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Lewy-Stampacchia Inequality in Quasilinear Unilateral
Problems and Application to the G-convergence

Lucio BocCARDO

a Italo (ardito, a che giamman ...) per 1 suot 60 anni (+¢)

Abstract. — In the paper [5] in collaboration with Italo Capuzzo Dolcetta, the use of the
Lewy-Stampacchia inequality was the main tool for the study of the G-convergence in
unilateral problems with linear differential operators. In this paper we prove a Lewy-
Stampacchia inequality for unilateral problems with more general differential op-
evators (quasilinear operators with lower order term having quadratic growth with
respect to the gradient) in order to study the G-convergence in unilateral problems
with such type of differential operators.

1. — Introduction

We assume that Q is bounded open set in RN ,N > 2 and M is a measurable
matrix such that

(1.1) aéf < M@, M@ < B,
where a, f > 0. Moreover we assume that

N
(1.2) fel™Q), m> 3
(1.3) neRY,
(14) yeR.

In the paper [5] in collaboration with Italo Capuzzo Dolcetta, the use of the
Lewy-Stampacchia inequality (see [11], [14]) was the main tool for the study of
the G-convergence in unilateral problems with linear differential operators. In
this paper we prove a Lewy-Stampacchia inequality for unilateral problems
with more general differential operators (quasilinear operators with lower
order term having quadratic growth with respect to the gradient) in order to
study the G-convergence in unilateral problems with such type of differential
operators.
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To be more precise, in this paper, we will give a new (see [7], [1]) proof of the
existence of a solution u for the following unilateral problem

u >0, ueWiAQ)N L) :

a5 [ M@DuDw [ty [ 1DuPro ) > [0 - )
Q Q Q Q

for every v >0, v € W&’Z(Q) N L>(Q).

The proof is quite simple, thanks to the use of the homographic approximation,
introduced in [10] and used in [6], [15], [16].

An additional advantage of this approach is that we easily deduce the fol-
lowing Lewy-Stampacchia inequality

(1.6) f < —div(M()Du) + pu + y|Dul* < f+.

We point out that a similar result (with a different proof) can be found in [12].

Notice that our proof does not change if the principal part of the differential
operator is nonlinear (even if the operator is defined in Wé’p (), p > 1) orif the
lower order term is more general, but with quadratic (or p) growth with respect
to the gradient. On the contrary, if the obstacle is not zero, but a function
ES Wé"z(.Q) N L>(Q), the scheme of the proof still holds, but more technical
points are needed.

2. — Homographic approximation

We use the notation ¢ = % Let u, be the solution of the following Dirichlet

problem.

u, € WyA(@)NL>(Q) :

(2.1) y|Du8\2 o

1+elDu,[* &+ |

—div (M (@2)Du,) + pu, + fr

LEMMA 2.1. — Assume that hypotheses (1.1), (1.2), (1.3) and (1.4) are satisfied.
Then, ¥V ¢ > 0, u, > 0 almost everywhere in Q.

Proor. — Let (see [7], [8], [9])
o2l Il
(2.2) o) = (e Dsgn(t), 4> 5"

Note that, for every ¢, u, is a bounded function (see [18]), thus it is possible to take
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@l(u,)~ ] as test function in the weak formulation of (2.1). We get

— [ M@D@) Da) $10)T - p [ ()¢l ]
Q Q

[ - M 1= [ £+ -
! T e g A1 ! a0 1= Qf fréi)
which implies

f M(@)D(u,)” D(u,)~ §'T(u:) "1+ f (ue)” ¢l(us)"]
Q

= ()™ B yl us
+![f Py é|¢[( us) ] f 2¢[( )" ] ff+¢[(u.g) ]

<l [ 1Dugta) 1~ [ £l ),
Q Q

which gives

[ 1D Plag 1) 1= pliglen) 11} <o.
Q

Since ad'(s) — [y||¢(s)| > %’ by the choce of 2, the above inequality implies that

u, > 0. Thus u, is solution of

u, >0, u, € WyA(Q)NL¥Q):

(2.3)

. V|Du | - +
—div (M (x)Du,) + pu, + .
T At T

Moreover we have, in the sense of distributions,

(2.4) f < —div(M(x)Duy) + g, + M <ft
+ &lDu,?

since

0<f-

< f

e+u;

LEMMA 2.2. — The sequence {u,} is bounded in L>(Q).

ProoF. — Following [9], we use ¢(G(u,")) as test function in (2.1), where ¢(s) is
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defined in (2.2). Since u, > 0 and f~ > 0, we have

2.5) f -
Q

Thus it is possible to repeat the proof of [9] in order to prove that the sequence
{u;} is bounded in L>*(Q). O

=0,

LEMMA 2.3. — The sequence {u.} is bounded in Wy*(Q).

Proor. — Now we use @(u,) as test function in (2.1). We repeat the remark
(2.5), with k£ = 0. Thus it is possible to repeat the proof of [7], [8] in order to prove
that the sequence {u,} is bounded in Wé‘z([)). O

COROLLARY 2.4. — There exist u € W1 2 QN LXQ) and a subsequence, still
denoted by {u.} such that u, converges weakly to u in W1 Q).

PROPOSITION 2.5. — u, converges strongly to u in WOI’Q(.Q).

Proor. — Use ¢(u, — u) as test function and note that the term
[r
Q

converges to zero. Recall the results of Lemma 2.2 and Lemma 2.3 Then the
statement is a consequence of a result proved in [7], [8], [9]. O

_u)

COROLLARY 2.6. — Proposition 2.5 and Vitali Theorem imply that

2
7D

A yDuff,  in LYQ).
1+ ¢lDu,|” 7Dul

THEOREM 2.7. — There exists a solution u of the unilateral problem (1.5).

ProOOF. — Let v be a positive function in W(}VZ(Q) N L>*(Q), and use v — u, as
test funetion in (2.1). Then

fM(x)Du;D[v—u;]+/¢fu;[v—u;]+f%[ — U]
- f JACREA f I L]
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Note that

o)t [reeztn [ o= [ fus]rw
Q

{a:u(x)>0} ’ {a:u(x)>0}

and that, for every v > 0,

2.7) lim ff— v <lim —v —ff v.

&—0

Then

. . _ U
lg%!f+[vug]£%9ff 8+ue[”“é:]2!f[vu]a

so that we pass to the limit in (2.3), thanks to the above limits, Lemma 2.2,
Proposition 2.5, Corollary 2.6. Thus we show that « is solution of the unilateral
problem (1.5). Moreover, passing to the limit in (2.4), we show that « verifies (1.6).

3. — G-convergence

Let us recall the notion of G-convergence, which was introduced for sym-
metric matrices by S. Spagnolo (see [17]) and generalized by Murat and Tartar
(see [13]).

We will denote by M(a, f5; 2) the class of (N x N)-matrices with components
in L>(Q) such that

aléf < M@, M@ < B,

for almost every « € Q2 and for every ¢ € RY.

DEFINITION 3.1. — Let M, be a sequence of matrices in M(a, f; Q). We will say
that M,, G-converges to a matric My € M(a, f'; Q) if; for every sequence f,, such
that

f — fo in W 12(Q)-strong,

the solutions z, and zy of the equations
20 € Wo(Q) + —div(M,(@)Vz,) = f,
20 € Wy () : —div (Mo(x)Vz0) = fo
satisfy
2y — 20 in Wy A(Q)-weak, M, (x)Vz, — Mo@)Vz in (L2(Q)N-weak.
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Now we state the following theorem which is a generalization of the main
result of the paper [5] in collaboration with Italo Capuzzo Dolcetta.

THEOREM 3.2. — Let M,, be a sequence of matrices in M(a, f; Q) which G-
converges to a matrix My € M(a, f; Q). Assume (1.2), (1.3), (1.4) and that u, is a
solution of the unilateral problem

U >0, wy € Wy(Q) N L(Q) :

an(x)DunD[v — Uyl + ufun[v — Uy ] + yf \ Doty [Plv — ]

(3.1) Q Q Q

> [ flo -,
Q

for every v >0, v e Wé’z([)) N L>(Q).

Then it is possible to construct a function H(x, &), measurable with respect to ,
with the property

(32) \H(w,&) — Hw, | < (& + D= &, V& EeRY,

such that (up to subequences) u,, converges weakly to ug, where ug s a solution of
the unilateral problem

wo > 0, ug € WyA(Q) NL¥(Q) :

[ Mo@DuD1w — o) + g [l o) + [ H, Duo)lw — wol
Q Q Q

> [ 1o - ),
Q

for every v >0, v e W&’Z(Q) N L>(Q).

Proor. — Thanks to the Lewy-Stampacchia inequality (1.6), we have that
— div (M, @)Du,) + gty + 7D, [*

N
is bounded in L™(R2), m > o Thus we can say that

w, € WyP(@) N L¥(Q) : — div (M, (@)Duy) + g, + 7\Dun|* = g,

N
with f < g, <f* and {g,} bounded in L"(2), m > 5 With the use of the Rellich

Theorem we improve the above statement: up to subsequences, we have

[ — div (M, (2)Duy,) + 1y, + y|Duy[*1— go, in WH"(Q),
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with f < go < fT. Since m* > 2, the results of G-convergence for quasilinear el-
liptic equations (see [2], [3], [4]) say that it is possible to construct a function
H(x, &), measurable with respect to x, satisfying (3.2), such that (up to sub-
equences) u,, converges weakly to «* > 0, where u* is a solution of

w' € WyA(Q) N L=(Q) : —div(My(@)Du*) + pu* + H(x, Du*) = go
and

—div (M, (x)Du,) + g, — —div (Mo(x)Du*) + pu*,  in W12(Q);

y|Du, | — H(x,Du*), in L'Q).
Thus it is possible to pass to the limit in (3.1) and to say that «* is a solution of (3.3).
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tical present) of the results shown by the author at the “International Workshop
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REFERENCES

[1] A. BENSOUSSAN - L. BocCARDO - F. MURAT, On a nonlinear partial differential
equation having natural growth terms and unbounded solution, Ann. Inst. H.
Poincaré Anal. non lin. 5 (1988), 347-364.

[2] A. BENSOUSSAN - L. BoccArDO - F. MURAT, Homogenization of elliptic equations
with principal part not in divergence form and Hamiltonian with quadratic growth,
Comm. Pure Appl. Math., 39 (1986), 769-805.

[3] A. BENSOUSSAN - L. BocCARDO - F. MURAT, H-convergence for quasilinear elliptic
equations with quadratic growth, Appl. Math. Opt., 26 (1992), 253-272.

[4] A. BENSOUSSAN - L. BOCCARDO - A. DALL’AGLIO - F. MURAT, H-convergence for
quasilinear elliptic equations, in Composite media and homogenization theory, G.
Dal Maso and G. Dell’Antonio ed., World Scientific, 1995.

[5] L. BoccarDo - I. CAPUZZO DOLCETTA, G-convergenza e problema di Dirichlet
unilaterale, Boll. UMI 12 (1975), 115-123.

[6] L. Boccarpo - R. CirMI, Ewistence and uniqueness of solutions of unilateral
problems with L' data, J. Convex Anal., 6 (1999), 195-206.

[7] L. BOCCARDO - F. MURAT - J.-P. PUEL, Existence of bounded solutions for nonlinear
elliptic unilateral problems, Ann. Mat. Pura Appl., 152 (1988), 183-196.

[8] L.B0OCCARDO - F. MURAT - J.-P. PUEL, Resultats d existence pour certains problemes
elliptiques quast linéaires, Ann. Se. Norm. Sup. Pisa, 11 (1984), 213-235.

[9] L. BoccArDO - F. MURAT - J.-P. PUEL, L>®-estimates for some nonlinear partial
differential equations and application to an existence result, STAM J. Math. Anal.,
23 (1992), 326-333.

[10] C. BRAUNER - B. NIKOLAENKO, Homographic approximations of free boundary
problems characterized by elliptic variational inequalities. In Nonlinear partial
differential equations and their applications, Collége de France Seminar Vol. IT1, ed.



282 LUCIO BOCCARDO

by H. Brezis and J. L. Lions, Research Notes in Math., 70, Pitman, London (1982),
86-128.

[11] H. LEwY - G. STAMPACCHIA, On the regularity of the solution of a variational
mequality, Comm. Pure Appl. Math., 22 (1969), 153-188.

[12] A. MOKRANE - F. MURAT, The Lewy-Stampacchia inequality for the obstacle problem
with quadratic growth in the gradient, Ann. Mat. Pura Appl., 184 (2005), 347-360.

[13] F. MURAT - L. TARTAR, H-Convergence; in Topics in the Mathematical Modelling
of Composite Materials, A. Cherkaev, R. Kohn, editors, Birkhduser, Boston
(1997), 21-43.

[14] U. Mosco - G. TROIANIELLO, On the smoothness of solutions of unilateral Dirichlet
problems, Boll. Un. Mat. Ital., 8 (1973), 57-67.

[15] M. C. PALMERI, Homographic approximation applied to nonlinear elliptic uni-
lateral problems, Rend. Mat. Appl., 17 (1997), 387-402.

[16] M. C. PALMERI, Homographic approximation for some nonlinear parabolic uni-
lateral problems, J. Convex Anal., 7 (2000), 353-373.

[17] S. SpaGNOLO, Sulla convergenza di soluzionti di equazioni paraboliche ed ellittiche,
Ann. Scuola Norm. Sup. Pisa, 22 (1968), 577-597.

[18] G. STAMPACCHIA, Le probléme de Dirichlet pour les équations elliptiques du second
ordre a coefficients discontinus, Ann. Inst. Fourier (Grenoble), 15 (1965), 189-258.

Dipartimento di Matematica, Piazza A. Moro 2, Roma, Italy
E-mail: boccardo@mat.uniromal.it

Received February 11, 2011 and in revised form March 10, 2011



