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Meccanica. — Upon the paradoxal character of the solutions of 
Kelvin-Somigliana and Kolossoff-Muskhelishvili in the plane elasticity. 
Nota di L iviu  S o l o m o n ,  presentata n  dal Socio B, F i n z i .

1. I t  is well-known (see A. I. L urye [1], chap. 2, § 1) th a t  the funda­
m ental solution of L am e’s equations (for isotropic and homogeneous bodies) 
can be obtained, by in troducing in the represen ta tion  of Grodskii

(1) —  4 ( IX_ V) grad (x • B +  BQ)

(2) A B =  — —  , AB0 =  - ^ L

(where x  is the vector-radius of an a rb itra ry  point; it -  the displacem ent 
vector; F -  the body force; [jl -  the constan t of Coulomb; v -  the constan t 
of Poisson), the fundam ental solution of L aplace’s equation.

In the case of the plane stra in  state , one has to take

(3) B =  A In — , B0 =  o , p2 =  *2 +  y 2,
P

where a is an a rb itra ry  and undeterminable constant, introduced in order 
to render the solution independent upon the choice of the tm it of lenght. 

T his solution corresponds to the action of an unit concentrated  force, if

(4) A =  l/2 7U(jI .

Considering for sim plicity  the case of an u n it force applied in the origin 
along the axis Ox  (which does no t affect the generality) we get from (1) the 
com ponents of the plane tensor of Kelvin-Som igliana

(S) 1 8  7T[X ( i  ---- V)

or still in polar coordinates z

(3 - 4 V)lnf. +  ^
xy

8  7T[A ( i  ---- V) p 2

P**'x :

(6) Z'n
8  7I{JL ( I ---- V) cos2x+(3  — 4 V) In —

P .
1̂2 8 ptJT (1 — v)

sin x cos X •

T he same expressions are appearing if we utilize the solution o f Kolossoff- 
M uskhelishvili for a concentrated  u n it force d irected along Ox (seeN . I. M u- 
skhelishvili [2], § 57). N am ely, one gets

(7) <p 0) =  — 2  7t (>C +  I )
In z + (*) = 2 7T (X +  I )

In z

(*) Nella seduta del io giugno 1964.
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w ith  x =  3 — 4 v, so th a t the plane complex displacem ent will be

(8)

which leads— afte r separation of the real and im aginary  p arts— exactly  to 
the com ponents from (5) or (6), but for a constan t term .

2. T he above solution obviously contredicts the m echanical facts. The 
com ponent vxx of the displacem ent along the direction of the acting force 
tends to  infin ity  bo th  for p-> o (which is logical), and for p -> o o  (which is 
absurd); and the com ponent vI2 does n o t depend upon the d istance p (which 
is also inacceptable).

F or this reason, one adm its usually  in the theory  of the plane problem — 
if it is necessary to suppose the displacem ents as being bounded a t the infi­
n ity — th a t the forces acting upon any bounded boundary com ponent, have 
a vanishing re su ltan t force (see [2], §36).

In  order to exam ine the behaviour of the displacem ents (6), let us con­
sider the curve

along which one has vxx =  o. One sees easily th a t the curves F  (x , y  ; a) =  o 
and F  (x  , y  ; a) =  Const, are hom othetic w ith the curve F  (pc , y  ; 1) =  o, 
so th a t it  rem ains to exam ine only this last one. For it, one has

which is the equation of a closed curve, having Ox, Oy as axes of sym m etry.
Thus, the solution of K elvin-Som igliana renders ev ident a closed curve, 

on which vxx =  o; in its in terio r one has vxx > 0 ,  and in its exterior, vxx << o. 
T he m odification of the constan t a changes the dim ensions of this “ tube ” 
of equal d isplacem ents— b u t does n o t m odify its character.

All, this is absurd— and is obviously due to the fact th a t the  function 
In z  possesses two singular points (o and 00), while the function i/R  in the 
three-dim ensional case is regular a t  the infinity.

I t  can be also no ted  th a t in the plane case, we have a t  our disposal 
two functions which can lead to solutions of the type of Kelvin-Som igliana:

Re In z =  In p, and Im  In z  =  X =  arc tg  — . Setting  in (1)

(9) F (x , y  ; a) =  cos2 X +  (3 — 4 v) ln ~  =  o
p

(10) p =  exp [cos2 7./(3— 4 v)]

(11) B: =  o , B2 =  A x , B0 =  o

one obtains a second solution of K elv in’s-Som igliana’s type

( I2) v'« =f 4 (1L V) sin2 Z . =  4 (,T- ;v;  [(3— 4 v) X —  sin 7 cos 7]

where in the case of the u n it force

03) TT[X ( I ----- 2 V)
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This is also inacceptable, since it  leads to m ulti-valued com ponents 
of the displacem ent and, m ore than, does no t depend upon p.

No o ther possibility  to construc t plane solutions of this type is existing. 
T he paradoxal charac ter of the above results shows th a t i t  is n o t allowed 

to use the solutions in displacements of the plane problem , if it  has been 
m ade use of the com ponents of the tensor of Kelvin-Som igliana in an en tire 
(non-differential) form, as it  is for ex. the case in the construction of the 
particu la r solutions corresponding to non-vanishing body-forces (see [2], the 
end of § 57). In  the contrary , all the calculations referring to the stresses 
are valid, since the derivatives of In ^ are regular a t the infinity.

3. T he paradoxal charac ter of the solution of K elvin-Som igliana in the 
plane can be understood, tak ing  into account th a t  the problem  of plane 
stra in  is in fact a three-dim ensional one, w ith com plete m onotony of the 
d a ta  along the axis Os.

L et us consider the three-dim ensional infinite space, loaded along Os 
by a system  of constan t loadings directed along Ox. W e no te  w ith  3c the po int 
of observation, and w ith  I  the poin t of source. I f  the loadings q (£) ix have 
the re su ltan t force zx (un it vector of Ox) on any in terval of u n it length on 
Os, it  follows q (£) =  const. =  1.

T he solution of K elvin-Som igliana in the three-dim ensional space for 
a concentrated  force is

( h )  ( * > £ )  — c ~  b > 1̂2 (x ; 5 ) =  c - ,

* . , ( * ;  5) =  ‘ ^ L
where

o s )  R = y ^ a + y + ( « — 9 a ,  ̂ =  i 6 ^ ( , - v )  »

M ultip ly ing  in (14) w ith  dX, and in tegrating  from to £2, we obtain  the 
'd isplacem ents of the three-dim ensional space subm itted  to a « line » of load­
ings d istribu ted  along Os, and having the re su ltan t force (£2 —  C )L  •

W e consider the change of variable

(16) Z =  s —  £ , dZ =  — dXs

and potè w ith  V x* the integrals of the com ponents from  (14).
A fte r certain  elem entary  calculations, we obtain

+  c (3 — 4 V) In ~-- I +  Zl^ Rz —

-  + ____1 _____'
) R2 (R2--- Z2)

-  + _ _ _ _ _ !_ _ _ _ _
i) R-2 ( R-2 "--Z2)

i L̂ 2

V „ =  2 C > + ( 3 - 4 v ) l n f

( J7) <
V I:

Vio =  ex

CX Ri (Ri +  Zx
xy  r ’ I

2 , —  - ^ [R, ( R i + z
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where it  has been noted

(18) Z i =  z —  XHt , R  =  t * a + ^  +  Z* =  |/p2 +  Z2 , R . =  /p * + Z ?
(« == 1 , 2 ) .

I t  is visible now, th a t the first term s frornV ^ and V I2 coincide w ith  vlly 
respectively  w ith  z/I2 for the plane case from  (5).

4. I t  would be desirable to ob tain  from (17) the solution of the plane 
stra in  problem , by taking Z x , — Z2->oo.  In fact, it  is visible th a t the last 
term s from V „ , V I2, together w ith  V I3, tend in this case to zero. On the con­
tra ry , the  second term  from  V XI tends now to infinity. This shows the 
reason for which the function vzl from (5) tends to infinity  w ith p, in con­
trad ic tion  w ith  the m echanical sense of the problem; things are happening 
so, only because in the solution of the plane problem —which had to have 
been obtained from (17)— one has in advance neglected the term s depending 
upon z } and therefore the second term  from V „ , which tends also to 00, 
has been overlooked.

L e t us group together in (17) the term s in èos2 X , cos X sin x, and the 
logarithm ic ones. A fte r elem entary  calculations, we obtain

(19)

j V „ (x , y  , z) =  2 c

V I2 ( x , y  , z) =  2 c

V ,3 (x , y  ,2) c I

(where the Variable z  appears through Zx , Z2).
T he coefficient of cos2 X and the logarithm ic term  from V IX are bo th  

positive for any  values of p , x > Zx , Z2— so th a t we have everywhere V „ >> o, 
as it  was to be expected.



Ó2 Lincei -  Rend. Sc. fis. m at. e nat. -  voi. XX XV II -  Ferie 1964

F urther, the lim its of the expressions (19) for any  f in ite  Z x , Z2 ar zzerò. 
Therefore, this solution gives displacem ents which keep a constan t sign 
along the direction of the loading, and tend to zero a t  the infinity.

On the con trary , for p finite, we get from (19)

(20) lim V „ =  ( 3 — 4v) c In - - - 2- 00 , lim V I2 =  2 c sin x cos x ,
Zi ’ Z2 —> 00 P Zx, — Z2->oo

lim .VI3 =  o
ZI; — Z2->oo

which is also easily understandable: if Zx, — Z2->oo,  the re su ltan t force 
applied along Oz upon the elastic space tends also to 00, so th a t it is to 
be expected, th a t  the displacem ents cannot rem ain finite.

In  the practice, one cannot m eet neither the case Zx , — Z2~>oo,  nor 
the case p 00.  B u t the values of the displacem ents can never be searched 
in the form  (5) or (8)— which have no m echanical m eaning— b u t only s ta r t ­
ing from (19) and eva lua ting  in which m easure these form ulae, established 
for the infinite space loaded along Oz, rem ain adm issible for the considered 
problem .

This rem ains valid also in connection w ith the above said at the end 
of § 2. F u rth er, this m ust perm it to clear up certain  difficulties appearing 
in the plane con tac t problem , in the plane problem  of stress-concentration  
e tc .— all these connected in a certain  m easure w ith  the behaviour of the 
displacem ents a t  the infinity.
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