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Meccanica. — Upon the geometrical punch-penetration rigidity. 
N ota di L iv iu  S olomon, p re sen ta ta0  dal Socio B. F inzi.

1. I t  is well known th a t the problem  of the three-dim ensional elastic 
frictionless con tac t (see H . H ertz  [1]) is equivalent w ith th a t of the pene
tra tion  of a rigid punch, having the form  of an elliptical parabolloid (let us 
call it  a parabolic punch), in to  an elastic half-space, bo th  having perfectly  
sm ooth boundaries.

T he general equations o f the problem  are studied, for ex., by  I. Y. S taer- 
m an [2], especially for the punch w ith a plane elliptical basis-let us no te this 
case w ith  (')— and for th a t  of the  parabolic punch-w hich will be noted with (").

W e shall note: p -  the constan t o f Coulomb; v -  the constan t of Poisson; 
9 =  ( l — v)/2 TCp ; p  (x , y )  -  the pression under the basis of the punch; 
a >  b , D , k -  the half-axes, the area, and respectively the eccentric ity  of the 
con tac t ellipse ®; P -  the to ta l loading:

8 -  the central penetra tion  of the punch; aQ=  P/2 D -  the m inim um  pression 
under the punch w ith  a plane elliptical basis; ax =  3 P/2 D -  the m axim um  
pression under the parabolic punch.

W e shall keep the no tations, and utilize certain  results from  the papers 
of L . Solomon [3] , [4] , [5], L . Solomon and I. Zamfirescu [6],

2. T he in tegral equation of the problem  of cen tral penetra tion  (w ithout 
ro ta tion ) for a punch w ith a plane (even non-elliptical) basis is

(see form ulae (12), (13) from  [3], or— m ore detailed— (4.1) -  (4.3) from  [4]. 
K  (k)l E (k)— com plete elliptic integrals of the first, respectively of th e  
second kind; H — average curvatu re of the punch). (*)

( 0

©

In  the case ( ' ) ,  the penetra tion  is

(3) 8 ' = 6 ^ K ( i ) .

In  the case ("), the penetra tion  can be w ritten  in the form

(4)

(*) Nella seduta del io  giugno 1964.
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L et us consider now the form ula from  the torsion’s theory

(5) 9K3 =

which binds the torsional couple 0tb3 (to tal characteristic of the loading), 
the constan t p (characteristic of the m aterial), the torsional tw ist t (global 
effect), and the geom etrical torsional rig id ity  C (global geom etrical character- 
istic of the body).

I f  isolating in the form ulae (3), (4) the term s depending uniquely upon D 
and k , one gets two form ulae of the same type as (5):

(6) II 1 < O
? O , P =

I  —  V
s" c ;

where

(7) C  =  — ■ D I/2
n r

> K ( * ) ( i - - k y u
—  i

(8) C"— — c
e“  3

T he quan tities C,CiCc will be nam ed geometrical punch-penetration rig i
dities for punches w ith  elliptical bases-plane, or not.

T he fact th a t Cc <C Cc was to be expected, the stresses in the case ( ')  
having to vainquish the increased resistance of the half-space along the sin
gu lar line which is defining the boundary of 3).

N oting w ith  “ o the case of the circular contact dom ain, one gets a 
single form ula (valid both  in the case ( ')  and in ( " ) ) :

w  I  =  % r $ r  -  i  K «  (■ -  ■k ' ) " '  -  ■ ■“  - k  * •  i  ®
where

0°) K g )  =  i +  & +  o ,88^ +  - • • , k e (0,1) .

Therefore, the geom etrical punch-penetration  rig id ity  depends upon the 
con tac t area, and only in a non-essential m anner upon the eccentricity , th a t 
m eans, upon the shape o f the con tac t dom ain. (For k ^  i, the form ulation 
of the problem  itself is to be modified: in this case, one has p ractically  to 
deal w ith  an in itial con tact along a line).

This explains the charac te r of the results obtained by L. A. Galin [7], 
chap. 2, § 10, for punches w ith  plane bases, and also the conclusion from 
[3]» § 4 . for parabolic punches. I t  is in teresting  to underline, th a t a sim ilar 
fact appears in the theory  of sound-propagation through elliptical orifices: see 
L ord  Rayleigh [8], voi. 2, § 306.

3. The above said suggests to exam ine also the expression of the geo
m etrical torsional rig id ity  for the ellip tical cross-section. A fter simple cal
culations, the correspondent well-known form ula can be w ritten  in the form

0 0 c  = D4-------
4 tu2 I 0

D :

(I0 -  central polar m om ent of inertia) where— if neglecting 
term s the function / (k) is the same as th a t from (io).

higher-order
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This perm its to transcribe the expression from (7), as 

(12) C  =  2,84 D I/4 i f

and a sim ilar one for the q u an tity  from (8). In  this form, the geom etrical 
punch-penetra tion  rig id ity  does no t more depend upon the specific elliptical 
form of

Rem em ber now th a t the first expression from (11) has been proposed 
by B. de Sain t-V enant [9] as an approximative one, for tw isted bars w ith 
a non-elliptical cross-section. A lthough the lim its of valid ity  of such an 
approxim ative form ula could no t be established, the com parison w ith  the 
exact solution for num erous non-elliptical cross-sections proved its usefulness.

4. L e t us rew rite the equation (2) in the form

(13)
i — v V ( x , y  , o ')

[JL 2  TU

the suffix ( ' )  being now utilized for any  punch w ith plane bounded basis, 
and V  (x , y  , o) being the lim it-value of the single-layer po ten tial w ith  the 
density  p  (x , y).

T he com parison of (13) w ith  (6) suggests to take the q u an tity

(14) c = 2 7 1
P

V ( x , y  , o )

as th e definition of the geom etrical punch-penetra tion  rig id ity  also for punches 
w ith  a plane bounded non-elliptic a l basis. O f course, this will have a sense 
only if C’c from (14) does no t depend upon the to tal loading and upon the 
m aterial.

The com parison of (7), (9) and ( i l ) — exact solutions—-shows th a t the 
role of the shape of the con tac t dom ain in C* for the ellipse is by far less, 
than  the role of the shape of the elliptical cross-section in C. This leads 
to the idea to take (12) as an approxim ative form ula for the geom etrical 
punch-penetra tion  rig id ity  for bounded non-elliptical plane bases, instead of 
the exact expression (14), which cannot be in general calculated, inasm uch 
as no exact solutions for such punches are known.

5, As also for S a in t-V enan t’s form ula ( n ) ,  such an assertion can be for 
the m om ent only verified w ith  the help of several examples.

Owing to the absence of exact solutions, we are obliged to utilize w ith  this 
aim the approxim ative solutions from [5], for the case “ t  ” of the equilateral 
triangle w ith the height 3, and for the case “ ^ ” of the square w ith  the 
side 2,

Tjhe functions and the tables from [5] perm it to w rite—w ith  the help of
(14) — the values

(1 5 ) C e, t = 2 TZ£  =  5,49 cm C'CiS =  2 7T —  ^  4,60 cm .
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On the o ther hand, from  (12) one gets firstly

(16) c ; . ,=  2,31 Df , c ;„  =  2,27 D f

(rem em ber th a t, for equal areas, the geom etrical punch-penetration rigidity  
m ust a tta in  its m inim um  for the circle: see (9)).

From  (16) it  follows now for the considered examples

(17) Q , =  5,27 cm , C , , =  4,54 cm .

Thus, the results from (15) and (17), obtained by two wholly different 
approxim ative m ethods, appear to be practically  identic.

Therefore, the elem entary  form ula (12) perm its to determ ine effecti
vely, w ith  the help of (13), (14)— leading again to a form ula of the same 
type as (6)— the value of 8', which is a global param eter of the g reatest im 
portance.
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