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Note on the Lower Semicontinuity with Respect
to the Weak Topology on WP ()

ROBERT CERNY

Abstract. — Let @ c RY be an open bounded set with a Lipschitz boundary and let
g9: 2 x R—R be a Carathéodory function satisfying usual growth assumptions.
Then the functional

d(u) :fg(yc7 wx)) do
2

is lower semicontinuous with respect to the weak topology on W'2(Q), 1 <p < oq, if
and only if g is convex in the second variable for almost every x € Q.

1. — Introduction.

Let 2 c RY be an open set.

In the Calculus of Variations it is a well-studied problem to find sufficient
conditions for a Carathéodory integrand g : Q x R? x RN g0 that the func-
tional

d(u) = f g (x, u(x), Vu(x)) de
2

is sequentially weakly lower semicontinuous on the Sobolev space W1P(Q),
1<p<cc.
A classical result in the scalar case is (see [2, Section 3.3.1])

THEOREM 1.1. — Let Q C RN be an open bounded set, 1 <p<oo and
g:Q xR xRY be a Carathéodory function. Let g(x,(,-) be convex for every
x € Qand every { € R.

Then the functional

d(u) = f g(x, ulx), Vu(x)) de
2

is sequentially weakly lower semicontinuous on WhHP(Q).

Another interesting result can be found in [3, Chapter I §1].
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THEOREM 1.2. — Let @ ¢ RY be an open bounded set and let f : R¥—RR be a
continuous function. Let us define the functional

o) = [ fu@) da.
Q

Then @ is sequentially lower semicontinuous with respect to the weak con-
vergence on, LP, 1 < p<oo, if and only if f is convex.

Moreover, ® is sequentially lower semicontinuous with respect to the weak*
convergence on L™ if and only if f s convex.

In this note we are interested in the question what happens if we replace
usually considered sequentially weak convergence on W?(Q) by the weak
convergence on W'?(Q), i.e. by the convergence in the weak topology on W1?(Q),
for the functional of the type

d(u) :fg(ac,u(ac)) d .
)

Let us note that these integrands independent of the third variable are auto-
matically convex in the third variable and thus Theorem 1.1 implies the se-
quential weak lower semicontinuity. Nevertheless for the convergence in the
weak topology these assumptions are not enough to ensure the lower semi-
continuity as can be seen from the main result of this paper (where the assertion
is rather Theorem 1.2-like).

THEOREM 1.3. — Assume 1 < p < 0o, Q C RY is an open bounded set with a
Lipschitz boundary, g: 2 x R— R is a Carathéodory function for almost every
x € Q satisfying

Np
|9, )| < C1 + Caly[ for pell,N),
g, )| < C1 + Calyl?, for some q €[1,00) for p=N,
g(x,y) is bounded on bounded sets for pe(N,o0] .

Then the following statements are equivalent:
(i) The functional d(u) = f g(m, u(m)) dx s lower semicontinuous with
Q
respect to the weak topology on WhP(Q).

(i) The function g(x,-) is convex for almost every x € L.

For the definition of the lower semicontinuity with respect to the weak to-
pology on WP(Q) see the Preliminaries.
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Throughout the paper we write that g(x,y) is bounded on bounded sets for
a.e.x € Q,if thereis a set Q c Qsuch that £N(Q \ Q) = 0 and for every bounded
A C Q and every L > 0 there is M > 0 such that |g(x,y)| <M for every |y| <L
and every & € AN Q.

The proof of Theorem 1.3 uses construction introduced in paper [1] (see also
[4]), where the following result concerning the weak continuity on W!P(Q) is
proven.

THEOREM 1.4. — Assume 1<p<oo, QC RY is an open bounded set,
g: 2 x R— R 1s a Carathéodory function satisfying the growth condition

AV
19, 9| < C1 + Caly[F7 for pelLN),
lge,y)| < C1 + Caoly|!, for some q € [1,00) for p=N,
g(x,y) is bounded on bounded sets for pe(N,oo].

Then the following statements are equivalent:
(i) The functional d(u) = [ g(x, u(x)) dx is continuous with respect to the
weak topology on WP (Q). @
(ii) There are measurable bounded functions ki, kq: Q — R, such that for
a.e. x € Q
g, y) = ki(x) + ka(x)y

18 satisfied for every y € R.

(ili) There is fo € WP(Q) such that the functional ®(u) = [ g(x,u(x)) di is
continuous at fy with respect to the weak topology W'P(Q). ¢

Note that a statement similar to (iii) from Theorem 1.4 cannot be added to our
Theorem 1.3 (see Example 4.2).

2. — Preliminaries.

For x € RY, we write #' for the i-th coordinate, ie. x =[x}, 22, ..., &V].
Sometimes we represent a point in RV in a form [x,y] where 2 € RY and
yeR.

For xg = [}, ... ,903’ 1€ RY and n > 0 we use the following notation for a cube

Qro,m) = {w e RN: o —al| <nmi=1,...,N} .

An open ball centered at the origin with the radius » > 0 is denoted by B(0, 7).
The N-dimensional Lebesgue measure of a measurable set A is denoted by
LNA).
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For a finitely-additive measure x on RY and a Borel set A, |1|(A) is the total
variation of 1 on A.

Let 1 < p < co. We use the usual notation W'?(Q) for the Sobolev space on
QcRrRY , i.e. functions in LP(2) whose distributional partial derivatives are also
in LP(Q).

The space W'P(Q), p < 1< o0, is equipped with the norm

||f\|W1,p(Q):(fUc(x)|pd +Z”af(x)’ i >1/p

and on W1°°(Q) we have

of

dact

o

o = max 0 .
1l = max (11 )

Le@

For an introduction to Sobolev spaces see e.g. [5].
Recall that a functional @ is weakly lower semicontinuous on WHP(Q) if for
every ¢ > 0 and fy € WHP(Q) there is a weak neighborhood U of fy such that

D(f) > D(fy) — ¢ forall feU.

A set U c WHP(Q) is a weak neighborhood of fy if we can find k € N and
continuous linear functionals Ay, ..., 4, € (W'P(Q))" such that

{f e W(Q): |A4i(f — fo)| <1 for every i € {1,....k}} C U .
Above definition of the weak lower semicontinuity is equivalent to:
F;,={f e W"(Q): &(f) <1} is aweakly closed set for every 1 € R .

For every continuous linear functional 4 on W'>°(Q) there are finitely ad-
ditive measures ¢, m =0, ..., N, such that

10 =[1wdte + Z [ G P i@

Note that || restricted to a bounded measurable set A C Q is bounded and for
every continuous function % : A — R we have

’ f g(x)d/tm(x)‘ < |u™|(A)sup |g(@)| .
" reA

For every continuous linear functional 4 on W'P(Q), 1 < p<oo, there are
functions g™ € L” (Q), m =0, ..., N such that

40 = [ sgtions + S [ XD gy o
m=1¢g
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In this case it is convenient for us to represent considered linear functional by
measures 1" = ¢g" LN, m=0,...,N.

We say that g: Q x R — R is a Carathéodory function if g(-,y) is measurable
for every ¥ € R and g(x, -) is continuous for almost every x € Q.

3. — Weak convergence implies convexity.

The proof of the implication (i) = (ii) from Theorem 1.3 follows from the
following proposition. We do not need to suppose that Q is bounded in this
proposition.

PRrOPOSITION 3.1. — Assume 1<p<oo, QC RY is an open set and

g: Q2 xR~ R is a Carathéodory integrand, bounded on bounded sets a.e.

m Q. If the functional &(u) = f g(x, u(x)) dz is lower semicontinuous with respect
Q

to the weak topology on W'P(Q) then g(x,-) is convex for almost every x € Q.

We devote the rest of this section to the proof of Proposition 3.1. This proof is
just a simpler version of the proof of [1, Theorem 5.1] (the technique when
proving convexity by contradiction is basically the same as when proving line-
arity, moreover we have more restrictive assumptions on the function g and
hence we were able to simplify the arguments from the previous paper).

We need the following technical lemma showing that we can find a suitable
perturbation function v : Q(xg,#) — R which lies in the given weak neighbor-
hood of the zero function (see (1) and (2) below), attains value r pretty often (see
(3)) and does not attain other values than {—7,0, 7} often (see (4)).

LEMMA 32. — Let » >0, e=27% 2<oe€ N and k,N € N. Suppose xy =
[),...,ad1e RN, e (0,11 and ', 1=1,....k, m =0,...,N, are finitely-ad-
ditive measures on RY, bounded on Q(x, n).

Then there is a smooth function y: RV [ — r,v] such that spty C (xo, ),

W o om 1 '

1) ) K< N1 foreveryie {1,... )k} , me{l,...,N},
R’
1
0 .
2) j;l//dﬂi<N+1f0’f'eve1"yze{1,...,k},
R!
N

3) ﬁN({//_l(r)> ZM:ﬂ

60 - 2V 60
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and
(4) LY (RN {=,0,7}) < 2NeLY(QCxo, ) -
For the proof of Lemma 3.2 see [1, Lemma 3.1.] and [1, Remark 5.2.(i)].

Proor oF PrOPOSITION 3.1. — For contradiction, let us suppose that @ is
weakly lower semicontinuous and it is not true that g is convex in the second
variable for a.e. x € Q.

Ifx € Q and g(x, -) is not convex then using the continuity of g(x, -) it is easy to
see that there are rational numbers A > 0, « € R and » > 0 such that

g, a—r)+ g, a+1r) —29(x,a)< — 24 .

Since it is not true that g(x, -) is convex in the second variable for a.e. x € Q and as
the Carathéodory functions are measurable in the first variable, we find rational
numbers A > 0, a € R and » > 0 such that the set

G= {x e Q:glx,a —r) + gle,a +7r) — 2g(x,a) < — 24}
satisfies
NG > 0.
Let us find a radius p > 0 large enough so that we have
£¥@G) >0, where G=GnBO,)p) .

In the rest of the proof we care about 2 N B(0, p) only. Without loss of generality
we can suppose g(x,a — ) = g(x, a + ) on 2 N B(0, p). Otherwise we use the fact
that functionals corresponding to linear Carathéodory integrands are weakly
continuous on W(Q N B(0, p)) (see Theorem 1.4) and we replace g with

9@, ag + 19) — g, ap — o)
27‘0

9, y) = gla,y) —
(note that in the sequel we consider functions f and f; that vanish on Q \ B(0, p)).
From g(x,a — ) = g(x,a + r) on 2 N B(0, p) we obtain for every « € G
(5) gx,a—r)<gl,a)—A and g(x,a+7r)<gx,a)—A .

Now let us pick xy € G a point of density of G and find » € (0, 1] small enough
so that Q(xy,n) C 2N B(0,p) and

A
(6) LY Qo )\ @) < m”N .

As g is bounded on bounded sets a.e. in ©, there is K > 0 large enough so that

(7) |9, )| <K for almost every « € Q(xy,7) and every |y| < |a| + || .

Let us take fy € W'?(Q) such that fy(x) = a whenever x € Q(xy,7) and
Jox) =0 for x € Q\ B(0, p). As @ is weakly lower semicontinuous at fj, there is
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a weak neighborhood U of f such that for f € U we have

ApN
(8) f (e, f(x)) doc > f 9@ fo@) de — 5 -
If 1 < p< oo, from the properties of the weak topology on W'?(Q) we can find
functions g} € LP(Q),l=1,....,k,m=0,...,N, such that

9) {f e WYP(Q): |4,(f —fo)|<1 foreveryi=1,....k} CU

where

4~ = [ (@)~ faglorde + 3 [ 2D A ) g
m=1 Q
As  L7(QCwo,m) C L'Qxo,m) we define 4" = g7"|o, LY L=1,...0k
m =0,...,N, and we obtain finitely additive measures bounded on Q(xy, 7).
If p = oo, then we obtain the finitely additive measures immediately.
For these measures, a, 7, 2y and # chosen above and for e =277, 2 < g € I\,
satisfying additional condition

< -
(10) = 960KN2V

we apply Lemma 3.2 and we obtain a perturbation function y such that (1), (2), (3)
and (4) are satisfied. From (1), (2) and (9) we observe that fy + v € U.
Denote the set of bad points by
Z =y R\ {=,0,7D) U (Q@o, ) \ @)
Using (4), (6) and (10) we have

i +2N A

N
(11) Nz < -2 S

A N
- 480K 960KN2N 2 ’7N o
Therefore from (3), (5), (7), (8) and (11) we obtain

B < f 9. fo(w) + n(e) dr — f 9o foe) de

< [ g fotw) + n@) - g fow) do
{n#0}

IN

g(x, a + n®) — g(x, a) da
{n=ru{n=—riuz

A Z;N_o +0+2KLNZ)

77N

<-A— .
- A120

This is the contradiction we wanted. O
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4. — Proof of Theorem 1.3.

The proof of the implication (ii) = (i) from Theorem 1.3 uses the following
lemma.

LEMMA 4.1. - Assume 1<q<oo, QC RY is an open bounded set,
9: 2 x R — R is a Carathéodory function for almost every x € Q satisfying

9, y)| < C1 + Calyl” for qell, o),
g(x,y) is bounded on bounded sets  for q= oo .

Then the functional ®(u) = f g(ac, u(oc)) dx 1s continuous with respect to the
norm topology on LY(Q). 2

Proor. — Letf,, f € L1(Q)for alln € N and suppose that f, — f in the LI(Q)-
norm. We want to show that &(f,,) — &(f).

First, let 1 < g<oo. In this case it is enough to apply Fatou’s Lemma to the
sequences

{9@.fi@) + C1 + Celfi@)|" 12y and  {Cy + Calfi@)|” — g, fil@)}Z, -

Indeed, by the growth assumption both sequences contain functions that are
non-negative a.e. in Q, the convergence in the L7(Q)-norm implies [f,,|? — [f|? in
L(Q) and passing to a subsequence we can also suppose that f;,, — f a.e. in Q.

Now, let ¢ = oo. Since f,, — f in the L>-norm, there isa set B ¢ Qand L > 0
such that £N¥(B) = 0, f, — f uniformly on .Q\E, [f(®)] <L on Q\B and
[fn(@)] < L on Q\B for all n € .

As g is bounded on bounded sets a.e. in Q there are B > B and M > 0 such
that £V(B) = 0 and

gle,y) <M  on (Q\B)x[-L,L].
Finally, we apply Fatou’s Lemma to

{9@.fi) + M}, and {M — g, fite)}2, - O

PrOOF OF THEOREM 1.3. — Let us prove implication (i) = (i). Suppose that (i7)

is satisfied. Let p € [1, 0], f,,f € W'P(Q) and suppose that f,, — f in WIP(Q).
N

By the Sobolev Embedding Theorem we have f,, — f in LY(Q2) where q¢ = N——pp

provided p € [1,N), q € [1, o) is arbitrary provided p = N and q = oo provided
p € (N, o00]. Thus Lemma 4.1 and the growth condition imply &(f,,) — &(f). It
follows that the sets

F,={feWWY@Q:d(f)<i}, LeR,
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are closed. Since g is convex in the second variable a.e. in Q, F';, are convex.
Finally, as any closed convex set is weakly closed, we immediately obtain (i).
The implication (i) = (ii) follows from Proposition 3.1 and the fact that the
growth condition in Theorem 1.3 implies that ¢ is bounded on bounded sets a.e.
in Q. O

Finally we give an elementary example showing that a condition similar to (iii)
from Theorem 1.4 cannot be added to Theorem 1.3.

ExampPLE 4.2. — Let 1 <p < ocoandlet Q C RY be an open bounded set with
a Lipschitz boundary. Then there is a Carathéodory function ¢g: 2 x R — R such
that for every x € Q we have g(x, -) is not convex and
|9z, y)| < Cy + Coly[™ for pell,N),
lg(z, »)| < Cy + Cyly|’, for some g € [1,00) for p=N,
g(x,y) is bounded on bounded sets for pe(V,o0],
and there is fy € W'*(Q) such that the functional &(u) = [ g(z, w(z)) dz is lower

Q
semicontinuous at f, with respect to the weak topology on WP(Q).

Proor. — First let p € [1, N). Let us pick a continuous function ¢: R — [0, 00)
such that N
Y5 forye R\ (,3)

o) =y

and ¢ is not convex. We set g(x, %) = ¢(y). Then ¢ is a Carathéodory integrand
satisfying the demanded growth condition. Finally we set fy =0, hence
@(fy) = 0. Since g(x,y) > 0 everywhere, we have

D(f) > 0= D(fy) for every f € WH(Q)

(and &(f) < oo by the Sobolev Embedding Theorem and Lemma 4.1) and thus for
every f € U we have &(f) > &(fy) no matter how the weak neighborhood looks
like. Hence we have the weak lower semicontinuity at f;.

If p > N, then we set p(y) = %% on R \ (1,3) and we continue the same way as
in the previous case. O

REMARK 4.3. — (i) If the boundary of the set 2 is not nice enough to use the
embedding theorem, then we replace the growth condition in Theorem 1.3 by
lgCe, y)| < C1 + Caoly|” for 1 < p<oo

|g(x, »)| is bounded on bounded sets  for p = co

a.e. in Q. In the proof of such a version of Theorem 1.3 we use Lemma 4.1 with
g = p now.
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(ii)) We can consider the space Wé'p , 1 < p < oo, in Theorem 1.3 without any
assumption concerning the boundary of Q. The proof of implication (ii) = (i) does
not require any changes in this case. Similarly for the proof of (i) = (ii), because
each continuous linear functional 4 on Wé”’ , 1 < p<oois represented by

N
An=3" [ 2Dy e

m=1 @ ale
where g™ € LP(Q), m=1,...,N. Similarly for every linear functional 4 on
Wém(.Q) there are bounded finitely-additive measures u™, m = 1,...,N, on the

algebra of measurable subsets of € such that

N
an=>" [ T 4y

ax’ﬂl

m=1 ¢
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