  00 •

j (2 L)V3 +  ^ . 2L .
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Take tT such th a t | v (tT) |v =  in f \v (t) |v . Then
T — 1 < ̂  <T4-1

T + l

f —1

For an a rb itra ry  real T ,

t

v (T) =  v (tf) - f  J v  ( t )d t
tT

v (T) |v <  |/Ks +  |/2

T + l

S j \ v ( f )  1 \ d t
T —1

1/2

A pply again (8), and ob tain  | v (T) |v <  Da (e) , D 2 (s) ^  o as s -> o. This 
proves the theorem .
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