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8i 4 Lincei -  Rend. Sc. fis. m at. e nat. -  Voi. X X X V I -  giugno 1964

Aritmetica. — On Asymmetric Diophantine Approximations (*b 
Nota di L. C. E g g a n , presentata (**} dal Socio B. S e g r e .

1. In  1945 B. Segre [3] in troduced the idea of asym m etric approxim a­
tions by proving the following theorem  in the case m =  1.

THEOREM i . — I f  m is a positive integer, t a non-negative real number 
and 0 an irrational number with continued fraction expansion [aQ , az , • • • ] 
such that a2j+T >  m fo r  infinitely many j ,  then there exist infinitely many natio­
nals p\q with qf>  o such that

— 1 
f  m 2 +  41 q2 41 q2

Moreover, i f  t =  o, or 1 \t is an integer, the constant ]/m2-\~4 t cannot be in­
creased.

I f  a2J- >  m fo r  infinitely many / ,  the statement holds with pjq —  0 repla­
ced by 0 —  p\q.

By tak ing  / =  1, this theorem , recently  proved by E. A. M aier, also 
yields a theorem  of M uller [2].

In  this N ote, we consider t =  o or i/n , n an integer, and announce a 
generalization of M aie r’s theorem , for these values of t, by finding the best 
constan t ck such th a t

—  l/ck q* <  Plq —  6 <  tjch q

has a t  least k  solutions pjg, when 0 is as in the s ta tem en t of Theorem  i .
In  particu lar, the theorem  is as follows.
THEOREM 2. — Let m and n be positive integers and let dn =  [o , m , mn] 

and <pn =  [o , mn , m\ have convergents Py/Qy and Hy/Ky, respectively. I f  
0 — [Oo , ax , #2 , • • •] is any irrational number such that a2j +I >  m fo r  infini­
tely many values of j ,  then fo r  any positive integer k , there exists at least k 
rational number p\q with q y> o satisfying

1____ _ P_   0 ( Y!n)
c (m , n  , k) q* q c (m , n , k) q2 ’

where c (m , n , k) =  <pn +  m +  H 2^ _ I/K 2^ _ I . Moreover, the constant c (m ,n  , k) 
cannot be improved and equality is attained on the right hand side fo r  0 =  0^.

I f  CL2ji> m  fo r  infinitely many j , the statement holds with p\q —  0 replaced 
by 0 — p/q and the left hand side is best possible fo r  0 =  cp̂  .

T he case for n =  1 is already known [1, Theorem  2.3], and Theorem  2 
is proved in a sim ilar fashion.

(*) This research was partia lly  supported by the U nited S tates NSF G rant GP 1894, 
for which the au thor is grateful.

(**) Nella seduta del io  giugno 1964.
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2. W e obtain  M aie r’s theorem  for /  =  o or i/n, n a positive in teger by 
taking lim its. Besides the o ther results already m entioned, we also ob tain  
Theorem s n  and 12 of Segre [3]. Also, by the proof, we are able to ob tain  
the following strengthened  version of Theorem  13 of [3].

COROLLARY. -  Let m and n be positive integers. I f  0 =  \aQ , ax , a2 , • • •] 
is an irrational number fo r  which a2J-+I >  m fo r  infinitely many j } but 0 is not 
properly equivalent to dn =  [o , m , mn] then there exist infinitely many ratio­
nal numbers p\q w ith q >> o  such that

—  1/cq2 <  p\q  —  0 <  I \ncq2y
where

c — (]/ m 2 f  4 \n +  m  +  fimn)\2.
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Note added in p ro o f : the details of the proofs of these results will appear in « The 
Journal of the London M ath. Soc. ».


