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Teoria dei numeri. — On a problem of Sierpinski. N o ta n  di P a u l  

E r d o s ,  presentata  dal Socio straniero W. S i e r p i n s k i .

L et n  be a positive in teger and denote by  s{f  the sum  of the digits 
of n  w ritten  in the /é-ary system , and denote by 2 =  p^ <  p 2 <  • • • the sequence 
of consecution prim es. In  a recent paper Sierpinski [1] investigated  s{kf p  ) ;  
he proves, am ong others, th a t  for every k

(1) lim su p  s & ( p n) = o o
n =  00

and im m ediately  deduces from (1) th a t  for infinitely m any  n

(2) s(kKPn+)  > s(i)(P„)-

The question w hether for infinitely m any n the opposite inequality  holds 
i.e. w hether for infinitely m any nsW ( p j  >  sW (pn+1) rem ained open. In 
the present note we shall settle  this question of Sierpinski by  proving the 
following

THEOREM. — For every k there are infinitely m any n  f o r  which

s(k) (p j  > s(k) (p „+1) ■

I can n o t decide if ( p j  =  s^k} (p ) has infinitely m any solutions. 
Sierpinski [1] deduces this from  a conjecture of Schinzel [2]. P resum ably

(3) lim sup (j<*> (pn+i) — (j>J) =  oo and lim inf 0<*> (J> ) — jW (pn)) =  —  oo
n =  00 n =  00

and even

b u t I can no t prove (3) or (4). In  fact I can no t disprove 

and

P u t dn =  p  — p n T u ràn  and I [3] proved th a t dn+1 dn and
dn <^dn+1 have both  infinitely  m any  solutions and th a t lim sup dn+I/j >  1 ,

n =  00

lim in f  dn+ijd << I . B u t we were unable to exclude thè possibility th a t  there
n =  00

is an so th a t the following inequalities hold:

dnQ-\-i d no , d n ^z  <  dnQjrl , d nQ-1-3 d no.|_2 etc.

(*) Pervenuta all’Accademia il 13 ottobre 1962.
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In  o ther words dn >  dn+I >  dn+2 and dn <  ^4+x <  ^4+2 have both  only a 
finite num ber of solutions. S im ilarly I can no t prove th a t a t  least one 
of the equations ( p j  >  and ( p j  <  (pn+i) <
<C (pn+ )̂ have infinitely m any  solutions. Sierpihski deduces from the 
hypothesis of Schinzel th a t both  these inequalities have infinitely m any 
solutions [i].

Proof of the Theorem . I have no t been able to find an elem entary proof. 
We have to use the following well known theorem  of Hoheisel-Tngham  [4]: 
There exists an absolute constan t cL so th a t

(5) 7U (x  —j— X5/8) ---TU (x) f> Ci Xsl8l\0gX

( f  (x) denotes the num ber of prim es < x ) .  P u t .(n) =  s (n) for sake of 
simplicity: we will only prove our Theorem  for  ̂ (n). The proof of the general 
case is alm ost identical w ith  the case k =  2.

L e t 2̂  <  ^  <  • • • <  ^  <  2  ̂ +  2s k!8 be the prim es in (2k , 2k -f- 2s ̂ 8), 
fu rther let 2k —  25 <  r, <  • • • <  r $k <  2k be the prim es in (2* — ■ 25 kl8 , 2k) (x\
By (5) we have

(6) t k >  C2 2*kj8lk  , sk f> C2 25kl8/ k .

Now we prove the following
LEMMA. -  For all b u t 0 (25kl8jk) prim es q. and r  we have for every s o 

and k  >  k0 (e)

( 7) S (<?.) <  (1 +  s) - f -

and

(8)

Assum e th a t the Lem m a is already proved. Then from (6), (7) and
(8) it  follows th a t for all sufficiently large k  there are prim es;r. and q. 
satisfying

(9) s (rj)  >  s (gt) ■

From  (9) and r . it  clearly follows th a t for every k f>  k0 there is a prim e 
satisfying

r .  <  p q .
j  —  r  n  x  7 /

and
J (A ) > * ( £ ,+ , )

which proves our Theorem .
T hus we only have to prove our Lemma.
F irst we prove (7). The prim es q. are all of the form. 1

(10)
1

2 k  -j- 2  s * 2* > e« =  O or 1
7 =  0

/  = 5 & 
8

(1) The primes qi and r ■ depend on k, but since there is no danger of confusion we 
do not indicate this.
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If  (7) does n o t hold we clearly m ust have for

(11)

^32/
/ prim es q.

The num ber of integers of the form (10) for which (11) holds clearly equals

By a simple and well known com putation we ob tain  (v) =  rj (e) depends 
only on s)

^  / /  \ < .  1 / <̂ 5 ̂ /8 n

which proves (7).
The prim es r . are all of the form

' I +  24- a +  . . - + 2 /+l +

and the proof of (8) proceeds as in the proof of (7). Hence the proof of the 
Lem m a and of our Theorem  is com plete.
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