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(9) V (2012), 495-513

Global Existence for a Strongly Coupled Cahn-Hilliard
System with Viscosity

PIERLUIGI COLLI - GIANNI GILARDI - PA0LO PoDI0-GUIDUGLI - JURGEN SPREKELS

In memory of Enrico Magenes

Abstract. — An existence result is proved for a nonlinear diffusion problem of phase-field
type, comsisting of a parabolic system of two partial differential equations, com-
plemented by Neumann homogeneous boundary conditions and initial conditions.
This system is meant to model two-species phase segregation on an atomic lattice
under the presence of diffusion. A similar system has been recently introduced and
analyzed in [3]. Both systems conform to the general theory developed in [5]: two
parabolic PDEs, interpreted as balances of microforces and microenergy, are to be
solved for the order parameter p and the chemical potential . In the system studied
m this note, a phase-field equation n p fairly more general than in [3] is coupled with
a highly nonlinear diffusion equation for u, in which the diffusivity coefficient is
allowed to depend nonlinearly on both variables.

1. — Introduction

In this paper, we prove an existence result for the following system in the
unknown fields x and p:

(1.1) (1+29(p) Ot + g (p) Oy p — div (e, p)V ) = 0,
(1.2) Op—Adp+f'(p)=ug(p),

(13) (e, )Vi) -v[p =0 and  dyplp =0,

(14) 10) = o and  p(0) = py

Each of the partial differential equations (1.1)-(1.2) is meant to hold in a three-di-
mensional bounded domain 22, endowed with a smooth boundary I, and in some time
interval [0, T']. Such a system generalizes the phase-field model of Cahn-Hilliard
type studied recently in [3]. Both models are of the type proposed in [5], and aim to
describe phase segregation of two species (atoms and vacancies, say) on a lattice in
the presence of diffusion. The state variables are the order parameter p, interpreted
as the volume density of one of the two species, and the chemical potential u. For
physical reasons, i isrequired to be nonnegative, while the phase parameter p must,
as such, obey 0 < p < 1. Here are the features of [3] that have been generalized.
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Firstly, the nonlinearity f considered in [3] is a double-well potential defined
in (0,1), whose derivative ' diverges at the endpoints p = 0 and p = 1: e.g., for
f =/fi +fo with fo smooth, one can take fi(p) = c(plog(p) + 1 — p)log(1 — p)),
with ¢ a positive constant. In this paper, we extend f{ by taking an arbitrary
maximal monotone graph from R to R. Consequently, equation (1.2) has to be
read as a differential inclusion, in which the derivative of the convex part f; of f is
replaced by the subdifferential f§ := 0fj, i.e.,

(1.5) Op—Ap+E+f(p) = ug'(p) with & e B(p).

Since we do not require f; to be smooth, its subdifferential may be multivalued,;
the selection of & in (p) is a further difficulty we face.

Secondly, while in [3] g(p) = p, here g is any nonnegative-valued smooth
function, defined (at least) in the domain where f; and its derivative (or rather, its
subdifferential) live.

Thirdly, and this is the most important novelty, diffusivity « is not anymore a
constant, but rather a positive-valued, continuous, bounded, and possibly non-
linear, function of x and p. For simplicity, we confine ourselves to study the
existence of a solution under an assumption that guarantees uniform para-
bolicity, i.e., © > . > 0. We point out that in a recent study [4] we let x depend
only on x and possibly degenerate somewhere.

Finally, relations (1.4) specify the initial conditions for x and p, while (1.3) are
nothing but homogeneous boundary conditions of Neumann type, involving
precisely those boundary operators that match the elliptic differential operators
in (1.1)-(1.2).

Our paper is organized as follows. In the next section, we state our as-
sumptions and our results. The existence of a solution is proved in Section 3,
making use of a time-delay approximation and of a number of a priori estimates,
that allow us to pass to the limit by compactness and monotonicity techniques.

2. — Results

In this section, we describe the mathematical problem under investigation,
make our assumptions precise, and state our results. First of all, we assume Q to
be a bounded connected open set in R? with smooth boundary I” (treating lower-
dimensional cases would require only minor changes). Next, we fix a final time
T € (0,+00) and set:

21) Q:=2x071), X=Ix(071,
22) V=H®@, H=L*Q, W={veH®Q: dwv=0o0nT}.

We endow the spaces (2.2) with their standard norms, for which we use a self-
explanatory notation like || - ||;; for powers of these spaces, norms are denoted by
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the same symbols. We remark that the embeddings W Cc V C H are compact,
because €2 is bounded and smooth. Moreover, for p € [1, +oc], we write || - [|, for
the usual norm in LP(£2); as no confusion can arise, the symbol | - [|,, is used for
the norm in LP(Q) as well.

First of all, we present the structural assumptions we make. We require that:

(2.3) K : (m, r)—r(m,r) is continuous from [0, +o00) x R to R,

(2.4)the partial derivatives d,x and &k exist and are continuous,

(2.5) K., k" € (0, +00),

(2.6) . < k(m,7) <K*, |Oprc(m,r)| < K*, |6f;c(m, )| <x* form >0and re R,
CNf=fi+f, firR=[0,+0], fi:R—R, g:R—[0,+00),

(2.8) fi is convex, proper, ls.c. and f; and g are C? functions,

(2.9) f3,9, and ¢ are Lipschitz continuous.

For convenience, we set:

(210) K = 87.}{’ i = 8&}(‘, ﬂ = 3f1, and =n :fz,,
(2.11) K(m,r) := f;c(s,fr)d& Ki(m,r) := fzc’(sm)ds, Ko(m,r) = f;c”(s,fr)ds
0 0 0
for m >0 and r € R;

and we write D(f1) and D(p) for the effective domains of f; and f5, respectively.
Clearly, thanks to (2.6),

(2.12) max{|K(m, )|, |Ki(m,7)|,|K2(m,7)|} <x*m foreverym > Oandr € R.

We also note that the structural assumptions of [4] are fulfilled if x only depends
on m, and that a strong singularity in equations (1.2) for p is allowed. At variance
with [4], equation (1.1) for x is here uniformly parabolic, since ¢ is nonnegative
and x is bounded away from zero.

REMARK 2.1. — Note that any convex, proper, l.s.c. function is bounded from
below by an affine function (cf., e.g., [1, Prop. 2.1, p. 51]), so that the assumption
f1 > 0looks reasonable, because one can suitably modify the smooth perturbation
f2. Moreover, let us point out that the other positivity condition, g > 0, is just
needed on the set D(f5), while g can be extended outside of D(f) accordingly.

As to initial data, we require that:

(2.13) o €EVNLXQ), pyeW, uy>0 and p,€D() ae.inQ
(2.14) there exists ¢, € H such that & € f(p,) a.e.in Q.

Since £ is convex and f smooth, the above assumptions imply that f(p,) € L}(Q).
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As to the a priori regularity we require for any solution (u, p, &), we begin to
observe that, for any given u, equation (1.5) has the form of a standard phase-
field equation. Therefore, it is natural to look for pairs (p, &) that satisfy

(2.15) p e W-(0, T; HNnHY 0, T; V)N L0, T; W),
(2.16) Ee L0, T; H).

Note that the Neumann boundary condition for p has been incorporated into
(2.15) (cf. (2.2)3).
Next, as to u, we require that

(217) pue Hl(O, T, HyNL>*0, T; V)NL*@Q), w>0 ae. in@,
(2.18)  div (k(u,p)Vp) € L*0,T; H) and (x(u,p)Vi) -v=0 ae.on X,

and note that we can expect that x € L?(0, T; W) (from the regularity theory of
elliptic equations) only if the function « is smooth with respect to both variables.
Nevertheless, (2.17) and the regularity of the divergence are sufficient to write
the Neumann boundary condition as in (2.18). We also observe that

(2.19) p € C°([0,T%: C°(Q) = C°@),

a direct consequence of (2.15) and the compact embedding W ¢ C%(Q) (see, e.g.,
[6, Sect. 8, Cor. 4]), whence ¢'(p) € C%Q). Thus, under all of the above require-
ments, we can write the system of equations and the initial condition in the
following strong form:

(220) (1 +29(0)) 0+ 19 (p) Opp — div (k(u, p)Vu) =0 a.e. in Q,
(2.21) Op—Adp+E+nlp)=ug(p) and EcP(p) ae. in@,
(2.22) 1) =y and p(0) = p, a.e. in Q.

Here is our existence result.

THEOREM 2.2. — Assume that both (2.3)-(2.11) and (2.13)-(2.14) hold. Then,
there exists at least a triplet (u, p, &) satisfying (2.15)-(2.18) and solving problem
(2.20)-(2.22).

This is the only result we prove in the present paper. We note, however, that
the uniqueness result obtained in [4] still holds here, provided that « is taken
constant and z, smoother. For the reader’s convenience, we summarize the re-
sults of [4].

THEOREM 2.3. — Assume that both (2.3)-(2.11) and (2.13)-(2.14) hold, and,
moreover, that uy € W and x = 1. Then, there is a unique triplet (u,p,&) sa-
tisfying (2.15)-(2.18) and solving problem (2.20)-(2.22) and its component u enjoys
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the following regularity property:
(2.23) we WH0,t; HyNLPO,T; W) for every p € [1,+0c0).

Throughout the paper, we make use of some well-known embeddings of
Sobolev type, namely, V C LP(Q) for p € [1, 6], together with the related Sobolev
inequality

(2.24) [v]l, < Cllv|ly, for every v €V and 1 <p <6,
and WP(Q) ¢ C%Q) for p > 3, together with
(2.25) V]l < Cpllv]lyngg for every v € W?(Q) and p > 3.

In (2.24), C depends only on £, while C), in (2.25) depends also on p. In particular,
the continuous embedding W c W16(Q) c C°(Q) holds. Some of the previous
embeddings are in fact compact. This is the case for V ¢ L*(Q) and W c C°(Q).
We also account for the corresponding inequality

(2.26) VIl < &l| VY|l + Cel|v||;  for every v € V and ¢ > 0,

where C, depends on Q2 and ¢, only. Furthermore, we repeatedly make use of the
notation

(2.27) Q=0 x(0,t) fortel0,T],

of the well-known Hoélder inequality, and of the elementary Young inequality
1
(2.28) ab < ea® + P b* for every a,b >0 and ¢ > 0.

Finally, again throughout the paper, we use a small-case italic ¢ for different
constants, that may only depend on Q, the final time 7', the shape of the non-
linearities f and g, and the properties of the data involved in the statements at
hand; a notation like c, signals a constant that depends also on the parameter e.
The reader should keep in mind that the meaning of ¢ and ¢, might change from
line to line and even in the same chain of inequalities, whereas those constants we
need to refer to are always denoted by capital letters, just like C in (2.24).

3. — Existence

In this section, we prove Theorem 2.2, which ensures the existence of a so-
lution. Although our proof follows the argument in [3] and [4] closely, we present
the whole argument, and sometimes give some details, since changes with re-
spect to the quoted papers are spread over the whole exposition. Our starting
point is an approximating problem, which is still based on introducing a time
delay in the right-hand side of (2.21). Precisely, we define the translation op-
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erator Z; : L'(0,T; H) — L'(0,T; H) depending on a time step 7 > 0 by setting,
for v € L1(0, T; H) and for a.a. t € (0,T),

(3.1) (To)t) i=vt—1) ift>1 and (T)t) =y, if t<rt

(the same notation Z;v will be used also for a function v that is defined in some
subinterval [0, 7] of [0, T']). At bottom, what we do is to replace u by Z;x in (2.21).
However, since it is not obvious that we can keep u positive, we extend « to a
function x : R — R satisfying similar properties. Moreover, we assume that the
analogue of (2.6) holds for i and its derivatives, with the same constants x, and «*
(we replace x. and «* by 2k, and x*/2 in the original (2.6) if necessary). So, the
approximating problem consists of the equations

32  (1+290.) At + 1.9 (p,) Ohp, — div (k(pr, p)Vi,) =0 ace. in @,
(3.3) op, — Ap. + & +nlp) = (Tu)g'(p) and & € flp,) ae. in@,

complemented by the initial and boundary conditions
(34) #00) = pg . p(0) = py a\’p1|2 =0, (&g, p)Vi) - V|Z =0.

For convenience, we allow 7 to take just discrete values, namely, = T/N, where
N is any positive integer.

LEmMA 3.1. — The approximating problem has a solution (u.,p,,&;) sa-
tisfying the analogue of (2.15)-(2.18).

ProOF. — We confine ourselves to give a sketch. As in [3], we inductively solve
N problems on the time intervals I,, = [0,%,] :=[0,nt], n =1,...,N, by con-
structing the solution directly on the whole of ,, at each step. Namely, given 4,,_;,
which is defined in 2 x I,,_1, we note that Z;u, ; is well defined and known in
Q x I,, and solve the boundary value problem for p, given by the phase field
equations

(35) atﬂn - A/)n + én + 7'5(/)1@) = (/];,un) gl(ﬂn) and én S ﬂ(ﬂn) in Q x Iw

complemented by the boundary and initial conditions just mentioned for p.. Such
a problem is quite standard and has a unique solution p, in a proper functional
framework. Now, we observe that the function

K:(x,t,m)—x(m,p,(x,1), @t)elxIl, meR

is a Carathéodory function satisfying x, < k < x* on its domain, so that the
equation

(36) (1 + 29(/)11)) aflun + ty g/(pn) 8tpn, —div (R:(/“‘napn)vlun) =0 InQxI,

in the unknown funetion y,, is uniformly parabolic (let also recall that g is non-



GLOBAL EXISTENCE FOR A STRONGLY COUPLED CAHN-HILLIARD ETC. 501

negative). Thus, we can solve the problem obtained by complementing (3.6) with
the boundary and initial conditions prescribed for y.. Therefore, the problem to
be solved has a unique solution in a proper space, provided that the coefficient
9 (p,)0p,, 1s not too irregular. So, we should prove that, step by step, we get the
right regularity for p, and y,. This could be done by induction, as in [3], with
some modifications due to our more general framework. We omit this detail and
just observe that the needed a priori estimates are close (and even simpler, since
7 is fixed here) to the ones we perform later on in order to let 7 go to zero. The
final point is x,, > 0. We give the proof in detail. We multiply equation (3.6) by
—u; == —(— )", the negative part of x,, and integrate over @, with any ¢ € I,,.
We observe that

1
[(1+ 20, @) Bt + 1, 90,) Oip, ] (= 1) = 5 (A + 2000, |1 ).

Hence, by using 1, > 0 and owing to the boundary condition, we have

1
5 [ 1+ 200,015, OF + [ 7, p Vi P =0 for every t € 1,
Q Q

Asboth g and k are nonnegative, this implies x,, = 0, thatis, u, > 0a.e.in Q2 x I,,.
Once all this is checked, the finite sequence (w,,p,,&:), n=1,...,N, is con-
structed and it is clear that a solution to the approximating problem we are
looking for is simply obained by taking » = N. O

Thus, we fix a solution (u, p,, &,) for each 7. We note that, a posteriori, we can
replace x by x in (3.2), since the component z. of our solution is nonnegative. Our
aim is to let 7 go to zero, so as to obtain a solution as stated in Theorem 2.2. Our
proof uses compactness arguments and thus relies on a number of uniform (with
respect to 7) a priori estimates. In order to make the formulas to come more
readable, we write 1 and p rather than x, and p, in the calculations.

REMARK 3.2. — Sometimes, when deriving our a priori estimates, we proceed
formally. However, our procedures can be made rigorous. For instance, one can
get more regularity for the approximating problem by regularizing ¥ and the
initial data, if necessary. Moreover, local regularization is often sufficient.
Consider, e.g., equation (3.3) and rewrite it in the form

(3.7) —dp+p+p(p) 3 h:=p—8p—nlp)+ (Twyg (p).
Now, (here t is just a parameter) the elliptic equation:
—Mu+u+w=h and w e fu),

complemented by homogeneous Neumann boundary condition, yields a well-
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posed problem; as is well known, its solution (u,w) is the limit of the much
smoother pair (u., f.(u.)), where f, is a regularization of ff of Yosida type (see, e.g.,
[2, p. 28]; see also the proof of Lemma 3.1 of [3] for a further regularization) and u,
is the solution of the analogous boundary value problem for

—Mu, + u, + B (u) = h.

On the other hand, we have (u,w) = (p, &) by (3.7). Therefore, it is essentially
correct to regard S as if it were a smooth function in the original equation (3.3),
and treat such equation like a more regular one (e.g., by differentiating it or
taking irregular functions as test functions).

First a priori estimate

We test (3.2) by 1, and observe that

1
[(1+29(0) e + g/ (p) Drplie = 5 A4+ 20(p)1*].

Thus, by integrating over (0,%), where t € [0, T] is arbitrary, we obtain

@+ 20000) k@ + [t pIVal = [ @+ 29600
Q Q: Q

Hence, we recall that g > 0 and & > x, > 0, and conclude that

(3-8) el £ 0,780 Hll el 20,000 < €

Consequence

The Sobolev inequality (2.24), estimate (3.8), and (2.12), imply that
(3.9) ||ﬂr||L2(0,T;L6(Q>)+||f//(ﬂr»Pr)||Loc(0,T;H)mL2(0,T;L6(Q>)§ ¢ with y = K, Ky, Ks.
Another implication of (3.8), along with (3.1) and (2.13), is
(3.10) | Tt oo 0,700+ Zebte || 20,10y < €

Second a priori estimate

We add p, to both sides of (3.3) and test by Jip,. We obtain:



GLOBAL EXISTENCE FOR A STRONGLY COUPLED CAHN-HILLIARD ETC. 503

1
J 10 + 5 101+ [ oo
Q: Q
1 1
=5 ! Vol + ! flo) +35 ! (P*t) — 26(p(t)) — Qf 7 ONT)d,p

1
<c+of P +5 [1onl + N Tl o
Q Qi

for every ¢ € [0, T']. Thanks to the chain rule and the Young inequality (2.28), we
have:

t
1
e[ 1o <[ 1ol +75 [ 1000 + ¢ [ 1oy ds.
Q Q Q: 0

Then, as f; is nonnegative, by accounting for (3.10), with the help of the Gronwall
lemma we infer that

J 1ol + o+ [ ot <.
Q: Q

Thus, we conclude that

(3.11) HPTHHI(O,T;H)me(o,T;V)SC and Hf(pr)||L°°(O,T:L1(Q))SC'

Third a priori estimate

We proceed formally (see Remark 3.2). We rewrite (3.3) as
(3.12) —Ap+ B(p) = h = —dyp — n(p) + (T)g (p),

and multiply this relation by either —4p or f(p). By doing that, we derive an
estimate for both 4p and f(p) and we can use the regularity theory for elliptic
equations. We conclude that

(3.13) ”erLZ(O,T;W)SC and ||fr||L2(o,T;H)§C~

Fourth a priori estimate

Our aim is to improve estimates (3.11) and (3.13). To do that, we proceed
formally, at least at the beginning (our procedure could be made completely
rigorous, as sketched in Remark 3.2). We start from an estimate coming from the
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theory of maximal monotone operators [2], namely,

(3.14) [|04u(0)[| 5 < [lw(0) + Apo ||z + min (7],
nePlpo)

for the unique solution (u, w) to the equations (cf. (3.3))
o — M+ o=y =9 (p)Tu—nlp) and o € fu),

complemented by the same initial and boundary conditions prescribed for p.
Note that in (3.14) f is understood as the induced maximal monotone operator
from H to H. By observing that (u,w) = (p, &), applying (3.14), and combining
with our assumptions on p, (see (2.14), in particular), we obtain:

(3.15) 10Ol = e(lltollr+llpollw+1 + 1ol ) = e

We use (3.15) in the calculation we are about to start: once again, we proceed
formally, and write £ = f(p) as if f were a smooth function. We differentiate (3.3)
with respect to time and test the equation obtained for d;p. We find:

1
5 [t + [ (vasl + [ B plot
Q Q: Q:

1
=5 [1@pOE = [ (o + [ "o loup?
(3.16) Q @ @

+ f 9 (P)O(T;10) Byp
@

1
<5 Qf @O + ¢ @[ 1+ Tl + @[ I DT Dep.

We treat each term on the right-hand side, separately. The first one is estimated
by (3.15). In order to deal with the second one, we account for the Holder in-
equality, (3.10), the compact embedding V c L4(Q) (see (2.26)), and (3.11). We
obtain:

4
[a+zwiont < [ 11+ @p©ll0061E ds
Qt 0

t
(3.17) <cfllap@ids <ef Vo +c. [ oP
0 Q Qs

<ef Vo +e..
Q
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for every ¢ > 0. Let us come to the last term of (3.16). Firstly, on recalling that
0T, = 0 in (0, 7) by the definition of 7;, we compute d;u from (3.2). Then, we
integrate by parts and have repeated recourse to Holder, Sobolev, and Young
inequalities. We deduce that

t—1

[owaawor= [ [ousagps+ds

Q 00
t—t
1 _ /
_ f f 112000 [div (1(us), ps)V(s)) — u(s)g' (p($)0; ()] Drg(pls + D) ds
(3.18) Otj?
= ag(p(s + 1))
= Of Qf . pe)Vats) -V SEE S
g'(p(s))g' (p(s + 1))
- f f 1+29(0(s)) w(8)0; p(8)0; p(s + 1) ds .

We treat the last two integrals separately, by using our structural assumptions.
As to the former, we have:

Og(p(s + 1))

t—1
f f ). PV - v GEEE

T

t,
_ f f K(u(s), p(s)) V uls) -
0

Q

v? "(p(s + )0 p(s + 7)
1+2g(p(s))

t,
(3.19) <c [ [19u@| [Varpts + 0l ds
0 Q

f V()| [Vp(s)] |0upls + )| ds

OSH o\w

f IV (s)] [V p(s + )] |8 pls + )| ds.
Moreover, thanks to (3.8), we infer:

ff|w<s)| Vo, p(s + 0| ds < 6f|V8tp| +o [ 1Vul*
(3.20) 0@ @

<af Vol +c..
Qs

for every ¢ € (0,1). On the other hand, we also have:
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t—t

[ [ 19661 19 18005 + 01 ds

0 Q

~

—T

<

IV Vo) l10Gs + Dl ds

OS

~

t—1

G21)  <eflap@I} ds+e [ V@IV ds
0 0

t—1
<ef IVapP +c[ 1o+ [ IVu@IHIVp6E ds
Q: Q: 0
t—1

<o IVapP +c+e. [ IVuGI3IVo©I} ds
Q 0

(in the last inequality, (3.11) has been used). Now, we improve the estimate just
obtained by owing to the regularity theory for linear elliptic equations, as well as
to estimates (3.8) and (3.11). For each fixed s € (0, T"), we have

IVp15< c(lp@I5+14p(s)]17)
< ¢+ || =0 p(s) — 2(p(s) + ¢ PN < ¢ |0k p(s)|Z+c.

Therefore, the above estimate becomes
t—1
f j IV (s)] [V p(s)| [0:p(s + 7| ds

(3.22) 0

t
<[ Vol + . [ IV G 1006 ds +c.
Q 0
Analogously, one shows that

t—

ff|w(s)| |Vp(s + )| |0: p(s + 1) ds

(3.23) 0e

t
<ef Vo +c. [ IVEG 100\ ds + e
Q: 0

Thus, by collecting (3.20) and (3.22)-(3.23), we deduce that (3.19) yields:
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Oyg(p(s + 1))

t—1
[ [ wtuts) pspos - v FEES

0 Q

(3.24) t

<o Vol + . [ (IVuG I+ IV T0@IE ) 106 ds + ..
Q 0
for every ¢ > 0.

We now take up the last integral in (3.18). By using the compactness in-
equality (2.26) and (3.8), we have:

u($)0; p(8)0 p(s + 1) ds

) tf ¢ (p(s)g (s + )
22 14+29((s))

t—1
< [ 1@ ]418Gs + Ollg10po) ds
0
(3.25) L t
< [ Napts + 0l ds + e, [ @100 ds

0 0

t
<ef VO +c+c. [ @I rpo)f ds.
Qr 0

Therefore, due to (3.24) and (3.25), (3.18) becomes:
[owazap <2 [ vo
Q Q

(326) t t

. [ (VG + 19T 5+ 1161 ) 1006 ds + c..
0

At this point, we combine (3.15), (3.17), and (3.26) with (3.16), and we choose ¢
small enough. Since the last integral on the left-hand side of (3.16) is non-
negative, because fi is convex, we obtain:

t
[10p0F + [ V0P < ¢ [ e liops)I5 s +e.
Q Q 0

where §(s) := || V()3 + | V(T)@)|F + 4Gl
As ¢ € LY(0, T) by (3.8)-(3.10), we can apply the Gronwall lemma and conclude that

(3.27) 0P| 0,750 02 (0,07) < €
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Consequence

Note that —4p, + &, = =0, + ¢'(p,)Ti, is bounded in L>(0,T; H), due to
(3.8) and (3.27). Therefore, by a standard argument (multiply formally by &,), we
deduce that both —4p, and &, are bounded in the same space, whence by elliptic
regularity

(3.28) 1Pll~orm < ¢ and  [[Ellpeorm< ¢
moreover,
(3.29) 1Pl L~ HIW P << ¢ Withy =g,9', 7,

due to the continuous embedding W C L>*(2) and the continuity of such y’s.

Fifth a priori estimate

To prove an L estimate rather than just a boundedness property, we borrow
the argument in [3]. We observe that the approximating solution satisfies:

(3.30) % A (1 +20() |G — K 1P] = [(1 + 29()) Bute + (= kg (DD p] (e — k)T,

for every k € R. Hence, by assuming that k¥ >y := max{||xl,,1} and by
testing (3.2) with (u — k)", we obtain:

1
égf(l +2g(p@)|(u(t) — k)t +QfK(/t,p)|V(u — k) = —kaatg(p) (n=h"

with this, on recalling that g > 0 and x > x,, we deduce the inequality
1
5 [ 1® =1 e, [ 1900 = 7P =~ [ 0g(p) (e~ k)"
Q Q Q:

In [3], for ¢ = 1, we have that g(r) = r and x = 1; the corresponding inequality is:

630 o [10@ 0P+ [ 1960 E =k [ oG- b
Q Q Q:

Therefore, the argument used in that paper can be repeated here essentially
without changes. As a matter of fact, the analogue of (2.21) is never used in [3],
the whole proof being based just on (3.31), the regularity d;p € L*>°(0,T; H)N
L?(0,T;V), and an upper bound, say Cy, for the corresponding norm; moreover,
the upper bound for 4, that is constructed explicitely, depends only on @, T, 14,
and Cy. In the present case, we have to use the same regularity for d;g(p) and
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estimate (3.29). In conclusion, we obtain:

(3.32) llttell (g < €

Sixth a priori estimate

We proceed formally, as done for the third a priori estimate, by writing
¢ = f(p) as if f were a smooth function (see Remark 3.2). We test by (é(t))5 3.3),
written in the form (3.12), at (almost) any fixed time ¢ € (0, 7). We obtain:

5[ COorp VP + [ 10 = [ ho Eo).
Q Q Q

As the first term on the left-hand side is nonnegative, by the Holder inequality
we deduce that

DG [IRD |G [|g 5= IR €O,

whence he have immediately that ||£(®)||s< ||~(?)| - We infer that
[4p®)| 5y < CllhBll sy and  [lp@ly00) < €O s

first by comparison in (3.12) and then by the standard regularity theory of linear
elliptic equations. As W'6(Q) is continuously embedded in C°(Q) (see (2.25)), and
as the above inequalities hold for a.a. t € (0, T), we deduce that

IVl z0.7:00) < NPl z0.7,080))-

Now, we observe that & is bounded in L2(0, T'; L%(®Q)), thanks to (3.27), (3.29),
(3.32), and the Sobolev inequality. Therefore, we conclude that

(3.33) IVPellzz 07200 < €

A byproduct of our proof is that [|p.|| 2o r.wes) < ¢

Seventh a priori estimate

On recalling (2.10)-(2.11), the following preparatory identities hold for the
approximating solution:

(3.34) VK(u, p) = w(u, p)V i + K1(u, p)Vp,

(3.35) 0K (p, p) = r(p, p)Oru + K1 (pe, p)Osp,
(3.36) K1 (p, p) = 1 (u, p) Oyt + Ka(ua, p)0s p.
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Moreover, we notice that

. /
(337) ||lr//(:u)p)||L”C(Q)S ¢ with WZK,K,K7K1;OI‘ KZ;

due to our structural assumptions (2.6) and to (3.32), (2.12). Now, we formally test
(3.2) by 9;K(u, p) and get:

J @+ 2000 0K )+ [ 1ndrg(p) oK e p)
Q: Q:

+ f K, PV 1t - VOK (11, p) = 0.
Q:

(3.38)

With the help of (3.34)-(3.35), we rewrite the first two integral as follows:
[+ 200man0K G p)
Q

= f (A + 29(p)) K, p) O + f (1 +29(p) K1 (u, p) Oput Osp
Q: Q:

f 1owg(p) 0K (u, p) = f 1Og(p) ety p) Oppt + f 1og(p) Ki(u, p) Oy p.
Q: Q; Q:

In the third integral of (3.38), we also integrate by parts and use (3.36). We get:

[ 5.V VoK@, p = [(VEGLp) ~ KiGe,p)Vp) - VOK (1, p)
Q: Q:

= % f VK (u@®), pt)* — f Ki(u@), pt)Vp(t) - VK(u®), pt)) — ¢
Q Q

+ f VEK(u,p) - 0,(Ki(u, p)Vp)
Q

1
=5 [ 19K, gt — [ Ky, p) Vo) - VKo, pt)
Q Q
+ f VEK(u,p) - Vp (1 (, p)Osp + Ko(p, p)0s p) + f Ki(u, p)VK (i, p) - Vy p.
Q Q:

If we insert these identities in (3.38), on keeping just the positive terms on the
left-hand side, on recalling that g > 0 and x > «,, and on accounting for estimates
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(3.32) and (3.37), then we deduce that

1
. Qf Ou® +5 Qf VK@), po)

339)  <cflaullol +c [ apf + [ 19p0] VK@), pt)
Q Q@ Q

+ ¢ [ IVE @199 (0] + 100pl) + e [ IVEG, ] [Vaup] +c.
Q Q

As the first three terms on the right-hand side can be trivially dealt with by
accounting for (3.8), (3.11), and the elementary Young inequality, we concentrate
on the last two integrals. For every ¢ > 0, we deduce that

[ VGl V] (0] + 1010]) + [ IVE G, ] [Vkp)

Q Q
2 2 2
<ef 1w +c. [ 199 VK )
Q Q
1 1
2 210 12 2
+{!|VK(/AP)| +§Qf|vﬂ| |0:p| +§J|V5tp| .

On the other hand, we have:

[ 1902 VB P + [ 19K P + [ 1962 100 + [ [Vornl*
Q Q Q Q

t t
< [ 4 IVEGs). p s + [ 1906) e 0 p(6) s + [ 1V
0 0 Q

¢
§f¢(3) IVK(us), p(s))|[3 ds + ||VP||%2(0,T;LOC(Q))||8tﬂ||%m(0,T;H)+Hvatp||i2(o,T;H)»
0

where ¢(s) := ||Vp(s)||§o+1. As ¢ € L0, T) thanks to (3.33), and as the last norms
in the above inequality are bounded by (3.27) and (3.33), we can choose ¢ small
enough and apply the Gronwall lemma. We conclude that

(3.40) 1 Osttcll 220 ) HIE Ui P e 0,00 < €

Consequence

By combining (3.40), (3.34), and x > k., we derive that

(341) Vil < ¢, whenee  ||ug|| g o iy < €
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Furthermore, by comparison in (3.2), we also deduce that

(342) Hle (K(/u‘rvp?:)v:u‘r)||LZ(0,T;I‘1)S c.

Limit and conclusion

By the above estimates, there are a triplet (x, p, &), with 4 > 0 a.e. in @, and
two functions k¥ and { such that

(3.43) 1, — 1 weakly star in H'(0, T; H) N L*(0, T; V) N L™¥(Q),
(3.44) p. — p weakly star in L>(0,T; W),

(3.45) dp, — Oyp weakly star in L0, T; H) N L0, T; V),

(3.46) ¢, — ¢ weakly star in L>(0,T; H),

(3.47) K(u,,p) — k weakly star in L>(0,T;V),

(3.48) div (x(u,, p,)Vu,) — ¢ weakly in L3(0, T; H),

at least for a susequence 7 = 7; \, 0. By the weak convergence of time deriva-
tives, the Cauchy conditions (2.22) hold for the limit pair (u, p). By (3.43)-(3.45)
and the compact embeddings W ¢ C%(Q) and V C H, we can apply well-known
strong compactness results (see, e.g., [6, Sect. 8, Cor. 4]) and, possibly taking
another subsequence, we have that

(3.49) , — i strongly in L*(0,T; H) and a.e. in Q,
(3.50) p. — p strongly in C%(Q).

The weak convergence (3.46), together with (3.50), implies that & € f(p) a.e. in @
(see, e.g., [2, Prop. 2.5, p. 27]), due to the maximal monotonicity of the operator
induced by f on L%*(Q). Furthermore, the convergence stated in (3.49)-(3.50)
entails that ¢(p,) — ¢(p) uniformly in @ for ¢ =g,¢', 7 and w(u,,p,) — w(u,p)
a.e. in @ for y = x, K, whence, in particular, k = K(u, p). As all the above func-
tions w(u,, p,) are uniformly bounded, we deduce that the convergence is in fact
strong in LP(Q) for every p < + oo, and weak star in L>*(Q) in each case. This
shows that the limits of the products

A +29(p) Buptyy, 1.9 () Oopyy Ky, p) Vi, and . g'(p,),

that appear in equations (3.2)-(3.3) can be identified as the products of the
corresponding limits. In particular, by using also (3.48), we derive that
div (k(u, p)V ) equals ¢ and belongs to L2(Q). All this implies both (2.20) for
the limit (x4, p) and the convergence of the normal trace x(u,, p,) Vi, - v. Thus,
the expected Neumann condition also holds in the limit, and the proof is
complete.
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