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A Unified Approach for Nonlinear
Kantorovich-Type Operators

FLAviA VENTRIGLIA - GIANLUCA VINTI

Abstract. — In this paper we introduce some important results on the approximation by
series and their generalizations for integral operators. In particular, we show some
new results for nonlinear Kantorovich-type operators, contained in a recent pub-
lication, and several graphical examples

1. — Introduction

In the last ecentury, one of the most important results in signal processing is
the famous Whittaker-Kotel’'nikov-Shannon sampling Theorem which allows
the reconstruction of a signal/function f, continuous with finite energy and
band-limited in the whole real axis, by means of a cardinal series which takes
into account the sample values of the signal/function uniformly distributed on
R. Precisely

THEOREM 1.1. — Let f € L2(R) N C°(R) be a function (being C°(R) the space
of all continuous functions on R) such that the support of its Fourier
transform is contained in an interval [ —rw,nw], for w > 0. Then it is pos-

. . . k
stble to reconstruct f on the whole real time-axis from the sequence f (—) of
its sample values, by means of the interpolation series w

+00
fo=>" f(£>sinc[n(wt—k)], teR.

k=—00

For further information on the approximation by series see [1]. The next
figure shows the approximation of a function by means of an interpolation series.
It makes visible how the function envelops the graphs which are, for a fixed k, the
terms of the interpolation series.
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Fig. 1. — Sampling series.

However, the Theorem 1.1 has some disadvantages. First of all, in order to
reconstruct the signal/function completely, the number of sample values should
be infinite, which in practice does not occur. Furthermore, a signal f € L?(R)
cannot have limited duration, and in practice the signals have this property.

In order to avoid the above and other disadvantages, P. L. Butzer and his
school (see [2]) replaced in the formulas of Theorem 1.1 the sinc function by
a function ¢, which is continuous with compact support. In this way, it is
sufficient to know a finite number of sample values contained in the support
of ¢, obtaining a family of discrete operators, called generalized sampling
operators, of the form

+00
ShNHM) = Z f(fy)(ﬂ[(wt k)], teR, keZ, w>0.

k=—o0

For generalized sampling operators the following convergence results hold.

THEOREM 1.2. — Let ¢ be an uniformly continuous and bounded function
with compact support such that
+00
Y pu—k)=1, ueR
k=—o00
then
e if f:R—R is a bounded and continuous function at s € R, then
(S )s) — f(8),w — +o00;
e if f:R— R is a bounded and uniformly continuous function, then
8% f = fll = 0,0 — +o0.
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In the 2007, C. Bardaro, P.L. Butzer, R.L. Stens and G. Vinti (see [4])
introduced the Kantorovich-type generalized sampling series. In this way, they
extended the approximation results obtained by Butzer and his school to functions
belonging to Orlicz spaces. Therefore, they enlarged the class of signals/functions
which can be to reconstruct by approximation, also incorporating not necessarily
continuous functions. They defined the Kantorovich sampling operators

‘k+1

f fadu .

+00

SHB = > Awe —1;)]

k=—00

(b — t) —t)

with « € R, {#;},., a suitable sequence of real numbers, w > 0 and where
% € LY(R) is a suitable kernel function.
We observe that, with respect to generalized sampling operators the sample

A+1

k
values f (w> are replaced with the integral means [~ f(w)du, mi-

(t k+1 — tk)t
micking what was done by Kantorovich with the Bernestein polynomials. This
approach, at the same time, reduces the “time jitter errors”, that incur since,
k
generally, it is not possible to evaluate the function precisely in the node "

Vinti-Zampogni, in [6], extended the theory given in [4] to the more general
case of nonlinear Kantorivich sampling series of the form

1

+00

SN0 =3 7| wr—t§ g [ fadu ],

k=—o0

with @ € R, {t4},o, a suitable sequence of real numbers, w >0 and where
x: R? — R is a function satisfying suitable property.

The importance of this operators lies in their application to the image
reconstruction. In fact, it is possible to prove that the Kantorovich sampling op-
erators represent a good algorithm for the reconstruction and image
enhancement. Their application to function belonging to Orlicz spaces allows to
reconstruct the discontinuities, which are the points where the images have the
greatest contrast (shades of gray), as in the edges. This is very useful, for example,
in the medical field, where the images are now used not only for diagnostic pur-
poses but also in the surgery, during which the detail of the edges is often crucial.

2. — Definitions

Following the line of generalization of C. Bardaro, J. Musielak and G. Vinti,
see [3], considering functions defined in locally compact topological groups, we
introduced, with G. Vinti, new operators, that give a unifying approach to the
theory concerning the Kantorovich nonlinear operators.
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Let f: G — R be a measurable function, we defined the family of nonlinear
operators

1
(Tw £)(s) :JKW (3 - h@v(t)vaj(;)f(u)dﬂG(u)> dﬂH(t)7

with w > 0, s € G, where

1. H and G arelocally compact and o-compact Hausdorfftopological groups and,
for the sake of simplicity, we assumed G to be abelian. Moreover, G and H
are provided with their respective Haar measures on the class of Borel sets;

2. {hw},q, is a family of homeomorphisms of H into G;

3. {Kuw}ysaor With Ky : G x R — R, w > 0, is a family of measurable kernels
satisfying suitable conditions.

Moreover, Vi > 0, we defined a cover of G, B,, = (B,(t));ch, such that:

@) 0 < pgBp®) < +oo foreveryt € Hew > 0;
(ii)) for everyw > 0andt € H,h,(t) € B,,(®);
(iii) if U € U, there exists w > 0 such that for every w >w we have
hyw(t) — B(@) c U, fort € H.

We require, as is usually used in approximation theory (see [3]), that the
following properties are satisfied:

K1) Ky(s — hy(-),u) € L}IH(H) for every u € R, s € G and K,(s,0) = 0, for
every s € G

K,.2) let Ky, be an (L,,y)-Lipschitz kernel, i.e. there exists a family of
measurable funections L,, : G — Rg , such that

|Kw(s, %) — Kyy(s,v)| < Ly(yp(lu —v)),

for every s € G,u,v € R and some g¢-function y: R — R{, ie. a
continuous, non decreasing function, such that w(0) = 0, w(u) > 0 for
every % > 0 and y(u) — 4+ 00 as u — + oc;

K,,.3) for every n € N end w > 0, putting

w —
7, (s) = sup
L<ul<n

1
= }[ Ko(s — huo(®), wduy®) — 1|, s € G,

we have lirf 77(s) = 0 uniformly with respect to s € G.
wW——+ 00

Moreover, we assume that the family {L,,},,. , satisfies the following conditions:

L,.1) Ly(s—hy(-)) € L}tH(H) for every s € G;
L,,.2) there exists M > 0 such that

szv(S - hw(t))dﬂH < M;
H

for every s € G and w > 0;
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L,,.3) for every U € U, if we put U, = {t € H : s — hyy(t) € U}, we have

lim [ L — hu®)dg =0,

wW —+00

H\Us
uniformly with respect to s € G.

Now we show that, choosing suitable topological groups and functions, we
find, as a particular case of our operators, the nonlinear sampling operators of
Zampogni-Vinti. Let G = (R,+), provided with its Lebesgue measure,

. . N . t
H = (7,+) provided with its counting measure, h,,(k) = Ek’ for every k € 7,
where (t;)pc7, is a sequence of real numbers, such that there exist J, 4 > 0 with
i ¢
0 <tpy —tp <A< +o0o, and B,(k) = [i,%} Then for every measurable
function f : R — R, our operators become
Y1

+00 K
Tof® = > Ko|s— 250 [ fandu .

k=—00
w

which, for the kernels K,(s, ) = K(ws,-), are the nonlinear Kantorovich sam-
pling operators studied in [6]. Moreover, as we will see in what follows, further
suitable choices of the groups G and H, of their Haar measures and of the family
{hw},~0, allow to obtain, as particular case of our operators, the nonlinear
Kantorovich convolution operators and nonlinear Kantorovich-Mellin type op-
erators, widely used in approximation theory.

3. — Results

Before introducing our results, we give some definitions useful in what fol-
lows. It is well known that, if f : G — R is a measurable function, then

15() = [ o fanDdugw
G

denote, for every p-function ¢, a modular functional, which generates the Orlicz
space L?(G) defined by

L?(G)={f:G — R measurable : Ig(lf) < 400, forsome /> 0}.

Finally, we introduce on L?(G) the norm of Luxemburg

I1£1l, :inf{;h > 0:15(%) < 1},
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and given f, (f,)nex C L?(G) we define two types of convergence:
1. the modular convergence, i.e. 34 > 0 such that
Jim IG(f, —f) =0, and
2. the Luxemburg’s norm convergence, i.e. V. > 0

In [5] we proved the following results.

THEOREM 3.1. — Let f : G — R be bounded and uniformly continuous. Then

Iim ||(Twf) —flloo =0.
w——+00

THEOREM 3.2. — Let ¢ : Ry — Ry be a convex p-function and f € Co(G),

where Cc(G) is the set of continuous functions with compact support on G.
Then

im |(Tuf) ~ 1, = 0.

THEOREM 3.3. — For every f € LY(G) N, there exists u > 0 such that
RN AGESYIE

where ¢ and n are two convex p-functions such that for every 1 € 10,1[ there
exists C; € 10, 1[ such that

@ p(Cop(w)) < n(iu)

for every u € Ry, and we suppose that

Ly4) L, € L},G(G), for every w > 0, and

L,,.5) given N > 0, there exists a subspace Y C L'(G) with Y O C(G) such
that for every f € ),

lim sup o, /7
1
w—+ 00

ey [ @] < NI

Bw(')

for every 1 > 0.

In particular, in the proof of previous theorem we use the property of the
Orlicz spaces, of the functions K,, and L, the result of norm convergence for
functions with compact support and the density of the set C*(G) in L?(G) with
respect to the modular convergence. Moreover, we remark that condition L,,.5) is
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not assured in general: however, when H and G are subgroups of R, as in the
applications shown in the next section, the “Kantorovich” nature of the operators
considered here allows us to discharge L,,.5) on the kernels L,,, w > 0.

4. — Applications

As application of this theory we now consider the Orlicz space defined by the
function p(u) = u”,u > 0, p > 1; in this case the space L?(G) coincides with the
space LP(G). If we consider, for example, w(u) = u, we can take 5(u) = p(u), and
C) = J, in this way the condition (1) is satisfied and condition L,,.5) becomes:

P

lim sup o,
wW—+ 00

f)dug(w) < N||f||€P(G)’

Lr(H)

1
,uG(Bw( ) B!(-‘)

In this context our result is stated as follows.
THEOREM 4.1. — For every f € Y, we have

L N7 f = Fllze = 0-

We observe that it is possible to make analogue considerations for other Orlicz
spaces as L“logﬁL—Spaces (where goaﬁ(u) = u“logﬂ wu+e),u>0,a0>1,5>0)or
exponential spaces (where ¢,(u) = ¢ —1,u > 0,0 > 0).

Finally, we consider some graphical representations.

In order to obtain graphical examples of nonlinear Kantorovich-Mellin operators
for a function f € LP(R),1 < p < 400, we consider G = H = (R",-) provided

with logarithmic measure, h,(t) =t and B,(t) = ti,t(w +1 . So, our op-
w4+ 1
erators take now the form:
tw+1)
+00 e
s 1 du | dt
M, £)(s) = K,|-, ————— w)— | =.
M = [ K5 gy [ S|
0 2log | —— | w
w w+1

As kernels we use the functions

Ky(s,u) = Ly($)gu(w), w>0,s € R",ueR,

where our assumption K,,.2),i = 1,...,3 and L,,.i),7 = 1,...,4 are satisfied if we

consider
L := Ly(x) = wx"yp (), w>0,x¢c RT,

and

o) = o if0< x< 1
v x otherwise.
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We consider, in order to obtain its approximation with previous operators, the
function
x 0<x< 2
f@y=49 3
e

x> 2

The next graph show as, for different w, we obtain a more precise approximation
of the function f.
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Fig. 2. — The nonlinear Kantorovich Mellin type operators (Mk ) for w = 5, 10.

Analogously, in the case of Kantorovich convolution sampling operators, our
operators take the form

(S =3 Glws — kg | - [ faodu |, w>0,
keZ. Ak %

or

(k+1)

(€ 1)) = Rf Gaus ~ kg | 2 [ fondu |k, w0

(k=1)

w

where we use as kernel function G, for example, Fejer’s kernel

1. S,/
F(x)—ésmc <§),



A UNIFIED APPROACH FOR NONLINEAR KANTOROVICH-TYPE OPERATORS

or combination of positive B-splines

1 2 A\ (n .
M0 =5 35V (5) (5+-9)

In particular, if we consider the function

212

-1
fl) =
2

a3

r<—1

-1 << O

n+1

+

723

and as kernel G a combination of positive B-splines we obtain the following graph.
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Fig. 3. — The nonlinear Kantorovich convolution operators are (Cgf)(oc) with

G(x) = 3My(x) — 4M3(x) per w = 5,10, 15.
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