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Analisi matematica. — Almost—periodicity for some differential
equations in Hilbert spaces. Nota di SAMUEL Za1pMaN ), presentata
dal Corrisp. L. AMERrIO.

1. We present a new proof of an almost-periodicity theorem for the
bounded solutions of the (elliptic) equation

(1) i —Au=f

in a Hilbert space H, A being self-adjoint and = o, whereas 7 (¢) is a (Bochner)
almost-periodic function from — co <<# << + oo to H.

The line of this proof was suggested to us by L. Nirenberg, during a
course CIME on « Abstract differential equations », Varenna (Lake of Como)
1963, and in Montréal, in March 1964.

2. Let V, H be two Hilbert spaces, VCH with continuous 1mmer510n,
V is dense in' H.

Consider on V X V a sesqui-linear continuous symmetric form « (u, v),
such that for every § > o, there exists « > 0, with the property that

(2) a(,u)+Blu}>alu?, for every ueV.

The sesqui-linear form a(x,v) defines a self adjoint operator A in H,
with domain Dy CVCH, by means of the relation

3) (Au,v)u=a(u,v), for any ue€D,,veV
(4) Da={u€eV,|la(m,v)|<C,|v|a}, for any veV.

We deduce from (2) that (Au, %) = o, for any #€Dj,.
It is also easily seen that

) V=D

(A+D1/2

(with equivalent norms: |u|% ~ |u|% + |(A + DV2x[2)

3. As a corollary of a more general result (See [3]) we have the following:
THEOREM 1.—Given an ar&ztmry Sunction f(£) € L (— oo, 00 ; ; H),
there exists at least a function u () € Lloc( oo, 00 ; H) suck that z%e relation

6) /(u iz‘),c'p'—Acp)Hdt=/(f, ®)u ¢,

(*) Dept. of Math., Univeréity of Montreal, Canada.
(*¥*) Nella seduta del 14 novembre 1964.
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holds for every
@€ KA_—_ {@ecg(_ oo,00;H),0€Dys, Ag continuous in H}.

In our particular case (A self-adjoint = 0), we may regularize our solu-
tion. Precisely, we have the following:
THEOREM 2.—FEuvery solution u(?) of 6) has the following supplementary
properties:
1° %(f), i(t)€Lic(— 00, 00; V), 4 () € Lic(— oo, oo ; H);
2° u (t) €Dy almost everywhere, and Au(f)€Li(— oo, 0o ; H);
3°  The relation.

(7) U—Au=f
holds, almost everywhere in — oo <t < + oo .
4°  An inequality of the form

b b+d

®) .-/{Iu(f)lgr—f—W(t)l%—l-lii(f)!?{Jr\A%(l‘)\%l}dt<Ca[ﬂ”(l‘)lﬁ—f-lf(f)lfi}df,

J
a a—d

holds where Cy does not depend from wu, nor from (a,b).

One proves this result with an easy adaptation of the method given in
Agmon-Nirenberg ([1] — Ch. IV). (See for details [6]).

We need also a little more precise inequality than (8), where Cy will
be precised better. '

THEOREM 3.—7% the hypothesis of the preceeding theorem, the following
estimate holds

5 543 5+
© Jaatr aupar < & [lurae+ 1750

where C non depends from u or (a,b).
1,a=t=%¢
We take L (2) = ¢*(¢), where ¢€Cy= 1 0,t<a—38,t>b+3,
<1 in other points

and such that |<p|<—C8—, |cp[<FC2— After, by (7) we have

5+ 5+
4

| €t —Au, it — Awy dt = / ClfPpat,
i a=d
or.

b+d b+d 5+3

/ C(|dP + |An) dt — [C[(z‘i,Au) + (An , é)] dt = / C|f2at.

a—8 3 a3
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Partial integration and self-adjointness gives us that

b+5 b+5 b+5
/C[(u Aw)+ (Aw , )] dt — —2] (Ad, u)dt+/ ?(u, Aw)dr .
a—S
Consequently

b+d &+6 b+5 +d

/C(le—l- |Aw?)dt = / (f}za’t—Z—/ C(Au, u)dt—i—/C(Au ) dt
-9 a—
and from (A4, 4) > o, it follows
! hre
/C(|z’é|2—|— [Aulz)dt</'q |f 2dt + / CAw, wydr .
i a—3 a—b

Now

12 (Aw, )| <VT |Au| - Iu;<——CIAul2+—ICI2I%12

I

and obtain

+d b+d b+ d

f<c|ul2+<|Au42>dz<fc;f|w+ fC>Au|2dt+ [

a—a

and from this

17+§ b+3
/(|u|2 + | Aul?)dr <2 / yf|2dt+/ P uear.
a=b a—5

195

But —=— < 84 , as easily results from { = ¢* Hence the theorem is proved.

4. We pass now to the theorem of almost-periodicity for the solutions
of equation (7), when the known term £ (#) is an almost-periodic function from
—oo<Lt << + oo to H.

We note firstly that due to the facts: # (£) €L (— oo, c0; V),

4 (£) € Lie (— 00 , 00 ; H), it follows that # (#) is continuous in V, and u (¢)
is continuous in H.

We have the following:

THEOREM 4 W.—Jf f(2) is almost-periodic from — oo <t < -+ oo to
H, and if u (t) satisfies 7), and the relation |u (f)|u <L ,— oo <t << 4+ oo,
then u (t) is' almost-periodic in V, and i () is almost-periodic in H.

(1) It was proved already with a different method, in [6].
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We prove firstly that #(#) is almost-periodic in H. Take an &> o.
There exists a relatively dense set of e-almost-periods * for S (@); that is

sup oolf(z‘—{—*r)——f(t)|H<s.

—ooI< +

If 4 —Awu = f, then obviously v (#) = # (¢ + 7) — u (¢) satisfies the equation

V—Av=Ff0t+7)—F@) =g, almost-everywhere.
We use the following inequality (Gagliardo [3], Nirenberg [4D.
T+d

1/3
omu<c( [l605)  wn o0+ S s ool

T—d<t<<T+d T—d<t<L<T+d

where C non depends of ® and &, and which holds for scalar as well
for vector-valued function ®, for which, w, &, Gel2, (—oo, c0; H).
We apply this inequality to v (¢), and obtain, with & = LJe, the relation
T+L/e
\1/3
|4 (T) IH<C( /tﬁv‘@ !ZHaft) LW+ 2L,

T—LJe

Now we apply 9) with § = L/e. We have

T+LJe T+2LJe T+2LJe
.. Cet “Cet 4L 4L 16C 4
T—L/e T_—2L/e T—2Lje
Hence

|9(T) [y <Ca (252 4 4Le)" .(2Ly#8 4+ 2Ce = D1 (8), D1 (6) > o

as
e>0,—o0o T <+ oo.

and this proves the almost-periodicity of # (#) in H. As % (¢) is bounded in
H, by a theorem of Amerio [2], % (¢) is almost-periodic in H.

To prove the almost-periodicity of « (¢) in V, we use (8), applied again
tou(t+7)—u@=v@).fC+7—ft)=g@)

T+1 T+2
|

[lo@gar<c [ to0h+1ewpya

1 T—2
Take ¢ > 0; and 7 a common e-almost-period for f(#) and « (¢) in H.
(This is possible for a relatively dense set of 7). Then |v (¢) [u <<, |g () |u <,
— oo < ¢ < oo; hence
T+1
[] v () Bdt <C-8e?,
T—1

for every T, — oo < T < + oco.
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Take #r such that | (¢#r)ly= inf |2 (#)|v. Then
T—1<¢<T+1

T+1
v ()2 <§/| v (¢) P dt < Ke2.
T—1
For an arbitrary real T,
T T+1
. o N[ 12
v(T):v(tT)—l—/w(l)a’t , |7/(T)|V<VK3—|—V2)/|7J<z‘)]%,dt
it T—1

Apply again (8), and obtain |v (T) |y <Da(c), D2 (¢)—> o0 as €¢— 0. This
proves the theorem.
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