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On an Equation From the Theory
of Field Dislocation Mechanics

AMIT ACHARYA - LUC TARTAR

to the memory of Professor Giovanni Prodi

Abstract. — Global existence and uniqueness results for a quasilinear system of partial
differential equations in one space dimension and time representing the transport of
dislocation density are obtained. Stationary solutions of the system are also studied,
and an infinite dimensional class of equilibria is derived. These time (in)dependent
solutions include both periodic and aperiodic spatial distributions of smooth fronts of
plastic distortion representing dislocation twist boundary microstructure. Dominated
by hyperbolic transport-like features and at the same time containing a large class of
equilibria, our system differs qualitatively from regularized systems of hyperbolic
conservation laws and neither does it fit into a gradient flow structure.

Introduction

Since this article is written for a special issue of the Bolletino dell’'Unione
Matematica Italiana, in memory of Giovanni Prodji, the introduction is written in
the first person, by the second author.

During my second year as a graduate student, in Paris in 1968-1969, my
advisor, Jacques-Louis Lions, gave a course on nonlinear partial differential
equations, and he wrote a book in this way [Li]. After a secretary had typed his
handwritten notes, he asked me to proof-read one chapter at a time, and it was
then that I first encountered the name of Giovanni Prodi, who was quoted for
questions about Navier-Stokes equation. I had already taken the habit of reading
very little, and I could not have read an article in Italian at the time, but I did not
even try to read the joint work of Giovanni Prodi and my advisor, a note to the
Comptes Rendus de ’Académie des Sciences, written in French, of course.

I am not sure when I first met Giovanni Prodi, and I suppose that it was in
Pisa when I first visited the Scuola Normale Superiore at the invitation of Ennio
De Giorgi, and I remember well a visit in February 1982, just after having visited
my good friend Carlo Sbordone in Napoli at the time of carnevale, and while in
Pisa some new friends took me to carnevale in Viareggio, which I could not
appreciate so well since I did not know the politicians who were caricatured, but I
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enjoyed the fireworks afterward, the best I ever saw. I could well have been in
Pisa for a short visit before that occasion.

Since I first associated the name of Giovanni Prodi to Navier-Stokes equa-
tion, I thought of writing an article in his memory on this subject, but I have no
important remark to make that I have not already written in my four books
published by Springer in the lecture notes series of Unione Matematica Italiana,
the first one on Navier-Stokes equation [Ta3], the second one on Sobolev spaces
and interpolation spaces [Ta4], the third one on kinetic theory [Ta5], and the
fourth one on homogenization [Ta6].

However, I find useful to emphasize again that it gives a bad impression about
mathematicians that after convincing a philanthropist like L. T. Clay to give one
million dollars away for a prize on the Navier-Stokes equation, those in charge of
writing on that problem could not find a mathematician competent enough to tell
them what the Navier-Stokes equation is about. I certainly received an excellent
training in Paris, but I thought that everyone learned that the basic laws of
continuum mechanics are about conservation of mass, conservation of linear
momentum, conservation of angular momentum (usually taken care of by the
symmetry of the Cauchy stress tensor), and conservation of energy, together
with some constitutive equations forming equations of state, although I was not
told in a clear way that the validity of equations of state is questionable out of
equilibrium, which was the reason why kinetic theory was invented, by Maxwell,
and by Boltzmann.

Then, since conservation of mass gives an hyperbolic equation p; +div (pu) =0
for the density (of mass) p, one avoided this “difficulty” by assuming incom-
pressibility, p = p,, which has the unfortunate effect of making unphysical the
“pressure” p appearing in the equation, since after that it is only a Lagrange
multiplier defined up to addition of a “constant”, depending upon ¢, and although
the speed of sound at usual atmospheric pressure (and reasonable temperature)
is about 300 meters per second for air and about 1500 meters per second for
water, the incompressibility hypothesis makes it infinite. Then, one forgot to tell
why the equation of conservation of energy was not considered, which is that one
assumed the dynamic viscosity u to be constant, without saying it and without
observing that having it independent of temperature is quite contrary to evi-
dence, so that one finally only considers an equation for the velocity field u«, which
u

o0 and where the kinematic viscosity v = o appears.
0 0

Then, trying to describe the group of transformations which leave the equation
invariant, besides translation in space or time, and scaling, one forgot to mention
invariance by rotation, since fluids like air or water are isotropic, and one forgot
to mention Galilean invariance, which makes the difference between the slightly
unphysical Stokes equation and the more physical Navier-Stokes equation (first
introduced in 1821 by Navier using a molecular approach, and then derived more

”»

uses a reduced “pressure
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mathematically using stress, in 1843 by Saint-Venant, and in 1845 by Stokes).
Then, one chose domains without boundary, like the not so physical R® or the
unphysical torus T2, although the mathematical problem is to find good bounds
for the vorticity, and that it is observed that vorticity is created at the boundary.

I am not sure why some harmonic analysts are fascinated by the scaling
property, since it only says that if one changes the unit of length and the unit of
time, then the unit of velocity is automatically changed, and the scaling property
is just observing that the unknown u is a velocity. Of course, there could be
unexpected consequences of secaling, and Sobolev’s embedding theorem is a
classical one, about which I have introduced a general method for its extension to
Lorentz spaces, published in this journal [Tal], and my work is in the spirit of
what Jaak Peetre had done,(}) and also extends a result of Haim Brezis and
Stephen Wainger, but although it uses a classical scaling argument for the do-
main & € RY, it uses a nonlinear scaling for the target space R by considering
various functions ¢(u), and adapting the choice of ¢ to the rearrangement of |u/; 1
think that it would be a generalization of that type of argument and not of the
classical scaling that could be useful, so that I expect that a different kind of
scaling argument could be discovered.

Giovanni Prodi participated in the 1950s and 1960s in the “rinascita” of Italian
mathematics together with a few other colleagues, some of whom I met a few
times, like Guido Stampacchia and Ennio De Giorgi who died before him, or
Enrico Magenes who died more recently, and in some way my decision to write
lecture notes for the graduate courses which I taught (after 1999) followed a
similar plan to revitalize a way of doing mathematics with a serious interaction
with continuum mechanics and physics, in the spirit of Poincaré, Hadamard, and
Jean Leray in France; I do not put Laurent Schwartz in this category although
his theory of distributions helped give a more general framework than what
Sergei Sobolev had done for problems in continuum mechanics or physics, nor do
I put my advisor either, since I could not find in them a true will to improve the
understanding of continuum mechanics or physics through the development of
new mathematical tools, which should permit to go a step further, and correct
some of the “mistakes” made by the practitioners. However, since engineers and
physicists are not mathematicians, they are allowed to guess results without
calling them conjectures, so that a “mistake” may just be what a mathematician
calls a conjecture which is proven to be false, but I shall measure the success of

) 1 realized afterward that Jaak Peetre could not have proven my generalization
WHL(RY) ¢ LY Y(RY), since he followed the method of Sergei Sobolev, which gives
Wir(RY) c LY (RY) only for 1 < p < N, and then I did not attribute correctly the case
p =1 of “Sobolev’s embedding theorem”, which was proven independently by Emilio
Gagliardo and by Louis Nirenberg.
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my plan by the number of mathematicians who will understand the errors in
reasoning which were made for arriving at some popular models, and hopefully
have the courage to mention such mistakes, and suggest ways for finding better
models.

Since no realistic approach to plasticity in solids can be made without knowing
about dislocations, the point of view that we have taken is to start from a rea-
sonable description of physical reality, the theory of field dislocation mechanics,
of which the first author is a specialist, and try to solve some of the systems of
partial differential equations which appear in this theory, by improving the ac-
tual mathematical methods, but since such a goal has not been attained yet, we
have looked at simpler systems in one space dimension, for which some variants
of more or less classical methods can be used. We first present the general
theory, and then explain how to derive the simpler models which will be treated
mathematically afterward, and it would certainly be desirable that some math-
ematicians pretending to work on realistic problems would follow this scheme
instead of specializing in unrealistic questions and then look for inadequate
models of the kind that they like which were used in the past, due to a lack of a
better alternative, and pretend that it is still important to solve them, without
explaining in what way they are now known to be deficient, and which mathe-
matical questions about them are nevertheless useful to be settled.

Although the equation that we consider looks like an unconventional reg-
ularization (certainly for those who never questioned the “artificial viscosity
method”) of an hyperbolic system of conservations laws, transport is the main
feature of our system, with a weaker dissipation effect for ¢ > 0 than in hyper-
bolic systems of conservations laws, for which an up-to-date reference is the book
of my good friend Constantine Dafermos [Da], where he describes various types
of E-conditions for selecting which discontinuities one wants to accept. One
should then be careful in comparing our results to what happens for hyperbolic
system of conservations laws, as we show in sections 3 and 4.

1. — Field Dislocation Mechanics

Field Dislocation Mechanics, denoted FDM afterwards, was developed by the
first author in [Acl], [Ac2], [Ac3], [Ac4], [Ac5], as a pde-model for understanding
plasticity of solids as it arises from the nucleation, the motion, and the interaction
of defects, in an otherwise elastic motion of a material. FDM advances the pio-
neering work of Kroner [Kr], Mura [Mu], Fox [Fo], and John Willis [Wi] to
produce the first pde model for the prediction of coupled dislocation internal
stress, dislocation microstructure evolution, and permanent deformation in
generic bodies of finite extent. A unique feature of FDM is the treatment of
dissipative dislocation transport accounting for nonlinearity due to geometric
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and crystal elasticity effects. While simplifications of the model to a small de-
formation setting were developed and will be analyzed in this article, an essential
feature of the general theory is to make no restrictions on the material and the
geometric nonlinearities. It is perhaps fair to say that there is a general bias that,
in the context of modeling of defect dynamics in an elastic material, dislocations
should be thought of as discrete objects that are best studied as singularities
within an otherwise linear theory, with their nonlinear interactions “put in by
hand.” The primary goals of FDM are: to understand such discreteness as field
localizations without singularities that emerge naturally in nonlinear theory,
whose interactions are decided by partial differential equations which encode
conservation statements of a geometric and topological nature, coupled with
nonlinear elasticity; and to understand the emergence of macroscopic plasticity
as a homogenization of this underlying system of non-linear pde. This article is
one of the first rigorous studies (cf. [Ac&Ma&Zi]) of the dynamics of such
nonsingular localizations arising in perhaps the most simplified, but exact, dy-
namic problem of FDM, which nevertheless appears to be surprisingly rich. For
instance, Nabarro [Na] states “The attempt to build up a dislocation theory while
neglecting the non-Hookean forces which hold a dislocation together and prevent
its spreading thinly over the glide plane is bound to encounter difficulties similar
to the ‘purely’ electromagnetic theory of the electron.”. As we show, in FDM,
even with linear elasticity, it is possible to hold a dislocation together and this is
because of nonlinearity and non-sealar nature of dislocation transport.

The full 3-dimensional, small deformation theory is presented first (for de-
tails, see [Ac4]) and an exact simplification for a time-dependent system in one
space dimension is then derived. The physical context that this simplification
represents is described, and primary questions of interest related to the system
are mentioned.

The notation used is as follows: for a second-order tensor A, a vector v, and a
spatially constant vector field c,

(A x v)Tc = (AT¢) x v for all ¢
(divA) - ¢ = div(ATc) for all ¢
(cm”lA)Tc = curl (A% ¢) for all c.
In rectangular Cartesian components,
(A X V)i, = i AV
(dl’l)z4)7 = Aij,j
(curl A)ip, = emji Ak j

where one sums over repeated indices, e, is a component of the third-order
alternating tensor X, and ; as an index means 0;. Also, the vector X AB is de-
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fined as
(X AB); = ejj, Ajr By

The spatial derivative, for the component representation is with respect to rec-
tangular Cartesian coordinates on the body. For all manipulations with compo-
nents, we shall always use such rectangular Cartesian coordinates. The symbol
div represents the divergence, grad the gradient, and div grad the Laplacian. We
have occasion to use the identity curl curl (- ) = grad div (- ) — divgrad( - ), often
for an argument for which div (- ) = 0. A superposed dot represents a time de-
rivative.
The complete set of equations is

curly = o

divy=0

div (gradz) = div (e x V)

Ut :=gradu—z)+y; UP:=gradz—y
dwlT(U] =0

o= —curl(xxV)

@8 on R

where R is the body, and the various fields are defined as follows. y is the in-
compatible part of the elastic distortion tensor U?, u is the total displacement
field, and u — z is a vector field whose gradient is the compatible part of the
elastic distortion tensor. U? is the plastic distortion tensor. « is the dislocation
density tensor, and V is the dislocation velocity vector. o x V represents the flow
of Burgers vector carried by the dislocation density field moving with velocity V'
relative to the material. The argument of the div operator in the fifth equation in
(1) is the (symmetric) stress tensor, and the functions V, T are constitutively
specified. All the statements in (1) are fundamental statements of kinematics or
conservation. In particular, the sixth equation in (1) is a purely geometric
statement of conservation of Burgers vector content carried by a density of lines
(see [Ach] for a derivation) and the fifth equation in (1) is the balance of linear
momentum in the absence of inertia and body forces.
As for boundary conditions,

xn=0

(2) on OR, with n denoting the normal, { ]
(grad @) —axV)n=0

are imposed along with standard conditions on displacement and/or traction. For
the dislocation density field, analysis from the linear partial differential equation
point of view [Ac2] indicates that it suffices to prescribe o (V - #) on inflow parts
of the boundary, but we believe that the nonlinear problem admits other phy-
sically motivated possibilities [Ac&Ro].
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In order to define sensible, minimal constitutive relations, we require that the
mechanical power supplied by external agencies always be greater than or equal
to the rate at which energy is stored in the body at all instants of time. To ensure
this, we define a stored-energy function,

. &
3) W= y/(U;‘ym) + 5 %o where o : o0 = oo,
in terms of which the stress is defined as

oy
oue '’

sym

T:

and the “driving force” for the dislocation velocity is
@) V — X(T +elcurla]”) o

In the above, ¢ = 1 b? is to be considered a small parameter, where yx is the shear
modulus (from linearized elastic response) of the material and b is a typical in-
teratomic spacing. The stored energy models the elastic straining of the material
and energy contained in dislocation cores. In particular, the function i could be
non-convex in its argument. We now assume the simplest possible linear kinetic
equation for the dislocation velocity in terms of its thermodynamic driving force:

X (T +eleurlal”) o

= B ,

where B > 0 is a material constant called the “drag.” It is in the determination of
the response function y and V that FDM is designed to draw input from the

apparatus of molecular dynamics or quantum mechanics. It can now be shown
[Ac4] that solving the sixth equation of (1) is equivalent to

®) Vv

X (T + e[curl )b curl UP
B )

and therefore solving (1)-(2) with the given constitutive equations is the same as
solving (6) along with the fifth equation in (1) with the same constitutive equa-
tions and then solving for the fields y, grad (z) from the first three equations in (1)
and (2). It should be noted, however, that the sixth equation in (1) is the fun-
damental statement of defect evolution and (6) a derived construct, given the
structure of (1)-(2) that is required in the nonlocal thermodynamiec arguments to
infer the dissipative driving force (4). This overall model based on the driving
force (4) with ¢ = 0 was first proposed in [Ac2]; it was subsequently rediscovered
and analyzed in [Li&Sel].

Our objective now is to solve the fifth equation in (1) and (6).

All tensor indices run from 1 to 3. We make the ansatz that T;,7,j = 1,2 are
the only non-vanishing (symmetric) stress components. Similarly, we assume

(6) UP = curl UP x
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that U,Z,z', j=1,2 are the only non-vanishing plastic distortion components.
Additionally, we assume that all fields vary only in the x5 direction. As a con-
sequence we have div (UP) = 0 in this special case, which implies

curlo = —curl curl UP = div grad UP.
Thus (6) becomes

X (T + eldivgrad UP1"y curl UP

g/ P
()] UP = curl UP x B

We also note that under the stated assumptions, the fifth equation in (1) written
in components as

TU7 = 0

is identically satisfied. Thus our task reduces to solving (7) with the assumed
constitutive equation for the stress tensor. Since force equilibrium is identically
satisfied, any displacement field » with a spatial variation in its gradient being
only in the x3 direction and one that does not produce any Ts; component would
suffice to generate the elastic distortion U¢; for definiteness we assume v = 0 on
R for all times.

The physical problem we think of modeling is a bar of uniform rectangular
cross section in the (x1,22) plane with axis being the x3 direction. All lateral
surfaces of the cylinder are rigidly constrained and when the bar is of finite
length, it has free surfaces at the ends. The bar is assumed to contain a non-
uniform initial plastic distortion field possibly containing dislocations, and we
would like to understand how this dislocation distribution evolves and the type of
spatial equilibria admitted by the model. Based on the assumptions, the only non-
vanishing components of the dislocation density tensor,

o1 = Uy for r=1,2
o = — UL 5 for r=1,2

are uniform on any cross-section, possibly varying from one cross-section to
another. Contact with discrete dislocations would have been made if the dy-
namics produces regions of length on the order of b where the dislocation density
is non-vanishing with adjoining areas where it is zero or close to it. Thus we look
for dislocation walls of finite width, corresponding to smooth fronts in the plastic
distortion.

We would now like to write (7) in simpler notation adapted to the exact ansatz
we have assumed. We first note that

(curl UP),; = ey, Uﬁ;}ag = €31 Uflyg + €32 Uﬁy?zvga
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so that
(curl UP),y = = Uyq for r=1,2,3

(curl UP),s = Uflj3 forr=1,2.3
are the only possibly non-zero components of curl UP. Denote
T +eleurle]” = [T + ediv grad Ur’ = AT,
since T is symmetric. Next we expand
X A"B);, = erijAriByj,
assuming Ag; = A;3 = Bg; = B3 = 0for ¢ = 1,2,3. With
&= XA"B), = €11 AyiBi1 + €rizAriBrz,
this yields
¢1 = €124,iBr2 = —Ai3Bi2 =0
& = e20AyiBy = Ai3By =0
C3 = €3i14,iBr1 + €3i24,iBre = —A2Br1 + A1 B2
Choosing B = curl UP, we have

(8) & =X (T + eldivgrad UPTY) curl UP

417

=Tz +eUbgy) Ups+ (T +e Uy 53) Uy 5.

The only non-trivial statements of (7) now are
B U, = eunpBly = enaBms for r = 1,2, ie.
9 BU”, = e13By0&3 = Upy 58 for r = 1,2,

B U, = ea3Br&s = Uy &5 for r =1,2.

Finally, for v = w(U¢

sym?
e 1 ) ,
(Usym)ij = 2 [ui,j - Uij + Uj; — sz]
Oy oy 0. gym)mn
h =~ — T,
ence an‘i oue,, 6U% ]

Denoting the coordinate x5 := « and introducing the array

= (Uﬁ, ng Ufz’ ng)v

), a class of function to which (3) belongs, we note that
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(9) is now expressed as

oy
(10) Yy = (8 D — 8—(07%0) D

where we work in physical units such that B =1, (-, -) represents the standard
inner-product of two vectors in RY, and dy /9y is a function of (p, p,) in general.

For the simplified problem being discussed here, #; = 0. When linear elas-
ticity (possibly anisotropic) is assumed in (3),

e 1 o
VW) =5 Cijre( — Up)) (— U}, hence % = Cyre UL,
1

where Cjj, has the minor symmetries, and

Ay
T _K
g ¢

where K is a 4 x 4 matrix. K cannot be positive-definite because of the minor
symmetries of C.

In the setting of linear elasticity with ¢ = 0, [Li&Sel], [Li&Se2] raise the
interesting question of whether (10) and its 3-d general form, the fifth equation in
(1) or (6), admit discontinuities in the plastic distortion field, with the intent of
probing the dynamics of such discontinuities as grain boundaries and dislocation
cell walls. They carry out their analysis numerically, utilizing a variety of nu-
merical regularizations and conclude that in the system case, as opposed to the
scalar, discontinuities do arise. Unfortunately, discontinuities of ¢ in (10) are
problematic due to the nonlinearity in ¢,. At any rate, questions of whether
singularities can arise in a pde-model can hardly be discussed by numerics, and
one goal of this article is to answer this question with definiteness for the case
with core energy. An analysis of traveling waves for the scalar case in (10) with
non-convex y and ¢ # 0 has been carried out in [Ac&Ma&Zi], providing inter-
esting physical insight into patterned dislocation wall equilibria.

2. — Why prove existence of solutions for good models in mechanics?

In a book which Garrett Birkhoff edited [Bi], containing some translations
into English of passages of articles in analysis from the 19th century (originally
written in French, German, or Italian), he wrote (page 403) “Even Poincaré, ... ,
gave in 1890 a discussion of the heat and wave equations which concluded ig-
nominiously with a physical “proof” of the completeness of the eigenfunctions of
the Laplace operator, based on a “molecular hypothesis” which essentially said
that solids could be treated as finite sets of particles.”, but it is curious that
Garrett Birkhoff wanted to insult Poincaré in this way and write a few lines after
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“By 1893, Poincaré had also established the completeness of the eigenfunctions
of the Laplace equation using the still nascent theory of integral equations.” with
a footnote referring to [Po2], because if Garrett Birkhoff meant [Pol] as the first
reference, it is clear from the last paragraph in [Pol] “Je pourrai dire alors que
les conclusions des §§ 2, 3 et 4 sont démontrées d'un fagon rigoureuse au point de
vue physique. Peut-étre méme est-il permis d’espérer que, par une sorte de
passage a la limite, on pourra fonder sur ces principes une démonstration ri-
goureuse méme au point de vue analytique.” (%) that Poincaré did not pretend to
have proved his results from a mathematical point of view: he said that, with a
sequel, he will have shown enough evidence to convince physicists, and he was
actually quite cautious in conjecturing that a mathematical proof could be made
using the same ideas (and he could have thought of inventing a new approach to
the mathematical question, different from the formal argument based on phy-
sical intuition).

The questions which Poincaré raised in [Pol] about the necessity or the
usefulness to give rigorous proofs (from a mathematical point of view) for physics
problems which may just be approximations is still valid, but there is something
that Poincaré was obviously not aware of, even after discovering what one now
calls “chaos”, which is an effect for ordinary differential equations.

An important message of the second author in his books [Ta3], [Ta5], [Ta6], is
that 20th century mechanics (like plasticity or turbulence in continuum me-
chanies, and atomic physics or phase transitions in physiecs) seem to force upon us
to go “beyond partial differential equations”, because some homogenization
problems show that the form of equations may change when one goes from one
level to another, obviously so from the microscopic level of atoms to a mesoscopic
level, but also possibly from one mesoscopic level to another, or from mesoscopic
level to macroscopic level, and that some homogenized/effective equations might
not be partial differential equations (and definitely not ode’s). From the observed
diversity of the constructions that nature builds at so many different scales, it
seems clear that the mathematical tools (beyond partial differential equations)
which will permit to understand how this diversity comes out of a unified fra-
mework have not been developed yet, but one may hope to find a hierarchy of
simpler models which permit to understand in a better way some of the questions
which puzzled the previous generation of researchers. It is then important that
mathematicians develop more efficient tools for proving or disproving the va-
lidity of some approximations, for the new models which specialists of continuum

(3 What Poincaré wrote means “I shall be able to say that the conclusions of §§ 2, 3
and 4 are proved in a rigorous fashion from the physical point of view. Perhaps even is it
allowed to hope that, by some kind of limit procedure, one will base on these principles a
rigorous proof even from the analytical point of view.”.
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mechanics and physics propose, and for proposing better models than those old
ones for which some limitations have already been pointed out.

3. — Stationary solutions for the model with ¢ > 0

There is no clear interpretation to what (10) could mean if ¢ takes its values in
R (with dimension d > 1) and is allowed to be discontinuous, and a numerical
approach (like that of [Li&Se1] and [Li&Se2]) cannot resolve this question, since
one may easily confuse a very sharp layer where ¢ goes continuously from a_ to
a. with a jump of ¢ from a_ to a..

At the moment, the only reasonable framework for allowing discontinuities in
partial differential equations of continuum mechanics is to write equations in
conservative form, and use the definition of derivatives in the sense of dis-
tributions (of Laurent Schwartz), although Stokes was the first to derive a jump
condition in 1848, followed by Riemann, who did it independently in 1860, but the
jump conditions which must be imposed are now named after Rankine and
Hugoniot; without the mention of any of these names, one should explain how a
discontinuous function may satisfy a nonlinear partial differential equation.

One should pay attention to the example of the function w(x) = sign(x) on R,
which is discontinuous and satisfies w, = 26y, and since w? = 1, one can multiply
w? by a Dirac mass; however, since u® = w, one has (w?), = 25y, although
3w?w, = 6J¢. If one changes the nonlinearity w?® to f(w) with f smooth, then
(fw)), = (f(+1) = f(=1) do, but f'(w)w, has no meaning unless f'(+1) =
f'(—1);if instead, the function w takes the value a on ( — oo, 0) and the value b on
(0, 4+ 00), the term (#?), has a meaning, and is (b® — a®) 6, while 3u?w, has no
meaning if |a| # |b].

We shall then only accept discontinuous solutions for equations written in
conservative form, and since (for ¢ > 0) the jth component of (10) shows the
quantity ¢, Zk:(pkw(pkm, which cannot be written as (4;(g, (/’x))x + Bj(p,0,), we

shall not allow ¢, to be discontinuous either. It is then natural to look for a so-

2
lution such that ¢, is continuous, and such that the derivative of @ in the sense

of distributions, which is the meaning given to the quantity (¢,,, ¢,), is locally
integrable. 6

() In one dimension, in order to have v,w continuous and vw, defined, it is not
necessary that w be absolutely continuous (i.e. w € WZIO'L}(R)): for example, H*(R) is a
(Banach) algebra if § < s < 1, so that by interpolation any v € H*(R) is a multiplier for
H'(R) for 0 <t<s, hence for v,w € H*(R) one has vw, € H*"1(R), which may be
multiplied by elements from H*(R).
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In this section, we look for stationary solutions on an interval (— L, +L),
which are constant on (— oo, —L) and on (+ L, +00), and satisfy Neumann
conditions at + L, so that solving (10) in ( — L, + L) creates a solution for x € R.
We make the restrictive assumption that y only depends upon ¢, in the sepa-
rated form (3), i.e. one rewrites (10) as

Ay
11) oy + (% — € 0> (/ox) Op = 0,
for a smooth enough function ¥ defined on R?, and one observes that

(@—w ¢ ) = (@((ﬂ)—e W’“'Z)
8€0 XX T 2 x)

so that, since ¢, is assumed to be continuous, in any open interval where ¢, # 0,
one obtains a stationary solution of (11) by solving

2
wip) —e @ = constant.

THEOREM 1. — Assume that i is a function of class C* in RY thata_, a, € R?
are given such that
12) yla-) =w(as), denoted ylaz),

and that one can join a_ to a, by a curve M(s) of class C?, parametrized by arc-
length s on an interval [s_, s ], and such that

W (M(s)) > ylas) for s € (s_,s.),

13) —~
(a_V’ (M(), M) #0 for s =5 and s = 5.,
dp
and
b 2L 2 s-84) = \/g f [(M(s)) — 1/7(%)}_1/2 ds.

Then, there exists a stationary solution ¢ of (11) of the form ¢(x) =
M (s(x)),x € Q= (—L,+L), with s(+ L) = s+, s,(£ L) =0, and sy € L*(Q),
so that p( + L) = a, p,(+ L) =0, and ¢,, € L=(Q; RY).

Proor. — The first part of (13) puts a geometric restriction, that a_ and
ay must be on the boundary of the same connected component of
Ay
3_(/) (M (Si)) #0
and that M’(s.) is not tangent to the equipotential y(a) = y(as) at a., and
the equipotential is a C! hyper-surface near a_ and a. by the implicit

{a € RY | w(a) > y(as)}. The second part of (13) means that
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function theorem, so that 1/7(M(s)) — w(ay) behaves as |s — s.| near s, which
makes the integral in (14) converge. One “defines” s(x) by

2
(15) S0 = \/; [7(M(s)) — (a)]"?, and s(— L) = 5.,

but since it is a classical case of non-uniqueness (and we do not want the
constant solution s_), one means the solution corresponding to

(16) v=—L+ \/gf[y?(M(a)) —a)] P da, fors <s<s,

and condition (14) asserts that s reaches s, for a value x, € (— L, +L], and
one defines

(A7) p(@) = M(s(x)), with s(x) =s_ for x< — L and s(x) = s, for © > ..

Since (15), which follows from (16), implies that s is of class C?, one deduces
by deriving (15) that
Ay

_ 2l o 112
(18) Spw = \/; 5 V(M) = plas)] ( 5

% (M(s)), M ’(8)) Su

— (5 (M) M G),
which is then bounded for x € ( — L, «,). One deduces from (17) that

19) 0, = M'(s) s, and ¢, = M'(s) Sy + M"(s) si,

so that, because [M'(s)| = 1, which implies (M"(s), M'(s)) = 0, one has

(20) &(Pps 0p) = €SqeSe = (%,M’(S)) Sp = (%7%),

which implies that one has a stationary solution of (11).

REMARK 2. — Itis enough that the curve M(s) be of class C! with an integrable
curvature, between s_ and s, more precisely

@1) f IM"(s)| ds < oo implies ¢, € LM@; RY).

Indeed, s, and s,, are bounded by (15) and (18), so that (19) implies

+L +L St

+L
[ ulde< [ Jsaldat [ M7 de < 2Llsel + Isal [ 1M7)]ds.
—L

L L s_
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REMARK 3. — Assuming that a curve M is chosen satisfying (13), i.e. one only
considers the case p(x) = M (s(ac)) for a function s, and one imposes s( + L) = s+
(which is stronger than the condition ¢( + L) = a- in the case a, = a_), what can
be said about uniqueness?

There is uniqueness only if 2L = /(s_,s,): there must exist a value
x9 € (— L, + L) with s_ <s(xg) <s., and uniqueness for the differential equation
(15) holds around s(xo) as long as s_ <s(x) <s, since [y(M(s)) — y(a.)] 1245 ot
on (s_, s, ), and this solution tends to s_ for a value x_ <, and tends to s, for a
value x, > xg, and &, — x_ = {(s_, s, ); then, there is no choice other than having
x_.=—Landx, =+L.

A first form of non-uniqueness holds if 2L > /(s_,s,), in that one may
translate the solution in « of any amount from 0 to 2L — #(s_, s,).

A second form of non-uniqueness holds if 2L > 3¢(s_, s ): one observes that
our equation is invariant by changing « into —u, i.e. choosing the opposite sign in
(15), so that going from s, to s_ gives a solution connecting a., to a_, hence one
obtains a solution by gluing together the constructed piece going from s_ to s,
the reversed piece going from s, to s_, and again the first piece going from s_ to
sy. If 2L > 3/(s_, s, ), there is even room for waiting for a while at s_ or at s, , of
amounts adding up to 2L — 34(s_, s.).

Of course, another family of solutions is possible when 2L > 5{(s_,s,),
2L > Tl(s_,sy), and so on.

REMARK 4. — Once a_ and a, can be connected by a curve M, there are plenty
of curves doing the job, so that the coefficient of /¢ in £(s_, s ), defined at (14), is
not a definite number depending only upon a._, @, , and , but may take all values
from a smallest positive one to + co. For a, near a_, one estimates the order of

this smallest value by replacing by its linearization at a_, and besides a coef-
~1/2

one finds a universal constant times |a; — a_|

~

oy
3_(0 (@)

argument. *

1/2

ficient by a scaling

REMARK 5. — It may be useful to point out that in the case of linear elasticity,
i.e. y(p) = (K ¢, ) for a matrix K, the existence result of a stationary solution

() If one stays near a_, the equipotential H(M) = i(a_) looks like the tangent
hyperplane at a_ and w(M) — w(a_) looks like |g—(";(a,)| times the signed distance to the
hyperplane, so that the crucial question is like for d = 2 if one considers a curve y = g(x)

/]
and rescaling means taking x = x_ + £ (x; — x_) and g(x) = (x4 — x_) y(£), which makes a
coefficient /¥, — x_ appear, time the minimum value corresponding to the interval (0, 1).

T ﬁ
with g(x1) = 0and 0 < g(x) for x_ < 2 < x4, and one looks for g minimizing f +g) dax,
X.
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connecting different values that we obtained holds for a system but has no ana-
logue for a scalar equation: indeed, if d = 1 and y(p) = « ¢® with k > 0, the region
w > cisdisconnectedif ¢ > 0, and for ¢ = 0 one cannot take a_ = a, = 0 since one

has Z_Z (0) = 0, hence the second part of (13) does not hold.

4. — Limits of stationary solutions as ¢ tends to 0

When ¢ tends to 0, the solutions constructed are rescaled versions of the
solution corresponding to ¢ = 1, and they converge to the discontinuous function
taking the value a_ for ¥ < — L and the value a.. for x > —L. Of course, there is
then no way to deduce from the sole knowledge of a_ and a, what internal
structure the discontinuity shows. Also, besides the constraint (12), which says
that one must have y(a_) = y(a,), (13) requires more, i.e. the existence of the
curve M, which implies that a_ and a, are on the boundary of the same con-
nected component of {a € RY | w(a) > wlay)}.

One should be careful in comparing our result to what happens for hyperbolic
systems of conservation laws [Da], where there are various types of E-conditions
for selecting which discontinuities one wants to accept, and one usually does not
accept both the jump from a_ to @, and the jump from a, to a_, except in the
case of contact discontinuities, because our system (11) with ¢ = 0 is not an hy-
perbolic system of conservation laws.

However, one may perform some manipulations for transforming (11) into a
regularized version of an hyperbolic system of conservation laws by using the
variables

(N _ (- _
(22) x= (87#,%) = W), ®=g¢,
so that (11) becomes
(23) o + ()( — e(D,, <15)) b=

and taking the derivative of (23) in 2 gives the first equation of (24), while taking

the scalar product of (23) Wlth Y and then taking the derivative in « gives the
second equation of (24):

(24)
X+ [(x—e(@p, @) x|, =0,

which is an unconventional regularization of the case ¢ = 0, i.e. (25), which is a
system of d + 1 equations in conservative form, the last one being Burgers’s
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equation with a different coefficient than usual

Dy + (x D)y =0,

%+ ) = 0.

Since the precise function i used does not appear in (24), one must show how

a solution of (24) permits to define ¢ satisfying (11), and for doing this one as-
sumes that the initial data for (24) and (11) are linked by the relations

(25)

(26) Do = Poe;  So = (%((ﬂo)ﬂﬂw) = (g—g((ﬂo)a q§0>~

One defines a.(x,t) = y — ¢(P,, D), assuming that the solution of (24) is
smooth enough, so that the characteristic curves defined for any basis point
Yy € R by

d )
@x(t; y) = a(xt;y), 1), with x(0;y) =y,

are well defined for ¢ € [0, T'], and that uniqueness holds for equations of the type
(27) and (29), so that for any initial data vy which is smooth enough, the solution of

27 v+ a0, =0in R x (0,7), with v |;—o= vy
is given by

(28) v(; y), 1) = vo(y) for y € R,

and the solution of

29) wy + (a,w), = 01in R x (0,7), with w |;—o= voz
is given by

30) w(x,t) = v(e,t) in R x (0,7),

since v, is a solution of (29).
One then defines ¢ not as a solution of (23) but as the solution of

31) ¢+ a: 9, = 0in R x (0, 00), with ¢ |i—o= ¢,

and one applies the preceding remark to vy being a component of Uy = ¢,,,, and
one deduces from the first equation in (24) and (31) that @ = ¢,.. Then, one ob-
serves that (31) implies

(32) (90), + a. (9(p),, = 0in R x (0, 00),

for every smooth function g, and choosing g = , and vy = (¥(9,)) ,, one deduces
from the second equation in (24) and (32) that y = (¥(p))_, so that a,(x,t) =

x—e(Dy, D) = (Z—Z — &4, (px>, hence the solution of (31) satisfies (11).
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5. — The system of conservation laws obtained for ¢ = 0

In order to check if (25) is an hyperbolic system, one rewrites it for smooth
solutions as

® o\ NI
@ () waen(]) <o wimaco- (4 )

so that A is hyperbolic (i.e. diagonalizable with real eigenvalues) if y # 0, but also
at the origin, and the general theory of Peter Lax (for the Riemann problem)
applies for the upper half space y > 0 or the lower half space y <0, but mixing the
two creates some difficulties because for y = 0 and @ # 0, the matrix A(®, y) still
has real eigenvalues but is non-diagonalizable.

If y # 0, then A(®, y) has an eigenvalue y of multiplicity d, with eigen-space
R? x {0}, and this field is linearly degenerate, i.e. the derivative of the eigen-
value in the direction of an eigenvector is everywhere 0 (since the eigenvalue y is
independent of @). Also, A(®, ) has a simple eigenvalue 2y, with eigenvector

( f) , and this field is genuinely nonlinear, i.e. the derivative of the eigenvalue in

the direction of an eigenvector is everywhere # 0 (since it is +2).

The linear degeneracy of system (25) leads to accept contact discontinuities,
because for a constant y, say y = v, and &y smooth, then &(x,t) = dy(x — vt) and
x(x,t) = v is a smooth solution of (25), and one is led to accept limits of such
solutions corresponding to @ not necessarily smooth. However, the initial data
should be of the form (26), so that these Riemann data for (25) are usually not
“physical”, i.e. they do not correspond to a problem for ¢.

Even for the case y = 0, if one imposes condition (26) to initial data for (25),
then ¢, must be such that y(p,) is constant, so that if one takes a sequence of
smooth initial data ¢, equal to a_ for x <0, and satistying (p) = w(a_) for x > 0,
one can only expect to obtain in the limit a function ¢ jumping from a_ to a point
. on the same connected component of the equipotential y(p) = (a_), while we
have constructed such limiting solutions under the weaker condition that a. and
a_ are on the boundary of the same component of y(p) > w(a_). @

It seems then questionable to draw conclusions for the behaviour of our
equation (11) when ¢ tends to 0 from information corresponding to the solution of
the Riemann problem for (25).

() If d > 2 and J(p) = |p[*(jp|* — 1)?, then if 0 < ¢ < & the equation (> —1* = ¢
has three positive roots 0 <7y < % <1y <1< 3 and the region w(p) > ¢ has two
connected components, one being r; < |¢p| < 72 and the other being |¢p| > 73, and the
boundary of the first region has two connected components, one being |p| = 7, and the
other being |¢p| = 7.
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6. — The evolution problem for ¢ > 0

We now consider the evolution equation (11) using the same approach as for
stationary solutions, in that one seeks ¢ taking its values on a smooth curve,
parametrized using arc-length s, i.e.

(34) ¢(90,t) = M<S(x7 t))787 S S(x7t) S 8+7x S Q = ( - L7 +L)>t S [01 T]7
but we now impose Neumann conditions
(35) 0.(£L,8)=0,t€(0,7),

so that extending ¢ by ¢( — L,t) on ( — oo, —L) and ¢( + L,t) on ( + L, +o0) does
not usually give a solution of (11) for « € R (since the “constants” in ( — oo, —L)
and (+ L, +o0) may depend upon ). From (34), one deduces that ¢, = s;M'(s)
and ¢, = s,M'(s), and since |M'(s)| = 1, one deduces that |p,[* = s2, which im-
plies (¢, @) = SwaS (®) and the equation (11) complemented with (34)-(35)
consists in seeking a function s satisfying

36) s+ F(s) sgzc - esism =0,xeQ

=(—=L,+L),t € (0,T),5.(£L,t) =0,t € (0,T),5],_,= 0,2 € 2,

where one uses
_ , o /
@D B =p(Ms); Fs) = Es) = (a_q) (M), M(s)) .5 <s<s..

THEOREM 6. — Assume that iy is a function of class C' in RY that a curve
M(s) of class C? is parametrized by arc-length s on an interval [s_, s, ], and that

(38) o) = M(so@)),x € Q, with sy € W(Q),s_ < sow) < s4,a € Q,

then there exists a unique solution s of (36), equivalent to (11) with (34)-(35),
satisfying

s_ <s,t) <sp,xeR,te0,71); s, € L4((0, T) x Q); steLZ((07 T)x Q)
(39)
(s2) € L2((0,T); HY(Q)).

(®) One has ¢, = s,M'(s) and ¢, = 8,:M'(s) + s2M"(s), so that imposing M of class C*
is natural (but too strong a condition) for talking about ¢,,; however, since M" is
perpendicular to M’ (because M’ stays a unit vector) the term in s2 does not appear in
the result for (¢,,, ¢,).
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Most of the techniques used in the various steps of the proof are not new, and
were already taught by Jacques-Louis Lions in the late 1960s [Li], (*) so that they
should not be attributed to recent authors, as it is unfortunately done sometimes.
For some technical results on Sobolev spaces, one may consult the course of
Shmuel Agmon [Ag], or [Ta4].

One extends F' outside the interval [s_, s, ] so that it is bounded and (globally)
Lipschitz continuous, although the solution does not depend upon which exten-
sion one takes, but one will show the existence of a solution by a method of ap-
proximation which does not rely on the maximum principle, so that one needs the
equation to be defined for s € R; one will then show that the solution is unique
and satisfies some regularity properties, one of them being that a < sy < bin Q
implies a < s < bin Q x (0, T), so that the solution takes its values in the interval
[s—,s+]

The first step is to use a Faedo-Galerkin approximation for a simpler
problem, where the non-linear term F(s)s? is replaced by a given function f,
and passing to the limit requires the use of the monotonicity method, which
was introduced independently by Eduardo Zarantonello for a problem in
continuum mechanics, and by George Minty for a problem on electrical cir-
cuits. (%)

The second step is to use a fixed point argument for a truncated equation,
in order to find f such that the solution s satisfies F(s) min{s2, h?} = f for a
constant &, and for verifying the hypotheses of the Schauder-Tychonoff fixed
point theorem, for a space endowed with a weak topology, one needs an
argument of compactness: one uses what is sometimes called the Aubin-Lions
lemma, since it seems due to Jean-Pierre Aubin and it uses a lemma of
Jacques-Louis Lions. *)

The third step is to let & tend to + oo in order to obtain a solution.

The fourth step is to prove some regularity properties, for deducing that the
solution is unique.

The fifth step is to prove L estimates by the maximum principle, in the spirit
of the work of Guido Stampacchia [St].

(" In particular, one does not use the generalization called the compensated
compactness method, which the second author developed in the late 1970s, based on his
joint work with Francois Murat, but a good reference for the history of various related
questions is [Ta2], written for a volume in memory of Luigi Amerio.

() After them, monotonicity was given a general framework in functional analysis by
the works of Haim Brezis, Felix Browder, Jacques-Louis Lions, and Terry Rockafellar (in
alphabetic order).

(®) Ttis a variant of the Fréchet-Kolmogorov compactness argument, and like almost
all the compactness theorems in functional analysis, it uses the ideas of Arzeld and Ascoli
on equi-continuity.
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FIrsT STEP. — For sy € L*(Q) and f € L*(0,T;L*Q)), and with Q=
(—L,+L), one wants to solve the equation

40)  si+f —eshsee = 0,0 € 2,8 € (0,7); s|_,=s0€L*(Q); su|,_,,=0,t€(0,7),

3

S . .
where sgsm means 3”> , of course. Also, since the Neumann boundary condi-

tions do not have a me&icning for functions in W'4(Q), they are imposed in a
variational way; they can also be given a meaning for solutions of some partial
differential equations, by using the normal trace of functions in the space H(div)
introduced by Jacques-Louis Lions.

Besides H = L24(Q), one considers V = W'4(Q), which is ¢ C?%/4(Q). The
solution s is found in the space C([0,T];H)NL*0,T;V), and since
ul, < C (ua 2P uf3® + L2|uly) for all u € V, (*°) where | - |, denotes the norm
in LP(Q), one deduces that |s| € L°(0, 7).

The existence part uses the fact that s

1
(@®—b%)(a—0b)>0forall a,be R, and even > 1 la — b|*, which will be crucial
for proving some strong convergences.
One uses a Faedo-Galerkin basis of V, i.e. linearly independent functions

3

° is monotone in s, ie.

Wi, ..., Wy,... €V, whose linear combinations are dense in V, and one ap-
proaches the initial data sy by a sequence s, converging to s¢ strongly in H,
where sy, belongs to V,, = span{ws,...,w,} C V, and one solves

d .

%Wjdx+fijd%+§fSiijxdx =0,j=1,...,m, and t € (0, T),
@ ° ) e} o

with s, = Z cr®) wi, and s, |,_ = Sou-
k=1

This is a differential system for the unknown coefficients cy, ..., ¢y, (*1) because

the matrix with entries [wjwy du is invertible, and since the non-linear term is

Q
algebraic in ¢y, .. ., ¢y, hence locally Lipschitz continuous, there is a unique so-
lution on a maximal interval (0, T';,) with 0<T,, < T, and for showing that T, = T
one needs bounds: multiplying the jth equation by ¢; and summing in j gives

(42) % (!% dac) + g!si do — —{[fsn dz < |G, Olylsu( Dl

(*°) One may choose |u.|, + L~>*|ul, as a norm on W*(Q), the power of L being
chosen so that the two terms are measured in the same unit. Then, there is a linear
extension to functions on R (by mirror symmetry at the ends of the interval, followed by a
truncation) whose norm is bounded by a constant independent of L, for the norm of H or
that of V. On R a scaling argument shows that |v| < C |vx|§/5|v|g/5.
(*) There should be another index to represent that they are the coefficients of s,,.
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and one then uses a variant of Gronwall’s inequality, (*?) to deduce that
t

49 5,0l < lsouly + [ 1€, Dl dz b € (0,7,), 5o that T, =T,
0

and then

2

T 9 T T
e [Son | 1
(44) g!wmmwiws g2+JU&DH%&DbﬁS§Om&+!URwEﬁ)

From the nature of the bounds, one could have taken f € L' (0, T; L*(Q)), but L*
in time is enough for our purpose, and it is better for using weak convergence
arguments later. For existence of s, the bounds may depend upon =, but for
passing to the limit it is important to have the bounds independent of 7.

One extracts a subsequence s,, such that
S — Soo in L? ((0,7) x Q) weak,
Sme — Soox in L*((0,T) x Q) weak,
8. — & In LY3((0,T) x Q) weak,
Sm(', T) — O in LZ(Q) Weak,

(45)

although one has better information, that s,,s. € L>(0,7;L*(2)). One multi-
plies by a smooth function of ¢ and one integrates by parts in ¢, and then one
passes to the limit; after using the fact that linear combinations of the w; are
dense, one finds (in a weak formulation) that

soct+f—§<§m =0, in (0,7) x @,

Soo(,0) =505 8o, 1) = 0o} Coor,=01in (0,7),

(46)

and there are some technical details, for showing that s., is continuous in ¢
with values in L2(Q), (*3) so that the initial data and final data make sense, and

¢
(**) One has [s,, D3 < [souls +2 [ 1fC, DlalsuC. Dy dr = gu®), so that g, t) =
0
21 ¢ 0)]alsn (D5 < 2 C,0)]51/9n(®), hence (/g,)' () < |f(-,1)|y, which gives by integration
t

VIn®) < [souly + [ IfC Dy dr.
0

(**) The function space to use is s, € L®(0,7;L*(Q)) N L*(0,T; W'4(Q)), but the
derivative s.; is the sum of two terms, one in L2 (O,T; LZ(Q)), or more generally in
L0, T; L*(2)), and another which is the x derivative (in the sense of distributions) of a
function in L*3((0,7); L*3(Q)), and there are technical steps (see [Li] or [Ta4]) of
truncation, regularization, for showing the density of smooth enough functions, and
deduce that the formula of integration by parts is valid, and that one actually has
S0 € C([0, T, LA(Q)).
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for the Neumann condition one uses an argument of Jacques-Louis Lions
concerning the space H(div;(0,T) x £), but there is an important observation,
which is that one has &, = s2 , and it is where the monotonicity property is
crucial. Multiplying by s,, and integrating in (x,t), and comparing to what one
obtains by multiplying the limiting equation by s, and integrating in (x,1),
one obtains (**)

47) lim supffsfm drdt < ffémsoox dax dt,
L ) 00

and one can deduce from (47) that
¢ =8, aein(0,7) x Q,
(48)
Sma — Soox N L! (0, T; L4(.Q)> strong.
Indeed, for the first part of (48), one deduces from (47) and from the definition of
¢ that

T
(49) limsup f f (sf’m — 1) (Syue — ) dc dt
m— o0 00

T
< f (o — V%) (S — V) dadt, for all v € L*(0,T; L4(Q)),
0 Q

and the monotonicity implies
T
G0 0< [ [P —v)dudt, for all ve L0, T; LYQ);
0 Q

one concludes with a trick used by George Minty, which is to take v = s, + yw
with w € L*(0, T; L*(Q)) and, after dividing by # (and paying attention to the
change of inequality for < 0) let 5 tend to 0 either from the positive side or the
negative side, so that

T
1) f f (& — 83 Dwdadt = 0 for all w € L4(0, T; L)),
0 Q

hence ¢, =3 ae.in (0,7) x Q.

() For obtaining (47), one uses the fact that liminf,, . |$,,(-, T)[5 > |00o5-
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For the second part of (48), one uses v = sy, in (49), and one deduces that
T
(52) lim supff [Sma — soom|4 dudt <0,
— 00 0 Q

which gives the strong convergence of s, t0 o, in L*(0, T'; L*(Q2)), hence a way
to identify &, = s3_, without using Minty’s trick.

Once one has proved all the technical details about the validity of the in-
tegration by parts, the uniqueness of a solution of (40) is easy, since two solutions
s and s imply after subtraction and multiplication by s — s that

d|s =5l

§|§ 3 _ <3 = _
(63) =2 ![ (s3 — 5) (50 — 5,) de = 0,

.. dl|s—3[
hich implies —
which 1mplies T

<0, hence s =5,

since at time 0 one has |s — 5], = 0.

SECOND STEP. — For the fixed point argument, one uses the version by
Tychonoff, that if one has a (nonempty) compact convex set K of a locally convex
space, and a continuous mapping S from K into K, then there exists k € K with
S(k) = k. One uses the weak topology on a closed bounded convex set of
Zy =L*(0,T;L*(®Q)), which is (sequentially) compact for the weak topology
(which is metrizable on bounded sets like K), and the continuity of the mapping
will result from a compactness argument, often called the Aubin-Lions lem-
ma. (%)

Using the fact that F'(s) is a continuous bounded function, and choosing # > 0
(which will later tend to + o), one defines S;,(f) by

(54) S,(f) = F(s) min{si, hz}, where s satisfies (40).

Since S, sends all the space Z3 into a bounded subset of Zz, because of the in-
troduction of the parameter &, one takes for K a closed ball of Z5 which contains
the image of S, and one needs to check the continuity of S;, from Zs to Zs, i.e.
show that if f,, — f. in Zs weak, then S;(f;,) — Si(fs) in Zs weak.

Since the injection of W4(Q) into L*(Q) is compact, the Aubin-Lions lemma
implies (for p > 1) that if a sequence s, is bounded in L? (0, T; W4(<2)), and the
sequence s,; is bounded in L?(0, T; E) for a Banach space E in which L*(Q) is
continuously embedded, then the sequence belongs to a compact of L? (0, T'; L*(Q))
(for the strong topology).

(*®) Jacques-Louis Lions attributed this variant to Jean-Pierre Aubin.
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Iff, — fi in Zs weak, then the corresponding solutions s,, of (40) are bounded
in L*(0,T;W'4(©)), and the derivatives s, have a term bounded in
L2(0,T;L*(2)) and a term bounded in L*3(0,T;E) where E is the dual of
W14(Q), so that Aubin-Lions lemma applies with p = —. A subsequence s,, con-
verges strongly in L*/3(0, 7'; L*(Q)), but since s,, is bounded in L°(0, T; L>(<2)),
one can deduce from Holder inequality that the same subsequence converges
strongly in other spaces of the form L4 (0, T;L’"(Q)) with related values g, r, for
example in L (0, T; L*(2)) for a<10. However, it is important to show that the
whole sequence converges, and this is done by showing that the limit is unique,
because it satisfies (40) for f,: for showing that, one extracts another sub-
sequence such that (45) holds, then the monotonicity argument applies because

(55) fT f FonS dac dt — fT f fooSo dadt,
0 Q 0 Q

since s,, converges to s, strongly in L?(0,T; L*(Q)). Once it is known that the
whole sequence converges to s, the monotonicity argument implies that s,
converges to s, in L*(0,T;L*(€2)) strong, so that min{s? , h*} converges to
min{s? ., h*} in L*(0,T;L*Q)) strong, because min{z? 2?} is a bounded
Lipschitz continuous function of z € R. Then, using the fact that F' is continuous
and bounded, F'(s,) converges to F(s,) in L> (0, T; L”(Q)) weak x and a sub-
sequence converges almost everywhere, hence in L? (0,T; Lb(Q)) strong for any
b < oo by Lebesgue’s dominated convergence theorem. This shows the continuity
of S;, for the weak topology, hence the existence of a fixed point, which solves

(56) st +F(s) min{si, hz} — gsism =0,

xeQte,7),s|,_,=s0 € LA(Q),s,] 0.

w=tL "

THIRD STEP. — One wants to let & tend to oo, and one needs to obtain bounds
independent of .. Multiplying by s, and denoting by ||F||., the norm of F in
L>(0,T;L>(£)), one has

57) %(]%dao)+§fsjdm
Q Q

F 2
= [F&Esdn < |l Jsellisly < L lsalf + 12
Q

o0 2
2 s|5 for # > 0,

2¢

and choosing < 3

one applies Gronwall’s inequality for deducing that

T
59) 5Dl < lsolae®,t € 10,71, [ Is,lfdt < Ca,
0
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2
with C; = I 2“”, and these bounds are valid for all values of .. For a sequence 7,

tending to + oo, one has a sequence f,, = F'(s,,) min{sfm, h,%} which is bounded in
L*(0,T; L3(Q)) by (58), so that a subsequence f,, converges weakly to fs in
L? (0, T;LZ(Q)), and by the preceding analysis s,, converges to s, strongly in
L*(0,T; L*(£2)), and s, converges to s, strongly in L*(0, T; L*(2)), so that s
is the solution corresponding to f...

Then, for & > 0, let T}, be the Lipschitz continuous function equal to —# for
u € (— oo, —h], equal to u for u € [ — k, +h] and equal to +h for u € [ + h, + o),
i.e. u— T),(u) is the truncation operator at £/, so that min{sZ,,, k2,} = T}, (s2,.);
one has | T, (Sme) — Sooxls < |Th, Sma) — Th,, Scca)lg + 1T, (Soox) — Sccwlg» Which is
< |Sma — Soowly + 1T, (Scow) — Scowly Since Ty, is a contraction. Because T}, (v)
converges to v strongly in L*(0,T;L*Q)) for any ve L*(0,T;L*%Q)) b
Lebesgue’s dominated convergence theorem, one deduces that T, (sp) con-
verges to S, strongly in L*(0, 7; L*(2)), hence min{s?,,, h2,} converges to s%
strongly in L?(0, T; L*(<2)).

Then, since s, converges to s, strongly in L?(0, T; L*(2)), one deduces that
F(s,) converges to F(sx) strongly in L (0, T; L*(Q)) because F is continuous and
bounded, so that F(s,,) converges to F(s.,) weakly » in L> (0, T; L>*(€2)). Hence
F(sy)min{s?,, h%} converges to F(s.)s%, weakly in L?(0,T;L*(Q)), and s
satisfies (36).

mx? WL

FourTH STEP. — The natural method for proving uniqueness of a solution is to
write the equation for a solution s and for a solution s, to subtract the two
equations and to multiply by s — s, and the problem is then to bound the integral

+L

(59) f (F(s)s> — F(3)52) (s — 5)da

—L

+L +L
_ f F(s)(s2 — ) (s — §)dae + f (F(s) - F) & (s — 5 da,
“L °L
and the first term in the right hand side of (59) poses no difficulty, since

+L
60 | [ Fe) 62 -6 -9
L

|11

2 _ 2 = 2 =22
Sl lsz = Szl ls = 8lp < mlsy — Selz + P

—= |S*5‘|2

and with # > 0 small the first term on the right hand side is controlled, because

+L

& _
1) FIC e L LRt
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consequence of the inequality (@ — b (a—b) > % |a2 — I)2|2 for all a,b € R. The

second term in the right hand side of (59) presents a difficulty: F' has been ex-
tended to be Lipschitz continuous, i.e. there is a Lipschitz constant Ly such that
|F'(b) — F(a)] < Lp |b — a|for alla,b € R, and this implies the pointwise estimate

(62) |(F(s) — F(3)) 5% (s — )| < Lps2|s — 5,
from which one deduces
+L
(63) f |(F(s) — F()) 5 (s — §)| d < Ly|sa|%|s — 5,
-L
and choosing # = Z one obtains
1 _ F? _ _
60 s < (Tl g Lojsa) s 55 = s — 5,

and Gronwall inequality applies if A € L!(0,7T), and in this case it implies
|s — §|§ = 0 since s and 5 have the same initial data sy; it means that uniqueness
holds if 5, € L?(0, T; L>(R)), or if s, € L?(0, T; L*>(2)), since the role of s and §
are equivalent.

Using the Faedo-Galerkin approximation (41), the estimate shown before was
that corresponding to f € L'(0,T;L*(Q)), although one only used it for
fel? (O, T; Lz(Q)). However, there is a better smoothness estimate in this case,
enough for proving uniqueness, and actually the following analysis only uses the
hypothesis vif € L?(0,T; L*(©)). (**) The estimate is obtained by multiplying
the equation by ts,; (i.e. by multiplying the jth equation with w; by tc; and
summing in j), which gives

(65) ft |sm|2 dx +ftfsm de + %fts‘:’msm dx =0,
e} 7] 0

. 1 1
and since |tf s,| < 5 t[8l” + 5 t|f|?, one deduces that

(66) % (thsixdx)tJr;th|snt|2dac§;b[t|f|2dx+182!Sm4dx,

and since there is a bound independent of » for [ |Sue|* dze, one deduces bounds

o
independent of n for [ts}. dx in L>(0,7), and for [t |$|? dae in L0, T), and
o o

(*%) The second author devised this method for linear equations (of the abstract form
w +Au=f,u0)=uy with A elliptic), and used it in his thesis for interpolating
regularity, but it may not be widely known.
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these bounds are inherited by the solution which is the limit of a subsequence s,,,
so that

so € LA(Q),f € L? (0,T; LZ(Q)) imply that the solution of (40) satisfies
s, € L™ (0, T; LY(Q)),t"/%s; € L*(0, T; LA()),

hence by the equation (40) it satisfies

(68) t2(s3), € L2(0, T; LA(Q)), ie. 1123 € L2(0, T; HY(Q)),

since s satisfies a Dirichlet condition, as a consequence of the Neumann

condition for s. Then, o=s? satisfies t'/%¢ € L*(0,T;H}(Q)), and since
tV/4s, € L>(0,T; L*(Q)) is equivalent to t*4¢ € L>(0,T; L*/3(Q2)), one deduces
an estimate of ¢ in L*(Q2) by using an inequality of the type |g|,, < C|oy g/ 5|0|Z§
for all o € Hy(Q); (") then |a,|, = t/2A(t) for 2 € L*(0,T) and ||y < Ct %/
give |o|, = t3ut) with x € L'%3(0,T), and since ¢t3/°u € LP(0,T) for 1 <

1 1
p< 50, one has s, € LY (O, T;LOO(Q)) for 1 <¢g< §0’ and because g = 2 is the

condition needed for uniqueness, one finds that uniqueness holds for sy € L?(Q).
As a consequence, all the sequence s,, converges to the (unique) solution.

FirrH STEP. — We shall need another regularity result, still for f €
L*(0,T; L*(2)) but with s € W'4(Q), and the estimates result from multiplying
the equation by s;: more precisely, one works on the Faedo-Galerkin approx-
imation (41), choosing the initial data sp, converging strongly to so in W14(Q),
and one multiplies by s,;, so that instead of (65) one obtains

2 &
(69) f |$pe|” die + f sy de + 3 f 83 Spat da = 0,
Q Q Q
and instead of (66) one obtains

(70) = f s;‘md@t—i—% Qf I8t dee g% ! f 2 de,

Q

and since there is a bound independent of n for [ |80m\4 dx, one deduces bounds

Q
independent of  for [ sj‘m dx in L>(0, T), and for [ |sm|2 dx in L1(0, T), and these
Q Q

() From (6°%), =2 6*3g,, one deduces that [¢®3| <1|(0®®),|; <2 |6%3|,|oul,,

5/3 5 2/3
hence [o* <2 |of{}3 |0 |-
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bounds are inherited by the solution which is the limit of a subsequence s,,,, hence

so € WH(Q),f e L? (0,T; LQ(Q)) imply that the solution of (40) satisfies
(M) s, € L7(0,T; L)), s € L*(0,T; L)),
hence s2 € L(0, T; H)(Q)), s, € L'°(0, T; L™*(Q)).

This regularity enables us to apply the technique of truncation used by Guido
Stampacchia [St] for proving a weak form of the “maximum principle”, and a
consequence is that the way one has extended F' outside the interval [s_, s, ] has
no effect on the solution: Guido Stampacchia proved that if u € Wllo"i((’)) for an
open set O C RY, and if g is a Lipschitz continuous function on R with at most a

countable number of discontinuities of the derivative, then g(u) € Wi(0) with

loc
83;@ =g'u) % for j=1,...,N,(*® and if one applies it to g(u) = u, it does
j

not matter what value ¢’(0) one takes. (*)

One considers two solutions s, ¢ of (36) with initial data sy, 59, and one wants to
shows that

(72) so < gp a.e. in Q implies s < g a.e. in 2 x (0,7),

and for proving this one wants to subtract the two equations and multiply by
(s — 0),, so that one assumes that sy, g9 € W4(Q) in order to use the estimates
(71) for both s and ¢, which imply s, ¢ € H* (2 x (0, T)), so that one may apply the
formula for the partial derivatives of (s — o)., and observe that (s —o), €
H'(Q % (0,7)) since

(s—0)), =G -0y, and (5 —0);), = (s — 0y, ae. in Qx(0,7),

(73)
where y, is the characteristic function of £ = {(x,?) | s — o > 0},

and because ;{i = x, one deduces that

) (5= oWls — o)y = 5 (6~ o). ),

Moreover, since one also has s,,a, € L*(0,T;L*(Q)) N L*(0,T; L=()), one

(*®) For g of class C! over R and % smooth, one has a%? =g'(w) g—%, and approaching

u € WIIO’CI(O) by a sequence of smooth functions u,, converging strongly to u in W (w) for
an open set w with @ C O, one deduces that the formula is true for u € Wllo’i(O); then one
takes a sequence g, of C' functions, which converges uniformly on R to a Lipschitz
function g, and such that g,, converges everywhere on R to a function which one denotes ¢,
and passing to the limit by using Lebesgue’s dominated convergence theorem, one
deduces the result.

(*%) This is the way Guido Stampacchia showed that on the set where u(x) = 0 one has

r%; = 0 almost everywhere, forj =1,...,N.
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deduces that
(75) (s —0).), € L>(0,T; L)) N L*(0,T; L™()),

X
and one also has
(76) Is—0a|(s —0)s = 1, |(s — 0)s|* = |(s — @), ” ae. in Q x (0, 7).

One starts from the variational formulation

i) f[(s —o)w + (F(s)si —F(o) ai) w +§ (s3 — ai)ww] der=0ae. te1),
2

for all w € WH4(Q),

from which one deduces that (79) is also true if w € L> (0, T; W'*(Q)), and one
then uses w = (s — ). One has

(78) g bf (2= %) (s —0),), do > Z ! 7, (8% — 2P du ae. te©,T),

and

[1F©)52 ~ F@) 02| s — 0. de

Q

gf IF(s) — F(0)| 2 (s — o). da +f F(0)||s2 — 0®| (s — o), dac
(79) ?) ] 0

< Lplsill, [ 16— oo+ § [ 7,62 - o du

Q Q
2
+%f|(s — o). Fdx ae. te0,T),
Q
so that
1 2 2 IFIZ~ 2

80) é(!(s—a)+| doc)tg (Lp||sx||m+T>f|(s—a)+| de ae. t € (0,7),

Q

and by Gronwall’s inequality

@81) f|(s—a)+|2dac§ Cf|(so—ag)+|2dx:0,
2 2

since (syp — agg), =0 from the hypothesis sy < oy a.e. in ; this shows that
(s—0),=0,ie.s<a.
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A consequence is that
(82) a<sy<b a.e.in 2 for constants a,b € R implies a <s<b a.e. in Qx (0, 7),

since if the initial data oy is a constant ¢ (either a or b) then the solution is ¢ = c.

7. — Another regularity property of the solution (for ¢ > 0)

There is a formal estimate obtained by multiplying the equation by —s,, and
integrating by parts, which supposes that one has enough regularity for writing
(s3), as a pointwise product 3s2s,,, and in this way one obtains

s3) ( ! % dz) +: ! (58p)? dav = ! F(5) $0(88) dac

F|? S 2
< Il < s + 1,

so that, by choosing 7<e¢ and using Gronwall’s inequality, one deduces that (2°)

so € HY(Q) implies that the solution of (36) satisfies
(84)
se € L (0,T;LA(Q)),s2 € L*(0, T; H)(Q)), so that s, € L5(0, T; L™()),

hence F(s)s2 € L3(0,T; L>(2)) N L> (0, T; L'(Q2)), and (s3),, (which can be writ-
ten as gsx(si)m) belongs to L3/2(0, T; L3(Q)) N L?(0, T; L'(Q)), which then per-

mits to find a bound for s; in the latter intersection, hence s; € LP (O, T;L‘I(.Q))
with 1 gggZand§:§—E.
p 2 q

One may prove that (84) is valid by one of two methods already taught by

Jacques-Louis Lions in the late 1960s [Li]: the first one is to use a special
2

Faedo-Galerkin basis, made of eigenfunctions of the operator — preL ie.
—1 L . . . . L

wj(x) = cos% for j =1,..., in which case a linear combination of

Wi, ..., Wy giVes —S;qe for the solution s, of (41), and the above computations

hold for s,,, and the bounds obtained are inherited by the limit s; the second

(%) The last bound for s, in (84) follows from taking v = si and using the classical
estimates |v],, < |vy ;/2|v|;/2 for v € HY(Q) and |v], < |v|i/2|v\¥2 by Hélder inequality,

which give [v].. < [vs[2[0]/%.
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one is to start from the solution s of (36) and prove that it is more regular by
using the method of translations of Louis Nirenberg. For applying this
method, one denotes by 7;, the operator of translation by &, ie. (r,v)(x) =
v(x — h) for a function v, but since one works on a bounded interval
Q =(—L,+L), it is useful to extend u by symmetry around —L and +L (i.e.
u(x) = u( — 2L — x) for x € (— 3L, —L), or u(x) = w(2L — x) for x € (+ L, +3L))
which gives a periodic function of period 4L, so that all translations are then
well defined, and the norms | - |p considered are computed on a period. (**) One
subtracts the equation for s and for a translated 7,5, and one multiplies by

s — 1,8, and using the formula (¢ — b*) (@ — b) > g |a2 — b2| for all @, b € R, one
deduces that

2 —ustly < |f =t flals — Tusly, with f = F(s)s2,

&
(85) s — sl + 5 I}

1d |
2 dt
and one has the following estimate for | — 7, f1,

86) |f — 1 fly=F($)s%—F ()53, < |F|oIs2 — tusily + Lils — taslyls:l.
so that

&
<t nal e (U s s )b - s

BD  1f — uflols sl < £ |

and since + LF|S@‘ has a finite norm C in L(0, T'), Gronwall’s inequality

7%
implies (%)
c - 2 2,2 4e* 2
(88) |s — 8]y < € [so — sols on (0, T), f sy — Tszlsdt < — [So — ThSols-

s — 18],
h

in L>(0,7;L*(Q)) and % is bounded in L?(0,7;L*(2)) when k # 0

If sp € H'(Q), then |sy — ™0ly < |R| |(S0)x|s for all 2, so that is bounded

(*') Since the equation only involves s, s2, and s,, which are invariant by changing x
into ¢ — «, and s satisfies a Neumann condltlon at &+ L (for which the precise meaning uses
the space H(div) studied by Jacques-Louis Lions), this type of extension produces a
function which satisfies the same partial dlfferentlal equatlon

&) Wltha =|s— rhs\z, b=¢§ &s2 — 182 |2,andc = +Lp|sx|oc,one hasa +2 f b <

HFHz
a(0) + fZCa = d, which satlsfles d; =2ca < 2cd, hence a + 2 f b<d< a(O)eocp(Zf ¢),

giving a < a(0) ¢*¢ and 2 f bdt < a(0) e%C.
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2 2

S — 138 S. — TS, .
x * tends to (si)x in the sense of

W tends to s, and W

distributions as % tends to 0, one deduces (84).

Actually, using (@® —b*)(a—b) > 2 (la]a — |0 b)? for all a,b € R, one has

tends to 0; since

|se| o € L#(0, T; Hy(Q)), which implies s2 € L?(0, T; Hy(£)), but the converse is
not true.

REMARK 7. — If v = |u|u € H(l)(Q), one may wonder if v, is the product of
2|u| by u,, and it is easy to show (using |tu —u| < Crv — v\l/z) that » and
|u| belong to the Besov space X = BY/?%, so that u, makes sense in the dual Y’
of another Besov space, Y :B}/ 24/ 3; it is not so clear if one can multiply
elements of X by elements of Y’. However, the derivative of %> is the product

of 3u? by u,.

8. — The class of initial data used (for ¢ > 0)

Given an initial data ¢, one needs to check if it satisfies our hypotheses, and
one first wonders if one can find a curve M(s) of class C with an integrable
curvature, as noticed in Remark 2 for stationary solutions, and then if
po(®) = M (so(w)) for x € (— L, +L) with sy smooth enough.

Since ¢, = so:M’ with |M’'| = 1, a sufficient condition is to assume that

89 g@)=a_in[—-L,x ] @p#0in@_,xy), @@ =a;inlx,,+L].

In order to have s increasing when x varies from —L to +L, one chooses

90) sotxw)=s_in[—L,x_1, so = |pg,| and M'(s) = |ZO’C| in (x_,x,),
0x

so(@) = sy in [y, + L],
Tt
sothat s, —s_ = [ |p,|de, and one then assumes that ¢y, € L'(Q; R%). Then,
X

one also assumes that

O g € L ((@_, 2, );R?), so that so, = ((/)m,%) in (x_,x,),
0x

and since ¢y, = Sop.M' + s3,M" and M" is orthogonal to M’ because |M'| = 1,
one deduces that |p,,|*M" is the projection of ¢,,, on the orthogonal of ¢,,, i.e.

Goe 00)
92) 90 PM" = o —% 0, i (2, 2),
Ox
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hence

( ) | d

Poxzs 24

(93) f |M”‘ de = f ’(009095 —— 2090 Pox | | )
s T |(p0x| Pou

which one assumes then to be finite.

Then, the condition sy € W'?(Q) follows from ¢, € LP(; Rd), and one no-
tices that assuming (91) implies ¢,, € L>(£; Rd).

One should pay attention to the fact that strong hypotheses of regularity for
the initial data are used for transforming the system (10) into the scalar equation
(36), but then the system (36) admits uniquely defined solutions even for some
discontinuous initial data, so that such discontinuous initial data should be con-
sidered as “non physical” for what concerns the system (10).

9. — Conclusion

We have analyzed a system of partial differential equations (10) in one space
dimension, and shown that one can study the stationary solutions as well as the
evolutionary solutions if the initial data satisfy a geometrical condition, because
the analysis can be transformed into studying a scalar partial differential
equation, for which we applied more or less classical methods. However, since
(10) came out of a special situation for a system of partial differential equations
(1) in three space dimensions, motivated by field dislocation mechanics, this work
should be considered as a motivation for developing a more general mathema-
tical approach for studying the complete system (1).
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