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A Variational Approach to Gradient Flows in Metric Spaces

ANTONIO SEGATTI

Abstract. — In this note we report on a new variational principle for Gradient Flows in
metric spaces. This new variational formulation consists in a functional defined on
entire trajectories whose minimizers converge, in the case in which the energy is
geodesically convex, to curves of maximal slope. The key point in the proof is a re-
Sformulation of the problem in terms of a dynamic programming principle combined
with suitable a priori estimates on the minimaizers. The abstract result is applicable to
a large class of evolution PDEs, including Fokker Plack equation, drift diffusion and
Heat flows in metric-measure spaces.

1. — Introduction

In this note I will present some results regarding a new variational for-
mulation of gradient flow equations in general metric spaces. This results have
been obtained in collaboration with R. Rossi, G. Savaré and U. Stefanelli and are
contained in the Comptes Rendus [21] and in the forthcoming [22]. The exposi-
tion of this paper will try to keep the informal and not-so-much technical char-
acter of the seminar held at the UMI conference in Bologna in September 2011.
In particular, I will not include the full proofs of the results but rather refer to
the above mentioned papers.

In order to better clarify the setting of the problem and the purpose of this
note, I will first introduce and comment some known results on gradient flows in
Hilbert space.

Let H be a separable Hilbert space with scalar product (-, -) and norm || - || and
consider ¢ : H—( — oo, + oc] a proper, convex and lower semicontinuous func-
tion. Assume we are given % € D(¢) = {v € H : $(v) < + oo}, a reference time T
and consider then the following gradient flow evolution

(11) {u/ +0¢u) >0, ae.in (0,7),

w(0) = u,

where 0¢(u) is the convex analysis subdifferential of ¢. Gradient flow equations
arise almost ubiquitously in dissipative evolutions. More precisely, depending on
the choice of the functional framework (even restricting to the classical Hilbert
space formulation (1.1)) and on the choice of the functional ¢, they come into play
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in a variety of applications such as heat conduction, Hele Shaw cell problem,
Stefan problem, porous media, obstacle problem and variational inequalities and
the mean curvature flow for Cartesian graphs, among many others.

The mathematical analysis of evolutions of the type (1.1) dates back to the late
sixties with the seminal works of Kémura [13], Crandall & Pazy [7] and Brezis
[4]. Starting from then a huge literature concerning wellposedness, approx-
imation and long time behavior of solutions originated (see, e.g., [19] and the
references therein).

There are at least two main strategies to prove existence of a solution to (1.1).
In the first approach one looks for a smooth approximation of problem (1.1).
More precisely, one replaces the potential ¢ with its Moreau Yosida approx-
imation obtaining a Gateaux differentiable potential ¢, (1 > 0 being the ap-
proximation parameter intended to go to zero in the limit) and consider the
(smooth) gradient flow equation driven by ¢,;. Once the approximate problem is
solved, the task is to pass to the limit as 1\, 0 and consequently remove the
approximation. This major step is usually based on monotonicity and convexity
arguments (see [4]).

The other possible method consists in performing a time discretization of the
time interval and consequently replacing the time derivative with the corre-
sponding incremental quotients. The approximate problem is now a stationary
problem which is solved relying on the maximal monotonicity of d¢. The limit
procedure is again based on monotonicity and convexity arguments. The interest
for this method is twofold, since it provides a first important step towards the
numerical approximation of (1.1) (see [19]) and since it is extremely flexible as the
method of Minimizing movements for gradient flow equations in metric spaces
shows (see [1]).

In this note we aim at presenting a possible third way. Again, to introduce the
problem, I will start from the Hilbert space case. Thus, fixing a reference time
T > 0 and a strictly positive ¢, consider the functional I,: H'(0, T; H) — (— 00, o0]
defined as

r —t/e

(1.2) LIv] = f ¢
0

& 2
(5 10/ @IF +¢) dz.

&

Note that the functional I, is defined on (semi) trajectories. Moreover, it is given
eft/a

by a weighted sum (through the exponential weight ) between a dis-

sipation term (i.e. g Hv’H2> and an energy term (i.e. $(v)) and the result is then

integrated with respect to time. For this reason the functional /, is named with
acronym WED functional which stands for Weighted energy dissipation func-
tional. Now, if we fix some % in the domain of ¢ and suppose for a while that one
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is able to find a curve wu,: [0, T] — H such that
u, € Argmin{I,[v], v € H'(0,T; H), v(0) =},

we may ask what is the behavior of u, as ¢ \, and if we are able to characterize
the dynamices of its limit in terms of % and of ¢. To get a clue of the possible
behavior, one computes the corresponding Euler Equations (see [17] and sub-
section 3.1) and finds that u, is a solution of the following elliptic (in time)
evolution problem

—eu) +u, + 0p(u,) 30, ae.in (0,7),
(1.3) u,(0) = u,
w/(T) = 0.

Consequently, one expects that, at least formally, when ¢\ 0 the sequence of
minimizers u, approaches the solution of the gradient flow (1.1). The limit as
&\, 0in (1.3) is named causal limit since it restores the causality of gradient flow
evolution. More precisely, the following holds

THEOREM 1.1 (Variational principle in Hilbert spaces). — As ¢\, 0,
U, € Argmin, HO.T: H)ﬁv(o):alg[v] converges in C°([0, T1; H) to the solution of (1.1).

The proof of this convergence, even for / convex functionals, has been proved
by Mielke & Stefanelli in [17]. It should be pointed out that the interest in con-
structing solutions of the gradient flow (1.1) as limits of minimizers of I, is not only
limited to the question of proving existence of solutions to (1.1) but rather is
related to the possibility of using tools from Calculus of Variations (such as I
convergence and relaxation) to study (1.1). More precisely, in situations in which
the energy ¢ is not lower semicontinuous (such as in models of micro structures)
one may consider the functional I, and then consider its relaxation hoping that it
could serve as an effective macroscopic description. This is one of the motivations
that led Mielke & Ortiz to introduce the WED functional (1.2) in the context of
rate independent evolutions ([16]). In the same paper it is also shown, via a
counterexample, that for gradient evolutions of the type (1.1) the question that
the limits of minimizers of the relaxed WED functional are solutions of the gra-
dient flow for the relaxation of ¢ has to be worked out in every situation. We refer
to [6] and [24] for two examples of relaxation in the contest, respectively of micro
structure evolution and the evolution of the surface area for Cartesian graphs.

It is worthwhile noting that the possibility of addressing an evolution problem
via functionals defined on trajectories is not new as the De Giorgi conjecture on
Semi linear Wave equations ([9], and [26], [23] for its solution), the Brezis-
Ekeland and the Nayroles principles (see [5], [18], [25]) and the works of
Ghoussoub [11] and Visintin [27] show. Moreover, it should be recalled that also
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the possibility of approximating dissipative evolutions with elliptic in time ap-
proximations is well known. For this subject we refer to the pioneering work of
Lions [14], to the monograph of Lions and Magenes [15] and to Ilmanen [10] for
the nonlinear case.

As already pointed out, in this note I will present the WED approach to
gradient flows in metric spaces. To this end, I will first briefly recall in the next
Section 2 the basic concepts and notations of gradient flows in metric spaces.
Subsequently (see Section 3), I will sketch the proof of the convergence of the
WED minimizers in the case of an Hilbert space and, moving from this I will
explain the convergence in the metric context. As it will be clear later on, the
Hilbert space proof will be mainly based on PDEs methods while the metric one
will be more variational in nature.

2. — Gradient flows in metric spaces and formulation of the problem

Suppose we are given a Riemannian manifold (M,g), a smooth function
¢:M — R and a point % € M. We call gradient flow of ¢ on (M, g) the equation

{u’—i—Vgﬁ(u):Oin[O,T]xM

2.1
1) w(0) =u

Note that the metric tensor g is an essential ingredient because it allows for the
identification of the differential of ¢ (a cotangent vector) with the gradient of ¢ (a
tangent vector). In particular, thanks also to the smoothness of ¢ we have the
Chain rule

d
(22) T () = g(' (1), Ve(u(1))).
On the other hand, since being a solution to (2.1) is completely equivalent to
1
(2.3) 3 g + Véu),u' + Vé(u)) = 0 in [0, T,

by expanding we obtain the equivalent formulation

1, ,..2 1 9 d P
(2.4) S I @I + 5 V)| + 2 6au®) = 0, in 0,7

Note that we have equivalently reformulated the vectorial problem (2.1) in terms
of the single scalar equation (2.4). Moreover, while (2.1) could make no sense in
non smooth situations, its scalar counterpart (2.4) makes sense even for evolu-
tions u:[0, 7] — X, with (X, d) a general metric space, at the price of replacing
|l (t)||§ and \|V¢(u(t))|\§ with proper metric objects. The correct notions will be
that of metric derivative and that of local slope. Consequently, following De
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Giorgi and coworkers [8] and [1], (2.4) will be the notion of gradient flow evolution
we use.

Now, we introduce these basic concepts. Given a metric space (X, d), we say that
acurve % : [0, T] — X belongs to ACZ([O, T1; X), if there exists m € L3(0, T') such
that

¢
(2.5) d(u(s), u(t)) gfm(r) dr forall0<s<t<T

It was proved in [1, Sec. 1.1] that for all u € AC%([0, T1; X), the limit

/|(8) = Tim d(u(s), u(t))
s—t |t — S|
exists for a.a. t € (0, 7). We will refer to it as the metric derivative of u at t. We
have that the map ¢ +— |/|(£) belongs to L?(0, T) and it is minimal within the class
of functions m € L2(0, T) fulfilling (2.5). The metric derivative is then the metric
surrogate of the norm of time derivative.
Then, let

¢:X — (—o00,+00] be proper and lower semicontinuous

and let D(¢) := {u € X : ¢(u) < + oo} denote the effective domain of ¢. As in the
Hilbertian framework, a remarkable case is when the functional ¢ enjoys some
convexity properties. In a purely metric context, the notion of A-convexity we will
use is the A-convexity along geodesic. Thus, we say that the functional ¢ is A-
geodesically convex for some 1 € R, if

for allvg, v € D(¢)there exists a constant-speed geodesic y : [0,1] — X
(i.e.satisfying d(y,,y,) = (¢ — 8)d(yy,y 1) for all 0 < s <t < 1), such that
(2.6) Y0 = Vo, 71 = V1, and ¢ is A-convex on y, i.e.

A
301 < (1= 000) + t8(n) — 50 — G, ) for all 0 < ¢ < 1.
Then, we define the local slope (see [8, 1]) of ¢ at u € D(¢) as

y (pu) — $()"
(2.7) 0¢|(w) : 11171)1_>s;1p d)
The local slope will be the metric surrogate of the norm of gradient. Assuming
that the energy is geodesically convex, we get that the local slope is indeed a
strong upper gradient (see [1]) and thus it satisfies a sort of Chain rule
property, namely following [1, Def. 1.2.1], we have that for for every curve
% € ACye([0, 4 00); X), the function |0¢|(u) is Borel and

t
(2.8) |p(u () — Puls))| gf |0@|(u(r)|u'|(r)dr for all 0<s < t.
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Consequently, if |0¢|(u( - )|w'|(-) € L! then, ¢ o u is absolutely continuous and
there holds

(2.9) (@ou)®| < |0g|u@)w|®) for a.a. t e (0, + o0).

Then, we say that u € ACIQOC([O, +00); X) is a curve of maximal slope for ¢
with respect to the local slope if

(2.10) % |l [2() + % |08 (u(t)) = — %cﬁ(u(t)) for a.a. t € (0,4 o).

or, equivalently, using the Chain Rule (2.9), if

(2.11) %\u’|2(t) + % |07 (u(t)) < —%zﬁ(u(t)) for a.a. t € (0, 400).

At least when ¢ is 4 geodesically convex the notion of curve of maximal slope
with respect to the local slope is the correct metric notion of gradient flow
evolution (see [1]). The question of existence, uniqueness and approximation of
curves of maximal slope is fully treated in the book [1] together with the appli-
cation of the theory of gradient flows in metric spaces to the case of the (metric)
space of probability measures with the Wasserstein distance. In fact starting
with the pioneering work of Otto [20] and of Jordan, Kinderlehrer & Otto [12],
the (metric) space Pg(Rd) of probability measures with finite second moment,
endowed with the Wasserstein 2-metric, became the natural framework to
highlight the gradient flow structure of a large class of evolutionary PDEs
problems with nonnegative solutions « : R? x R, — R, in the general form

(2.12) du—V - (u M) =0 in R? x R,.

ou
op(u)

ou
tegral functional, resulting from the linear combination of the terms

In the equation above

is the suitably defined first variation of an in-

Uu) = f Uu@) de, V(u) = f V@) de, W) = f W — pu@yuy) de dy.

R? R? R?xR?

The functionals U, V, and W are generally referred to as the internal, the po-
tential, and the interaction energies, respectively. Different choices of the above
functionals lead to different interesting evolutions, including Fokker-Planck and
the nonlinear diffusion equations (see [1]). Transport and nonlinear drift-diffu-
sion equations (with or without nonlocal interactions) can be considered as well.
As anticipated, the PDE (2.12) is by now classically reformulated as a gradient
flow equation in the metric space Po(RY) of probability measures with finite
second moment, endowed with the Wasserstein 2-metric. Parallel to this, an-
other possible application of our abstract results concerns with the heat flow in a
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Polish metric-measure space (M, d, m) satisfying the Lott-Sturm-Villani condi-
tion (see [2]): in this case X = P2(M), ¢(u) = Ent,, (1) is the relative entropy
functional and the family of minimizers u, converge to the unique solution
w=pm, Op — Ay qp = 0 (see [2] for the definition of the operator 4,, ).

At this point, we are in the position to introduce the WED functional in metric
spaces and state the Variational principle corresponding to Theorem 1.1. Thus,
we will suppose that the energy functional

¢: X — (—o00,+ 0] is proper, lower semicontinuous, geodesically convex and
such that Vv € X ¢(v) >0 and Vr > 0 the set S, ={u € X : ¢(u) <r} is compact.

(2.13)
Then the (metric) WED functional I, : ACZ(O, +00; X) — (— o0, + oo] is given by

—t/e

¢ & 2
(2.14) Llv] = Of — (é [V °E) + $(e)) dt.
Note that the metric version (2.14) is formally equivalent to the Hilbert one (1.2)
(up to the obvious change of the norm of the time derivative with the metric de-
rivative) except for the fact that (2.14) is written on the whole (0, +00).

Under the above assumptions (2.13) on ¢ one can prove (see [22] and
Theorem 3.2 in this note) that fixing % € D($) there exists wu, €
Argmin{I*[v], v € AC*(0,00,X), v(0) = &}. Then we have may ask the fol-
lowing question:

Does u, converges in some suitable sense to some curve u, with u being a
curve of maximal slope (for the functional ¢, with respect to the upper gradient
|0¢| and originating from u)?

I will answer to the above question in the next Section 3 in the simplified case
of a functional ¢ satisfying the assumptions (2.13). For the treatment of more
general situations (for example A geodesically convex potentials) and for the
complete proofs, I refer to [22].

3. — Sketch of the proof
3.1 — The Hilbert space setting

The proof of Theorem 1.1 in the Hilbert space framework can be roughly di-
vided into four main steps: existence of minimizers, deduction of the Euler-
Lagrange equation (1.3), uniform a priori estimates, passage to the limit. Due to
the possibly lack of smoothness of the potential ¢ some care must be reserved to the
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rigorous deduction of the Euler Lagrange equation (1.3) and of the a priori esti-
mates. To this end, a careful combination of the Yosida approximation and of a time
discretization scheme is needed (see [17]). The proof given in [17] permits to treat
quite general conditions on ¢ and on the initial condition %. In particular, one can
consider A convex functionals and more general initial data (even sequences) %*
thanthe mere# € D(¢). Here, to keep the presentation as simple as possible we will
simply assume that the potential ¢ is convex, lower semicontinuous and bounded
from below and that % € D(¢). As a consequence, the existence of a unique mini-
mizer u, € Argmin{/,[v], v € H'(0,T; H), v(0) =u}, with @ € D(¢) and ¢ >0
fixed, follows in a standard way from the Direct Method of Caleulus of Variations
since the WED functional I, is itself (strictly) convex and lower semicontinuous in
H'(0,T; H). Once we have a minimizer u., by smoothing the potential ¢ with its
Moreau-Yosida approximation and then passing to the limit, in [17] it is shown that
u,, satisfies the Euler Lagrange equation (1.3), namely

—ew, +u,+¢& =0, ae in(0,7),

3.1) ¢ € 39‘5(7:08),
u:(0) = u,
w/(T) = 0,

At this point, evaluating the H norm of the left hand side of (3.1) and performing
some standard manipulation one can get the key estimate

1/2

(3.2) el |20 + &Nl oo ey + 1%l 20 7y + el 20 720 < Cs

with C a positive constant depending on ||#%|| but independent of e. Note that this
argument is only formal and requires some smoothness for &,. For this reason,
(3.2) is first proved in a time discretization scheme and then the continuous
version is obtained in the limit (see [17] for the details of the argument).
Estimate (3.2) is the core of the convergence as it entails enough compactness to
obtain the existence of a u € H'(0, T; H) such that

u, % 0 in COQ0, T1: H).

Then, passing to the limit in (3.1) and using standard monotonicity arguments we
can get that u is the gradient flow for ¢ starting from #, i.e. u solves (1.1).
Theorem 1.1 is then proven.

3.2 — The Metric space setting

In this subsection I will answer to the question raised at the end of Section 2
by proving (actually sketching the proof)
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THEOREM 3.1 (Variational principle in Metric spaces). — As ¢ \, 0, u, locally
uniformly converges to a curve of maximal slope for ¢, with respect to the (local)
slope |0¢| and starting from u.

I will prove the Theorem under the simplified assumptions (2.13). In the
paper [22] more general situations are considered. First of all, we have to show
that the minimization problem for the metric WED functional 7, in (2.14) on the
set of those v such that v € AC%(0, T; X) with v(0) = % is well posed. We have the
following

THEOREM 3.2 (Existence of minimizers). — Let (X, d) be a metric space and let
¢: X — (— 00, +00] be a functional satisfying (2.13).

Then for any & > 0, the set Argmin{lx[v], ve H(0,T;H), v0) = 71} 1S not
empty.

The proof of this result is based on the Direct method of calculus of variations.
Note that, even assuming that the functional ¢ is convex, the uniqueness of the
minimizer of I, is not guaranteed by the above Theorem. In fact, contrary to the
Hilbert space case, the quadratic term related to the metric derivative is not
necessarily convex in the general metric setting. Now, if one wants to follow the
path of the proof of the Hilbert case, the next step would be to determine some
Euler Lagrange equation for the minimizers u,. Coming back to the Hilbertian
framework, it is important to note that the Kuler Lagrange equation (3.1) is
fundamental for the following reason: it is the equation where both the a priori
estimate (3.2) and the limit procedure are performed. Thus, the next step is to
find a good metric surrogate of equation (3.1). Recall that (3.1) is obtained
computing the first variation of the functional I,. Unfortunately, in a general
metric framework the only variations we can do are inner variations with respect
to the time variable. As a result, by performing these variations in the metrie
WED functional I, (2.14) we obtain (see [22] for the details of the proof) that the
minimizers u, verify, for any ¢ > 0,

(3:3) ARGES % (¢(%;(t)) - g Iuglz(t)) =0 for a.e. t € (0, +00).

We will call (3.3) metric inner variation equation. Regarding (3.3), note that if we
were in a Hilbert space, then the corresponding inner variation equation could be
obtained by simply testing (3.1) with «/. Consequently, it is extremely reasonable
to expect that (3.3) gives less information than (3.1), in an Hilbert space. Another
indication of this fact can be inferred by considering the target equation describing
a curve of maximal slope. More precisely, comparing (2.10) with (3.3), we observe
that the latter contains no information on the local slope |0¢| which is an ingredient
in the definition of a curve of maximal slope. All these reasons suggest that (3.3) is
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an important, although only intermediate, step in the understanding of the limit
behavior of u, but it should be complemented with other ingredients. As it will be
clear in a moment this will be also related to the possibility of obtaining the a priori
estimates on u, needed for the limit procedure.

In a sense, the turning point is to look at the value of the minimum of (2.14)
instead at the minimum point «,. More precisely, for any ¢ > 0 we consider the
functional V,: X — R defined by

oce—t/z;

(34) V(@) := min f___
veAC2(0,00;X),0(0) = i &

&\ 02
(5P +gwey) dt.

As in control theory (see [3]) the functional V, is named value functional. In a
moment, we will see other important analogies with the theory of optimal control.
Besides control theory, it is also important to note that the value function related
to the WED functional I, share some properties with the Yosida approximation.
In fact, the following holds (see [22])

PRrOPOSITION 3.3. — Under assumptions (2.13) the functional V, defined in
(3.4) verifies

(1) V. is lower semicontinuous in X and is continuous on the sub levels of ¢
@) 0<V(u) < ¢u) for any u € X
©3) V() <V, () for any u € X and for any & > &

The proofs of (2), of the continuity of V. and of (3) follow from testing the
minimum problem (3.4) with suitable competitors. As an example, choosing the
constant curve v(t) = % for any ¢ > 0 in (3.4) and noting that the exponential
weight integrates to one, we readily get V.(4) < ¢(u) for any #%. On the other
hand, the proof of the semicontinuity is similar to the proof of Theorem 3.2. Note
that, except for the continuity of V;, all the above listed properties continue to
hold even for non convex energies ¢. Moreover, using the metric inner variation
equation (3.3), we deduce the following

ProPOSITION  3.4. — Under assumptions (2.13), for every u,€
Argmin, g2 0ox).00)=al:[V] there holds

(3.5) the map t — V.(u,(t)) is absolutely continuous on (0,4 0o ), and
1 1 1
(3.6) ;Vs(ue(t)) + 5 |u;|2(t) = ;qb(us(t)) for all t € [0, + 00).

Then, combining (3.6) with the metric inner variation equation (3.3), we im-
mediately get

%Vg(ug(t)) + [ P(t) = 0 for a.a. t € (0, + o0),
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which produces, upon integration,
t
(3.7 V.(uy(t)) +f |u;|2(7ﬂ)dr = V.(uy(s)) forall 0 <s<t< + 0.

Consequently, recalling that 0 < V.(#) < ¢(u) for any # € X, we obtain the a
priori estimates

f ! [Pty dt < ) + Co,
0
T

! Alu,®)dt < (p(w) + Co)(T n %)

(3.8) forall 7> 0and ¢> 0.

As before, Proposition 3.4 and estimates (3.7)-(3.8) work also without convexity
conditions.
Now, note that taking # € X and u, € Argmin,csc2 1 .x).00)=al:[v] We have

oo

X —t/e
(3.9) Vi) > f eTgé(uS(t))dt - f 0 Sy (e8))ds.
0

0

Thus, since for any s € (0, +oc) there holds
(3.10) d(u,(es), n) < f g @) dt < Ves [|[ull 20,00 < VES@@) + Co),
0

where we have used (3.8) in the latter inequality, we arrive at

u.(es) A0 u  for any s e (0,+ oo).

Hence, taking the liminf when ¢ | 0 of the two sides of (3.9), using the lower
semicontinuity of ¢ and the Fatou’s lemma, we obtain that

liml inf V(@) > ¢(w),
which is enough to conclude the monotone convergence
(3.11) V@) / ¢(u) as ¢ \, 0, for every % € X,

since we already know that V.(u#) < ¢(u) and the monotonic character of V..
With a similar argument we can also prove the following

(3.12) (u — @ in X, with sup ¢u,) < C<oo> = ¢(@) <liminf V(@)

The convergences (3.11) and (3.12) will be fundamental in the limit procedure.
To this end, note that the first of (3.8) gives some equicontinuity for the se-
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quence u,. Thus, to have compactness we have to obtain a (pointwise) control
on ¢ou, (recall that ¢ has compact sublevels). This is the content of the fol-
lowing Lemma,

LEMMA 3.5. — Under the assumptions (2.13) let u, € Argmin, 42 oo.x) vo)—ile[V]:
Then,

(3.13) t— |ug|2(t) and t— Pu,(t)) are decreasing
(3.14) t— @u,(t)) is convex
(3.15) u(t)) < g(u) Vi > 0.

The main difficulty in the proof of the Lemma relies in showing (3.13) and the
fact that the geodesic convexity of ¢ in X transfers to a convexity of ¢ o u, with
respect to time. Once one proves (3.13) and (3.14) then (3.15) follows from a
contradiction argument. It is important to observe that the above Lemma works
only if we assume some geodesic convexity on the energy ¢. We refer to [22] for
the analysis of the non convex situation.

Now, we come to the fundamental property of the value function V.. Guided
by the analogy with infinite horizon problems we have the following

ProposITION 3.6 (Dynamic programming principle). — For every T > 0 there
holds

T
eft/g

(3.16) V(@ =  min ( f
ve€AC%(0,00;X),v(0)=1u d

(g IU'IQ(t)+¢(v(t))> dt + Vy(u(T))e 1/ 8) :
In particular, every u;;GArgmin{Ia[v],vGACZ(O,oo;X),v(O):71} s a mini-
mizer for (3.16). Hence, there holds
! e’t/‘s & 2 X
(3.17) V.(u) = f — <§ ARGES qb(ug(t))) dt + Vi (u(T))e /¢ for all T > 0.
0
Quoting Bardi & Capuzzo Dolcetta ([3]) we can say that to achieve the

minimum V(%) is necessary and sufficient to behave as follows:

(1) let the system evolve for a finite time 7" along an arbitrary trajectory.
T ,—t/e

(2) pay the corresponding cost, that is [ ¢ (% [v/ |2(t) + ¢(v(t))) dt

(3) pay what it remains to pay in the best possible way, that is V,(v(T))e~

0
T/e

(4) minimize over all possible trajectories.
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The proof of this crucial Proposition is, mutatis mutandis, analogous to the
proof of the finite dimensional analogous in [3]. In particular, does not rely on any
form of convexity for ¢. The Dynamic programming principle (3.17) is the core of
our limiting analysis. In fact, from (3.17) one can deduce the following chain of
equalities

t

f el (; ! [P (r) + 1¢(un(r))> dr = Vy(u(0)) — V,(u,(t)e /¢

0
t

t t
_ d -r/e _ d —r/e d —r/e
__ Of % (Vitwarne ") dr = Of 5 Vetw)e " dr — Of PG ACKOILT

form which it follows, using the Lebesque Theorem, the following
d 1,0 1 1
(3.18) — an(us(t)) =5 ANGES Egﬁ(ug(t)) — EVE(ug(t)) for a.a.t € (0, +00).

This relation is extremely important for the passage to the limit procedure
and plays the role of the Euler equation in the Hilbert space case. To see this,
note that from (3.8) and (3.15) (recall that ¢ has compact sub levels) we get
that (cf. [1, Proposition 3.3.1]) there exists a limiting curve u:[0,00) — X and a
not relabeled subsequence such that

(3.19) u,(t) — u(t) in X, for any t € [0, +00).

On the other hand, following the same argument as in [1, Theorem 2.3.3], one
obtains that u € AC?%(0, 00; X) and that

T T
(3.20) f /' [2(t) dt gf ! [2(t)dt, for any T > 0.
0 0

Now, if we integrate (3.18) between 0 and a generic time ¢, we get
t t
1 .12 1 _
(3.21) V,(u, )+ 5 f lul|*(s)ds + f E(¢(u”(s)) —Ve(u(s)))ds =V, (u), for anyt>0.
0 0

Recall that from (3.12) combined with (3.15), we have that
(3.22) dud)) < lim\ iglf V.(u,(@)) for any ¢t > 0 and V,(u) / ¢(&t) as &\, 0.

Thus, taking the limit in (3.21) we get

t t
(3.23)  $ut) +% [ wreas + liminf [ %(gﬁ(ug(s)) ~ Viuy(s)) ds < $(@)
0 0 for any t > 0,
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which is almost the integrated version of (2.11) up to the identification of the

t
liminf term with % [ |84|*(u(s))ds. This is contained in the following
0

PRrROPOSITION 3.7. — Under assumptions (2.13), there holds that
t t
1 2 . 1
(3.24) = f |0¢]" (u(s))ds < liminf f — (Pu(s)) — Vi(u(s)))ds, for anyt > 0.
2 i AN €

Moreover, the quantity %(qb(us(s)) — Vi(u.(s))) is related to the slope of V, in

the sense that V, satisfies, for any v € X the Hamilton Jacobi equation
1o~ 1
(325) é ‘8Vg| () = E (¢(1)) - Va(v))v

n
where |5~Ve|(7)) ;= limsup M

, forvelX.
wW—v, G(w)—P(v) d(va w)

Note that the equation (3.25) is the metric version of the classical Hamilton-
Jacobi-Bellman equation for the infinite horizon problem in finite dimensions
(see [3, Chapter 3, Proposition 2.8]). The importance of this Proposition is two-
fold. One one side, it allows to conclude the limit procedure in (3.23) and obtain
that the curve u in (3.19) satisfies

¢ ¢
(3.26) P(u®) + % [)[ ' [2(s)ds + % ! 06%(u(s))ds < ¢(@) for any t > 0,

and hence it is a curve of maximal slope for the energy ¢ with respect to the
local slope |0¢| and starting from #. This fact, in particular, concludes the
proof of Theorem 3.1. On the other hand, the Hamilton Jacobi equation (3.25)
sheds some new light on the value function V, and on the dynamies (for ¢ > 0
fixed) of the minimizers u,.. In fact, plugging (3.25) into (3.18) we immediately
get that

(3.27) - % V,(u,(t)) = % ! [2(t) + % |0V, [P(us(t)) for a.a. t > 0,

i.e., u, is a curve of maximal slope for V, with respect to the slope \5V,,|. At this
point, the definition of the slope |9V,| may look a bit obscure. In particular, one
may wonder under which conditions the new slope |3V, | coincides with the usual
slope (2.7). A sufficient condition for this is that the value funtion V. is geode-
sically convex (see [22]).



A VARIATIONAL APPROACH TO GRADIENT FLOWS IN METRIC SPACES 779

REFERENCES

[1] L. AMBROSIO - N. GIGLI - G. SAVARE, Gradient flows in metric spaces and in the space
of probability measures. Lectures in Mathematics ETH Ziirich. Birkhduser Verlag,
Basel, 2008. Second edition.

[2] L. AMBROSIO - N. GIGLI - G. SAVARE, Calculus and heat flow in Metric-Measure
spaces and applications to spaces with Ricci bounds from below, preprint (2011).

[3]1 M. BarDI - I. CAPUZZ0O-DOLCETTA, Optimal control and viscosity solutions of
Hamilton-Jacobi-Bellman equations. Systems & Control: Foundations & Applica-
tions. Birkh&user, 1997.

[4] H. BrEzis, Opérateurs maximaux monotones et semi-groupes de contractions dans
les espaces de Hilbert. North-Holland Mathematics Studies, No. 5. Notas de
Matematica (50), North-Holland Publishing Co., Amsterdam, 1973.

[5] H. BrezIS - I. EKELAND, Un principe variationnel associé o cevtaines équations
paraboliques. Le cas indépendant du temps, C. R. Acad. Sci. Paris Sér. A-B, 282,
(1976), Aii, A971-A974.

[6] S. ConTI - M. ORTIZ, Minimum principles for the trajectories of systems governed by
rate problems, J. Mech. Phys. Solids, 56 (2008), 1885-1904.

[7] M. CRANDALL - A. PAzy, Semi-groups of nonlinear contractions and dissipative sets,
J. Functional Analysis, 3 (1969), 376-418.

[8] E. DE GIORGI - A. MARINO - M. TOSQUES, Problems of evolution in metric spaces and
maximal decreasing curve. Atti Accad. Naz. Lincei Rend. CL Sci. Fis. Mat. Natur.
(8), 68 (1980), 180-187.

[9] E. DE GIorGl1, Conjectures concerning some evolution problems, A celebration of
John F. Nash, Jr., Duke Math. J., 81 (1996), 255-268.

[10] Elliptic regularization and partial regularity for motion by mean curvature, Mem.
Amer. Math. Soc., 108, (1994), x+90.

[11] N. GHOUSSOUB, A theory of anti-selfdual Lagrangians: dynamical case, C. R. Math.
Acad. Sci. Paris, 340 (2005), 325-330.

[12] R. JorDAN - D. KINDERLEHRER - F. OTT0, The variational formulation of the
Fokker-Planck equation, STAM J. Math. Anal., 29 (1998), 1-17.

[13] Y. KoMURA, Nonlinear semi-groups in Hilbert space, J. Math. Soc. Japan, 19 (1967),
493-507.

[14] J. L. Lions, Sur certaines équations paraboliques non linéaires, Bull. Soc. Math.
France, 93 (1965), 155-175.

[15] J. L. Lions - E. MAGENES, Non-homogeneous boundary value problems and
applications. Vol. I, Translated from the French by P. Kenneth, Die Grundlehren
der mathematischen Wissenschaften, Band 181, Springer-Verlag, New York, 1972.

[16] A. MIELKE - M. ORTIZ, A class of minimum principles for characterizing the
trajectories of dissipative systems, ESAIM Control Optim. Cale. Var., 14 (2008),
494-516.

[17] A. MIELKE - U. STEFANELLI, Weighted energy-dissipation functionals for gradient
flows, ESAIM Control Optim. Cale. Var., 17 (2011), 52-85.

[18] B. NAYROLES, Deux théoremes de minimum pour cevtains systemes dissipatifs, C.
R. Acad. Sci. Paris Sér. A-B, 282 (1976), Aiv, A1035-A1038.

[19] R. H. NOCHETTO - G. SAVARE - C. VERDI, A posteriori error estimates for variable
time-step discretizations of monlinear evolution equations, Comm. Pure Appl
Math., 53 (2000), 525-589.

[20] F. Orro, The geometry of dissipative evolution: the porous mediwm equation,
Comm. Partial Differential Equations, 26 (2001), 101-174.



780 ANTONIO SEGATTI

[21] R. RossI - G. SAVARE - A. SEGATTI - U. STEFANELLI, A variational principle for
gradient flows in metric spaces, C. R. Acad. Sci. Paris Sér. I Math., 349 (2011), 1225-
1228.

[22] R. RossI - G. SAVARE - A. SEGATTI - U. STEFANELLI, Weighted-energy-dissipation
Sfunctionals for gradient flows in metric spaces, in preparation (2011).

[23] E. SERRA - P. TILLI, Nonlinear wave equations as limits of convex minimization
problems: proof of a conjecture by De Giorgi, Ann. of Math. (2), 175 (2012), 3, 1551-
1574.

[24] E. N. SpaDARO - U. STEFANELLI, A wvariational view at the time-dependent
minimal surface equation J. Evol. Equ., 11 (2011), 793-809.

[25] U. STEFANELLI, The Brezis-Ekeland principle for doubly monlinear equations,
STAM J. Control Optim., 47 (2008), 1615-1642.

[26] U. STEFANELLI, The De Giorgi conjecture on elliptic regularization, Math. Models
Methods Appl. Sci., 21 (2011), 1377-1394.

[27] A. VISINTIN, A new approach to evolution, C. R. Acad. Sci. Paris Sér. I Math., 332
(2001), 233-238.

Antonio Segatti, Dipartimento di Matematica “F. Casorati”
via Ferrata 1, I-27100 Pavia, Italy
E-mail: antonio.segatti@unipv.it

Received December 5, 2012 and in revised form December 8, 2013



