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ALEXANDRU S olian , A  canonical decomposition o f additive, etc. I2Q

Matematica. — A  canonical decomposition of additive functors 
of modules. Nota di A lexandru  S olian , presentata °  dal Socio 
B. S egre .

Suppose T  is a covariant functor from one category of m odules to ano
ther and th a t for any  A of the first category there is given a Z-hom om orphism  
A -> T  (A),, so th a t these hom om orphisms satisfy a n a tu ra l condition of m aking 
com m utative certain  diagram s ; in this case the functor is provided w ith 
an additional s tructu re  which, by definition, makes it  a functor atom ized 
by the given class. The canonical decomposition m entioned in the title  refers 
to the process of passing from argum ents to values of T  and is m ade in 
term s of successive passing to values of co varian t functors atom ized by a 
canonical class of hom om orphisms, of functors Horn (L , ) or Horn ( , L)
and to inverse values of functors of the first type. T he com plete resu lt 
is given by the Principal Theorem . In the construction m ade enters as 
an essential fact the possibility o f associating to every ring-m odule its  addi
tive group structu re  and also the isomorphism H om A (A , A) ^  A.

In  w hat follows A , T, etc. will represent associative rings w ith  an iden
ti ty  elem ent ; by Z we shall denote the ring of integers. 9L A will m ean the 
category o f (unitary) A -m odules and A -hom om orphism s in which it will 
be determ ined b u t unspecified w hether question runs about righ t or left 
A -m odules. In  general, the em ployed term inology will be th a t of [i] bu t 
we shall m ake some references also to [3].

1. L e t T  be a co varian t functor defined on 0LA w ith values in 0L r  ; sup
pose th a t together w ith T  there is given a class {cpA} of Z-hom om orphism s 
9a : A ^ T  (A), where A  is any  object of 01lA, so th a t if / € H o m A( A , C ) ,  
the diagram

( 0 9A 9 c

T  (A) T  (C)

is com m utative ; in  this case we say T  is an atomized functor by the class 
{<pA} of Z-hom om orphism s.

Thus, the class {cpA} provides T  w ith an additional structure . As an 
exam ple of the m anner in which the structu re  of T  is affected by the class 
{cpA} we give the following proposition : (*)

(*) Nella seduta dell’8; febbraio 1964.
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PROPOSITION i . -  Let T  be a covariant functor from  011A to 0E r which is 
atomized by the class {<pA}; i f  all 9A are epimorphisms, then T  is an additive 
functor.

Proof. -  L et f , g :  A -> C  be A -hom om orphism s and let x e T  (A); if x=<pA a, 
a G A, then we have

T  ( f + g )  (*) =  T  ( /  +  g) <PA a =  <PC ( /  +  g) a =  <PC f a +  <PC ga =  T  ( / )  <Pa a +

+  T ( * ) 9 A« - ( T ( / )  +  T (*))*.

Remark. —The class {cpA} which occurs in the above definition determ i
nes in the general case, a n a tu ra l transform ation of two functors ; indeed, 
let us denote by IA the functor 01bA ->■ 0EZ which associates to a A -m odule A 
the Z-m odule A; then {cpA} determ ines a na tu ra l transform ation of IA into I r T.

2. L et T  be an additive co varian t functor defined on 01ZA w ith  values 
in 0Rr , which is atom ized by the class {<pA}; if /:■ A-->C , A  , C € 0HA, then 
since the diagram  (1) is com m utative, there exist uniquely determ ined 
Z-hom om orphism s

f x \ K er cpA ---- Ker <pc ,

/ 2 : Coim 9a —-> Coim 9C, 

f 3 : Im  9a - —  ̂ Im  9C , 

f 4 : Coker 9A — ► Coker <pc ,

which render com m utative the diagram

K er 9a ---- > A ---- > Coim 9A & Im  9A — > T  (A) — Coker  9 ,

(2 )  / . / / . h  T  ( / ) f \
I

K er 9C —  ̂ C ——> Coim 9C & Im  <pc ---- > T  ( C ) ---- Coker <pc

where horizontal arrows represent canonical maps.
Proposition 2. — B y passing from  A  to ¥Ler <pA , Coim (pA, Im  9A, Coker 9A 

respectively and from  f  to f 1 , / 2 , f 3 , f 4 respectively, there are defined covariant 
additive functors from  01bA to 011 z .

These functors will be called respectively the kernel, the coimage, the 
image, and the cokernel of T  with respect to {9A} and will be denoted respec- 
tively by K er ( T , |<pA}), Coim (T , {<pA}), Im  ( T , {<pA}) and Coker (T , {<pA})..

The proof of Proposition 2 m ay be accomplished by simple verification.
From  the com m utative character of (2) it m ay be seen th a t 

Coim (T , {cpA}), Im  ( T , {<pAj), Coker ( T , {o j )  are atom ized by  the class of 
respective canonical m aps.

3. Examples. -  1) L et A  be an abelian group and let F  (A) represent 
its m axim al torsion subgroup. L et T  (A) be the factorgroup A /F  (A) and
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le t T  (/) ,-  w here/ :  A -^ C , be the m ap A /F  (A)->'C/F'(C). induced b y / .  Then 
X is a co varian t additive functor from 011z to 0L Z. D enoting by cpA the natu ra l 
epim orphism  A -> A /F (A ) , we obtain  th a t T  is atom ized by the class {<pA}.

We note th a t K er (T , {<pA}) is the functor which associates to Ai the sub
group F (A), A  e 0L Z.

2) L et S be a m ultip licatively  closed subset of the com m utative ring A, 
such th a t 1 € S, o f  S (l). If  A  e 0L A and if As is the m odule of fractions 
of A w ith respect to S, then by passing from A to A s and from f : A - > C  to 
the A -hom om orphism  A S^ C S for which [ajs] -> [fa/s] (where a € A,  ̂ e S, 
and [a Is] is the class containing the formal quotien t ajs) we obtain  a co va
rian t additive functor T  : 0k A 0HA . L et cpA be the hom om orphism  A ->  As 
for which cpA a — [a/i]. Then T  is atom ized by the class {<pA}.

M oreover, T  m ay be in terp reted  as a functor from 01tA to 0L A , which 
is atom ized by the same class

3) The following exam ple does no t en ter in the lim its of our theory 
bu t is illustra tive as a generalization :

L et § be the category of all groups and group hornomorphisms. D enote 
by [G , G] the com m utator subgroup of the group G. T hen a co varian t 
functor T : § - >  0L Z m ay be defined by letting  T  (G) be the factor-group 
G / [ G , G ]  and T  ( / ) ,  where / : G - > H ,  the hom om orphism  G / [ G , G ] - >  
H / [ H  , H] induced by / .  If  cpG is the natu ra l epim orphism  G -> G /[G  , G] 
then for any / :  G -r> H , the diagram

G ----------- ► H

G/[G , G] H /[H  , H]

is com m utative.

4. L et T  be an additive functor defined on 0LA w ith values in 011 r  (the 
variance of T  is no t yet specified). I t  is known (2) th a t if  A € 0L A, then 
there exists a well-determ ined A-isom orphism

y)a : A  ^  H om A (A , À)

which m aps a € A  in to  th a t f a € H om A (A , A), for which f a (1) =  a.
L et us suppose th a t T  is a co varian t functor. Then T  associates to 

f a \ A A, a € A, the T-hom om orphism  T ( f a) e H om r (T (A) , T  (A)). The 
functor U  defined from 01tA to 0LZ by

U (A) ^  H om r (T (A) , T  (A)) , U  ®  =  Horn (fT(A) ,T

(1) See f3], § 8. 6.
(2) See [1], II §§ 2, 3.
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(where ^ : A  -^ C  and iT( A) is the iden tity  m apping of T  (A)) is co varian t and 
additive. M oreover, the m apping cpA : A  -> H om r (T (A) , T  (A) defined by

(3) 9a « =  T ( / J  , a e  A  , A  e 9Tb A,

is a Z-hom om orphism  ; indeed, by  the additive character of T, we have 

<PA O x  +  * 0  =  T  ifa^Ya) =  T  i f  a, +  fa)  =  T  i f  a)  +  T  i f  a)  =  9 A +  <PA “z > 

where ax , a2 € A.
L et ^ : A  -> C be a A -hom om orphism , then U  (^) : U  (A) -> U  (C) and 

we have

U  C+) ?A a =  H om  (*r<A) - T  (+)) T  i f  a) =  T  (^) T  i f  a) =  T  (4> f a)

9C 4"? =  T  C/1(W)

for any a e A; but .  4> f a (i) =  4 a and (1) =  tya. Hence, U  is an atom ized 
functor by the class {<pA}, defined in (3)-

Suppose now th a t T  is con tra  varian t ; the T  associates to f a the T-hom o- 
m orphism  T  (jQ  € H om r (T (A) , T  (A)). The functor U  defined from 01LA 
to 01 tz by

U  (A) =  H om r (T (A) , T  (A)) , U  ®  =  Horn (T (*) , zT(A))

is anew co varian t and additive. L et us define the class of m appings 
?A • A  -> U  (A) , A € , by  the same relations (3) ; the Z -hom om orphism
character of cpA m ay be proved exactly  as before.

I f  4, : A - > C  is now a hom om orphism  of the category 0RA, then we have

U (4,) cpA« =  Horn (T (4,).' *T(A)) T  ( / J  =  T  ( / J T  (40 =  T  Q / J

cpc V« =  T

and exactly  as before in the covariant case, it results th a t U  is atom ized 
by the class |<pAJ.

5- A t the previous point 4, we have associated to every additive functor 
T  : 0Ra -> 0R r  j an additive co varian t functor U  : 01LA 0RZ defined by

( ) U  (A) — i ^ om r (T'(A) > T  (A)), if T  is co varian t
( H om r (T (A) , T  (A)), if T  is contra varian t

such th a t, additionally  U  is atom ized by the class { <pA} of Z-hom om orphism s, 
defined by (3) (s). We shall call U, the atomistical part of T  and we shall 
denote it  by  P (T).

Prom  relations (4) it  m ay be seen, that, in order to pass from  the va
lues of P (T) to those of T, there m ust be taken some (well-determ ined)

(3) Such functors and similar homomorphisms were considered also by Dold [2], but 
in another connexion.
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inverse images of the form er by the functor Rx defined from 0Rr  to 0TCz 
by the formulas

, v I Horn (K  , C) if T  is co varian t
\ 5/ Ivr (fs) — ] .i .

( H om r (C , K) if T  is con tra  varian t

where C € 0R r  and K =  T  (A). RT is consequently a functor H om r  (K  , )
or H om r ( , K).

Hence we have
Theorem i. -  In  order to obtain values (modules and homomorphisms) 

of an additive functor  T  : 0RA 0Rr , one must obtain the values of its atomi- 
stical part P (T) : 0RA £Rz cmd then pass to well-determined inverse ima
ges of the latter under the functor  Rx defined from  0Rr  to 0RZ by fo r 
mulas (5).

6. W e rem ark  th a t every covarian t functor T  defined from  a category 
of m odules to a category of m odules is an atom ized functor by  the class 
{Oa } of the null m appings A —>T (A). This m akes the problem  raise w hether 
the additional s truc tu re  of atom izing class of hom om orphism s constitu tes 
effectively som ething new and w hether it m ay no t be the triv ial class. To 
this problem  it m ay be answered, in the first place, by  recalling th a t the 
class {9a } constructed a t po in t 4. is canonical and no t a rb itra ry ; in the 
second place, to the question in w hat case this canonical class is the null 
class, by  the following

Proposition 3. — Let T  be an additive functor from  0RA to 0Rr ; the 
class {<pA} defined m  (3) is the class of null homomorphisms i f  and only i f  
T  (A) =  0 .

Proof. -  If  <pA is the null m apping A (P  (T)) (A) then <pA (1) =  T  (if) 
(where z'A is the iden tity  m apping of A) is as well the O of H om r (T (A) ,T  (A)) 
and the idèn tity  m apping of T  (A) ; so T  (A) == O. The converse is 
obviou^.

Proposition 3 shows th a t if the class {cpA} is trivial then P (T) is the null 
functor and consequently all the theory  looses its significance; b u t this 
is a very particu la r case.

7. If  the inverse w ay to th a t described in Theorem  1 is pursued, we 
obtain

Theorem 2. — Let T  be an additive functor from  0 k A to 0Rr  . In  order 
to pass from  values of T  to their inverse images {modules and homomorphisms) 
under T  one must apply to the form er the functor RT defined at point 5, and then 
pass from  the obtained values to well-determined inverse images of these under 
the atomistical part P (T) of T.

In  this connexion we can m ake following rem arks : Suppose th a t V: 
0 k A 0Rr  is atom ized by the class {<pA} of Z-hom om orphism s. The m odule 
A  whose image under V  is V  (A) is an extension of K er <pA by Im  <pA and

IO. -  RENDICONTI 1964, Voi. XXXVI, fase. 2.
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4* : A  -> C whose image under V  is V  (iji) m ust render com m utative the 
diagram

A ---- ^—* C

1 m , cpA > I m  cpc

where the vertical m aps are induced by <pA and ,<pc and where is induced 
by V  (<];). This rem ark could be useful for the construction of inverse 
images of a functor atom ized by a class of hom om orphisms when giving the 
kernels and images of these homomorphisms.

8. In  particu lar, we can apply Theorem  2 for obtaining the way in 
which one m ust pass from values of the functor RT defined a t  point 5 by 
formulas (5), to their inverse values.

Now, since R t is defined from 01Lr  to 01LZ , the functor R rt  is defined 
from 01cz to 01cz and nam ely by formulas

H om z (L , D) if Rt is co varian t 
H om z (D , L) if Rt is con tra  varian t

where D € 0RZ and L  =  Rt (T). B ut from (5) we see th a t Rt is covariant- 
con trav arian t if T  is, so th a t form ulas (6) m ay be transcrip ted  in the form

✓ \ ^  I H om ? (L , D) where L  =  H om r (K , T) if T  is co varian t
(7 ) K rt  (JJ) == <

( H om z (D , L) where L  == H om r (T , K) if T  is con tra  varian t

where D 6 0RZ and K  =  T  (A).
Com bining Theorem s 1 and 2 we obtain
Theorem 3. — (Principal Theoremi). Let T  be an additive functor defined 

from  the category (3 \ l^ to  the category 9KT • In  order to obtain values (modules 
and homomorphisms) of T  one must apply the atomistical part P (T) of T, 
P (T) : 9Ra 91LZ, then the functor R r t  : 9RZ -> 0TLz defined by form ulas (7) and 
then pass to certain {well-determined) inverse images of the obtained values under 
the atomistical part P (RT) of RT , P (R T) : 0R r  -> 0R Z , where RT : 91cr  ^ Zz , 
is defined by form ulas (5).

Remark. -  I t  is seen th a t T  is, in a certain sense, a « transform ed functor » 
of the functor R rt , which is a functor H om z (L , ) or H om z ( , L), by
covarian t functors which are atom ized by canonical classes of hom om or
phism s respectively. Consequently, the variance of T  is given by the variance 
of R rt .

9. If  renouncing to the additional s tructure of atom izing class of hom o
m orphism s, the Principal Theorem  m ay be extended, as easily seen, to arb i
tra ry  (eventually  non-additive) functors of modules and, m oreover, to

(6) R rt (P )  =
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arb itra ry  functors defined from and to a rb itra ry  categories. Indeed, let 
T  :<£->£ '  be such a functor; taking instead of the atomis|:ical p a r t of T  
the functor Hom@/ (T (K) ,T  (C)) or H o m ^  (T (C) , T  (K)) according as T  is 
co varian t or con tra  varian t, where K is an arb itra rily  chosen b u t fixed object 
of £  and C 6 (?, the p roof m ay be repeated, mutatis mutandis, in this gene
ral case.
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