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On Rational Elliptic Surfaces with
Mordell-Weil Group of Rank Five

DaviDE FusI - ANDREA LuUiGI TIRONI

Abstract. — Let E(K) be the Movdell-Weil group of a rational elliptic surface and let r be
its rank. In this note we classify all the rational elliptic surfaces with Mordell-Weil
group of rank r = 5 over an algebraically closed field of arbitrary characteristic and
using the theory of Mordell-Weil lattices, we find systems of generators for E(K) in the
coordinate-free situation.

Introduction.

In [7], Shioda gives the foundation of the theory of the Mordell-Weil lattices.
The key idea is to see the Mordell-Weil group of an elliptic curve over a function
field, or of an elliptic surface, as a lattice with respect to a suitable pairing.

Let S be a rational elliptic surface with Mordell-Weil group £(K) of rank 7. From
[7], we know that » < 8 and if equality holds, then we can look at S as P? blown-up at
nine base points of a suitable linear pencil of cubic curves. Moreover, these base points
have to be in general position, (that is, nine distinet points, no six on a conic and no
three on a line) and if we take one of them as zero in F(K), it turns out that the sub-
group generated by the other eight is of index three in £(K), as shown in [4] and [7].

This paper is a continuation of [3] in which the first named author considered
the next cases * =7 and r = 6.

So, following the ideas of Shioda [7] and using arguments and techniques
inspired by [3], we push forward to the » = 5 case. More precisely, we classify
rational elliptic surfaces with Mordell-Weil group of rank five, showing that all of
them come from suitable linear pencils of plane cubic curves with nine base
points not in general position (see Theorem 3.1). We would like to note that for
r > 5 the Mordell-Weil group is torsion free, unlike for » < 4. Moreover, when
r =5, the possible configurations of the singular fibers are still handleable by
technical tools and results similar to those used in [3]. These are the main mo-
tivations which led us to consider also case r = 5.

The paper is organized as follows. In §1, we fix some notation and back-
ground. In §2; confining to the rank five case, we produce several examples of
linear pencils of plane cubic curves and in §3 we show that when » = 5 the only
possible constructions up to Cremona transformations are these examples.
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Finally, in §4 we exhibit explicit generators for the Mordell-Weil group E(K) in
case r = 8 (see Proposition 4.1). Combining this with [3] we have a complete
panorama for all rational elliptic surfaces with Mordell-Weil group of rank » > 5.

1. — Notation and background material.

The ground field k is an algebraically closed field of arbitrary characteristic.
By rational elliptic surface, which we will call briefly RES, we mean a smooth
rational projective surface S with a relatively minimal elliptic fibration
f : S— P!, that is a surjective morphism such that i) almost all fibers are elliptic
curves, and #¢) no fibers contain an exceptional curve of the first kind. In what
follows we always assume that f has a global section O. Moreover, note that f is
not smooth, that is, there is at least one singular fiber. For more details and some
useful facts about RES, we refer to [7].

Let £ denote the generic fiber of f. Then £ is an elliptic curve defined over
the function field of P!, K = K(PY), given with a K-rational point O. Let E(K)
denote the group of K-rational points of ¥, with the origin O. The global sections
of f are in a natural one-to-one correspondence with the K-rational points of £. In
this setting we know that E'(K) is a finitely generated abelian group ([7, Theorem
1.1]). The group E(K) is called the Mordell-Weil group of the elliptic curve £ /K,
or of the elliptic surface f : S — P!, briefly MW group. In the bijection above, for
every point P € E(K) we denote with P the correspondent global section.

Denote by U the subgroup of the Neron-Severi group NS(S) generated by
the global section O and all irreducible components of fibers, by R the set
{v € PY|F, := f~1(v) is reducible} and by F the class of the generic fiber of f in
NS(S). For every fiber ', with v € R, we set 0, ¢ the component which meets the
O section, and we set 0,;, for i =1,...,m, — 1, the others, where m, is the
number of components of F,. For v € R, T, is the sublattice of the Neron-Severi
lattice generated by ©,; for i =1,...,m, — 1. We denote with A4, the Gram
matrix of the intersection form restricted to 7',.

Recall that rkNS(S) = 10 ([7, Lemma 10.1]), and that NS(S)/U ~ E(K) ([7,
Theorem 1.3]). Then we have the following

(1) rk E(K) =8~ (m, - 1).

veR

DEFINITION 1.1. — The Mordell-Weil lattice of the elliptic curve E /K, or of the
elliptic surface f : S —>]Pl, is the lattice (E(K)/E(K)or, {, ))-

The form (), called the height pairing, is defined as follows:
(P,Q) = —(¢(P) - $(@)).
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where ¢ : E(K) — NS(S) ® Q is the group homomorphism and ¢(1~3) 1s given by
the following expression (see [3]):

P-0- (1 + P. O)F + Z (@1),17 ooy @v,mrl)( _qul)(P : @?),13 '-7P' @v,m,ﬁl)t-
vER

Let us give the structure theorem for RES with MW group of rank 5.
THEOREM 1.2 ([6], Main Theorem). — The Mordell-Weil group E(K) of a ra-

tional elliptic surface with Mordell-Weil rank five is torsion free and its struc-
ture is given by the following table:

No. T vk T |det T| EX) | EX)
A 3 4 D; D;
*) 2 |As @A | 3 6 A A

3 AP 3 8 |D;@A; | DidA

where E(K)° is the subgroup of the MW group E(K) generated by global sections
which meet O, for all v € R and T = ®,crT), is the root lattice associated with
the reducible fibers F, =f~1(v), where f : S — P is the velatively minimal
elliptic fibration over P,

We also recall that if L' is a sublattice of finite index in a lattice L, then
(2) det L' = (det L)[L : L'F".

Finally, for more on lattices we refer to [1] and [2].

2. — Constructions of linear pencils of cubic curves.

Let us give here some examples of RES with MW group E(K) of rank five
coming from linear pencils of cubic curves with special base points.

Construction 1. Let C; be an irreducible cubic in P? and take three lines [; for
1=1,2,3 such that the points {; N Cy = {po, p1,p2},le N C1 = {po,ps,p+} and
ls N Cy = {ps, ps, p7} are in general position. Finally, put Co = l; U lp Ul3. Under
this construction, we have that the linear pencil of cubie curves passing through the
eight points p; fori = 0, ..., 7, defined as above, has the only one reducible member
Cs. Moreover, note that any plane cubic C;, := ACi + d1lzls of our pencil has the
same tangent line at po for 1 # 0. Consequently, the rational elliptic surface S, ob-
tained by blowing-up P? at these eight points p; for ¢ = 0, ..., 7 and successively at
the point pg which lies on Py N €y, has only one reducible fiber of type I, in Kodaira’s
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classification, where P; denotes the exceptional curve arising from the blowing-up at
p; and C is the strict transform of Cy by the first blowing-up at py, . . . , p7.

Fig. 1. — Construction 1.

Note that P; fori = 1,. .., 8 are sections of the elliptic fibration. For simplicity,
let us denote here with the same capital letters P; the points in £(K) corresponding
to the exceptional curves P;. To produce a system of generators for £(K), take the
set {Ps, Ps, P5, P1, Pg, P7}, where Pr is the zero in K(K) and Ps is the point in £(K)
corresponding to the ( — 1)-curve obtained by the second blowing-up at ps. The
height pairing of these points of E(K) are computed as follows:

1 1
(Ps, Pg) = 1,(Pg, P3) :§7<P8,P5> =1,(Pg,Py) :§»<P8>P6> =1,

4

| Ot

5 3
<P37P3> :_;<P37P5> :1,<P3,P1> :_7<P37P6> :17<P57P5> :2a
1,

(P5,P1y =1,(P5,Pg) =1,(P1,P1) = -, (P1,Ps) =1, (P, Pg) = 2.

4 )

Consider now the sublattice H of the Mordell-Weil lattice E(K) generated by
the above set {Pg, P3, P5, P1, Pg, P7}. This sublattice is of finite index in E(K) and
it has the following Gram matrix:

1 1
1 - 1 - 1
2 2
1 5 3
511711
A=17121 1
1 3 5
511711
1 1 11 2
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Since det A = i, from (2) and [7, Theorem 10.4 (i)], it follows that this sublattice
is actually the full Mordell-Weil group E(K). O

Construction 2. Let @ be an irreducible conic in %, and let I be a line. Set
C; := Q UI. Let Iy, 3 be two lines such that [; U ls meets C in six distinet points.

Set l; N Cy = {po, p1,p2} and lo N C; = {ps, ps, p5}. Choose a line I3 such that:
1) [ Uly U l3 meets C in nine distinet points and put i3 N C1 = {ps, p7, ps}; 1) p;,
for 1 = 6,7, 8, does not belong to any other line (conic) through two (four or five)
points of the set {po,...,ps}. Put Co ={; Uls Uls.

Fig. 2. — Construction 2.

It turns out that the linear pencil of cubic curves generated by C;
and Cy determines a RES with only two reducible fibers: the first one of
type Io, (Gf | meets @ in two distinct points), or of type III (if [ is
tangent to @), and the second one of type I3, (f lyNlenNil3=0), or of
type IV, (if the three lines [;,7=1,2,3, have a common point), in
Kodaira’s classification. To have a system of generators, take {Py,Ps,
Py, Pg, P7,Pg}, where P is the zero section. The height pairing of this
set is computed as follows:

4 2 2 2
(P3,P3) == ,(P3,P1) =1,(Ps,P7) =5, (Ps,Pg) = 5,(P3,Ps) =3,
3 3 3 3
3 1 4
<P17Pl> :§3<P15P7> = 17<P17P8> = 17<P17P6> :§a<P77P7> :ga
1 1 4 1 5
(P7,Pg) =3 (P, Pg) =§,<P8,P8> :§7<P87P6> =§,<P6,P6> =5
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. . .1 .
The determinant of the corresponding Gram matrix is 6 and as in

Construction 1, it follows that the set {Py,Ps, P1,P7,Ps} generates all the
Mordell-Weil group E(K). O

Construction 3. Let Qp,Q2 be two conics meeting in four distinct points
{po, p1,p2,p3}. Consider now two lines /; and Iy such that: (i) the intersection
points Iy N Q2 = {p4,p5} and lo N Q1 = {ps, p7} are in general position; (ii) the
point pg = l; Nls is collinear to p; and pe. Put C; = I; U Q; for i = 1,2. Then the
linear pencil of C; and Cs has only three reducible cubic curves which are union of
a line and a conic.

Thus the rational elliptic surface S, obtained by the blowing-up of ’? at these
nine points p; for 1 =0, ...,8, has exactly three reducible fibers: these are the
proper transforms of the three reducible cubics; moreover, these are either of
type I, (if the line and the conic in P* meets in two points), or of type II1, (if the
line is tangent to the conic), in Kodaira’s classification. To find a system of
generators, with the same notation as before, take Py as zero section, and the
points {Ps, Pg, P4, P7, P1}. It turns out that:

(P1,P1) = (Pa, P1) = (Ps, Ps) = (Pr, Pr) = 2 (Ps, Ps) = %
(P1, Ps) = (P, Ps) = (Ps, P1) = (Ps, Ps) = (Pr, Ps) = %

(P1,Ps) = (P1,Py) = (P1,P1) = (Py,Ps) = (P4, P7) = 1.

\o

Fig. 3. — Construction 3.

1
Since the determinant of the corresponding Gram matrix is -, these points
{Ps, Pg, P4, P7, P1} generate all the Mordell-Weil group E(K). O
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3. — RES with MW group of rank r = 5.

In this section, we prove that any RES with MW group of rank five can be
obtained from one of the three constructions of the above section via Cremona
transformations. In particular, we get the following

THEOREM 3.1. — Let S be a rational elliptic surface of Mordell-Weil group
E(K) of rank 5. Then S arises from a suitable linear pencil (1.p.) A of cubic curves
in P% More precisely, up to Cremona transformations, we have the following
possibilities:

Q) if E(K) = D}, then S rises from a L.p. A as in Construction 1;
(B) if E(K) = Aj, then S rises from a L.p. A as in Construction 2;
(C)f E(K) 2 D; @ A, then S rises from a L.p. A as in Construction 3.

Proor. — First of all, from [5] and [3, pp. 202-203], we know that S can be seen
as P blown-up at nine points p;,i = 0, ..., 8. Moreover, by [3, (2.9)] we have the
following two properties:

(#) a curve on S is a section if and only if it is a ( — 1)-curve;
(71) there are no irreducible curves C on S with C2 <0 other than the sections
(C? = —1) and the components of the reducible fibers (C? = —2).

Let ¢ : S — % be the blowing-up of P? at the nine points p;,i =0, ...,8 and
denote by A the linear pencil of cubic curves in P? given by the images of the
fibers F of the elliptic fibration f : S — P! by the map o : S — IP%

Having in mind the table of Theorem 1.1 and the above properties (¢) and (i7),
we proceed now with a case-by-case analysis.

No. 1 or THM. (1.1). — Since E(K) = D, it follows from the work of Oguiso and
Shioda that S has only one reducible fiber Fof type I, in Kodaira’s classification,
that is, F = L; ULy ULy ULy such that L2 = —2 for i=1,...,4, Ly -La =
Ly3-Ly=0and Ly-L3 =1Ly -Ly=0Ls-Lg=Ly-L4s=1. Thus, after renumber-
ing, we have the following possibilities for the nine base points p;:

(Ay) all the p;’s are distinet points;

(A2) Pg is infinitely near to Do;

(A3) p7 and pg are infinitely near to po and p; respectively;
(A4) p7 and pg are infinitely near to po;

(A5) Pe, 7 and Pg are infinitely near to py.

Since at least one of the four components L; of the unique reducible fiber F
must be contracted, Case (41) cannot occur.
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In Case (A2), 4 has eight base points, one of which is a double point.
Moreover, A has only one reducible member which is the union of three lines.
This proves that A is as in Construction 1.

In Case (43), 4 has seven base points, two of which are double points, say Do
and p;. Moreover, all the members of the pencil are smooth at its base points
except for the image C on P of the reducible fiber F on S, which s singular at the
two points py and p;.

<(P1)

<(C1)

Fig. 4. — Case (43), where T=c(ly), Q@ = c(lh), Po = e(py) and py = e(ls).

_ Note that, unless for the reducible member C of A, which is the union of a line
I and a conic @ such that N Q = {po,p1}, all the cubic curves have the same
tangents at po and p;. From now on, let us denote by l,,,, := l;; the line through
the points u; and u;. Therefore, it is possible to obtain such a A (see, e.g., Figure
4) from a pencil as in Construction 1 via a Cremona transformation ¢: P2 ——> P?
with base points pq4, ps, ps of Figure 1.

“e () =1

(1)

Fig. 5. — Case (A,), where 1= U, @ = @ and py = (lyp).
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In Case (44), 4 has seven base points, one of which, say Py, is a triple point,
that is, any two members in 4 have intersection multiplicity equal to three at ﬁg
All the members of the penc1l are smooth at its base points except the image C on
P2 of the reducible fiber F on S which is singular at the triple point. Note that Cis
a cubic of 4 which splits into a line Tand a conic Q Then py € n Q and since Py is
a triple point, either [ or the tangent line ¢ of Q at Py is the common tangent to all
the members of A.

c’(C):

(@)
&(©pd)

(e (ae)

),
)

¢”(¢'(lac)

Fig. 6. — Case (A;), where C= ¢’(Q’) and py = (D).

Thus the pencil 4 (see Figure 5) can be obtained from a pencil as in
Construction 1 (see Figure 1) by a Cremona transformation c’: P? ——> P? with
base points p1, pz, pe.

Finally, in Case (45), 4 has six base points, one of which, say Py, is a
point of multiplicity four, that is, any two members in A have intersection
multiplicity equal to four at po The image on P? of the reducible fiber F on
S is a nodal rational curve C with the node in Po; moreover, except for C
all the cubic curves of A have either the same tangents t,t' of C at Do, OF
one of them, say ¢, is a common tangent with suitable multiplicity. Thus
the pencil 4 (see Figure 6) comes from a linear pencil as in Case (44) via
a Cremona transformation ¢”: P?-—>P? with base points ¢'(ps) = A
c¢(p7) =B, c(p3) = C of Figure 5. Summing up, we deduce that A can be
obtained from a pencil as in Construction 1 via a composition of the two
Cremona transformations ¢’ and c”.

This completes Case (A) of the statement.

No. 2 or THM. (1.1). — Since E(K) = A, it follows from the work of Oguiso and
Shioda that S has two reducible fibers: the first one comes from the union of a
line and a conie, while the second one comes from the union of three lines. Thus,
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after renaming, we have the following possibilities for the nine base points of
o:8— P4

(B1) all the p;’s are distinet points;

(Bg) Ps is infinitely near to po;

(B3) pr and pg are infinitely near to po;

(By) P7 and pg are infinitely near to py and p; respectively;

(Bs) p7 and g are infinitely near to po, and pg is infinitely near to ps.

In case (B;) the images of the fibers F of f : S — P! give rise to a pencil A of
cubic curves with nine distinct base points. Since in this case no ( — 2)-curves of S
are contracted by ¢ : S — IP%, the pencil 4 has only two reducible members, say
Co (union of three lines) and C; (union of a conic @ and a line ). Note that any
section of S does not meet the fibers at singularities. Therefore, all the members
of A are smooth at the nine base points, and since Cs have to contain the nine base
points, the pencil A is forced to be as in Construction 2 (see Figure 2).

Case (Bz). We can have two possible configurations for the images of the fibers
of the elliptic fibration: ) 4; is a pencil of cubic curves with a reducible member,
say C1 (union of three lines), and an irreducible cubic, say Cz, singular at the base
point Dy of the pencil; i7) A5 is a pencil with a reducible member, say D, (union of a
conic and a line), smooth at the base points of A and a reducible member, say Ds
(union of a conic and a line), which is singular at the base point py.

Fig. 7. — Case (By)i), where gy = c(p3), @1 = ¢(ps) = c(l), g2 = e(po), g3 = ¢(ps), g1 = c(ly5),
¢ = e(p2), g6 = e(pr), gr = cls6).

In case 1), the pencil A; can be obtained from that of Construction 2 (see
Figure 2) via a Cremona transformation c: P> ——> P2 with base points p1, s, ps
(see Figure 7).



ON RATIONAL ELLIPTIC SURFACES WITH MORDELL-WEIL GROUP OF RANK FIVE 373

Fig. 8. — Case (By)ii), where gy = c(los), g1 = ¢(p2), g2 = ¢(p3), g3 = clog), qa = e(p7), 5 =
c(p1), g6 = ¢(ps), g7 = e(pa).

In case 7), the pencil A3 can be obtained from Construction 2 (see Figure 2) by
a Cremona transformation ¢: P2 ——> P2 with base points p, pg, ps (see Figure 8).

In Case (B3), the pencil 4 has seven base points, one of which, say Do, is a
triple point. Moreover, A is a pencil with a reducible member, say C/1 (union of a
conic Q/1 and a line l'l), smooth at all the base points p; of 4, and an irreducible
member, say C,, singular at the base point py.

Fig. 9. — Case (B3), where Q| = ¢'(y,), [} = ¢(L1), Cy = ¢'(3,) and By = ¢'(qu).

Such a pencil 4 (see Figure 9) can be obtained from the pencil of Case (By)it)
by a Cremona transformation ¢’: P* ——> IP? with, e.g., the base points ¢1, g2, g5 of
Figure 8. Thus by a composition of two Cremona transformations c and ¢’ we see
that A can be obtained from Construction 2.
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e(c(ls)) il N

RECO)

c'(e(l2))

C‘(lq3q7)

\(e(l))

)

6

¢ lge) ™, ¢ (elpn)

Fig. 10. - Case (By), where Q| = c'(c(l)), I} = ¢(c(3), Cy = (cQ)), Do = €(c(l)),
P = ().

Case (By). In this case the images of the fibers F of the elliptic fibration
f:8 — P! give rise to a pencil A of cubic curves, with only one reducible
member, say C; (union of a conic @, and a line [;), singular at one, say Py, of
the base points of 4 and an irreducible member, say C,, which is singular at
p1- In this case the pencil has seven base points, counted without multi-
plicity. Then such a pencil 4 can be obtained from the pencil of Case (B2)(7)
(see Figure 7) by the Cremona transformation ¢’: P> ——> P? with, e.g., base
points q2,qs,q7. Thus the pencil 4 can be obtained from the pencil of
Construction 2 by the composition of the two Cremona transformations c
and ¢ (see Figure 10).

e 3’ i
1 ! o,

7@ Ly)

) 5 \c"\(lm) ¢(C(12))

Fig. 11. — Case (Bj), where C; = ¢(€(1)), Ca = (€(1)), Po = (L)), P = €(€(qu).
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Case (Bj). In this case the images of the fibers F' of the elliptic fibration
f : 8 — P! giverise to a pencil A of cubic curves whose elements are allirreducible.

Such a peneil has two special members: the first, say C1, is singular at p;, and it
meets all the other members of the pencil at p1 with multiplicity 2; the second one,
say Cs, is singular at py, and it meets all other members of the pencil with multi-
plicity 3 at py. In this case A has six base points counted without multiplicity and it
can be obtained (see Figure 11) from a pencil as in Case (B3) by a Cremona
transformation ¢”: P? ——> P2 with, e.g., base points c(ly,q,) =@, €(lgq) =,
¢'(q7) = c (see Figure 9). Therefore, by a composition of three Cremona transfor-
mation (¢, ¢ and ¢”), the pencil A can be obtained from a pencil as in Construction 2.

This leads to Case (B) of the statement.

No.3orTHM. (1.1). — Since E(K) = D;; & A}, fromthework of Oguiso and Shioda
we deduce that S has three reducible fibers F';, 7 = 1,2, 3, which come from the union
of a line and a conic. Note that in this case there are at most three ( — 2)-curves
mutually disjoint. Moreover, the components of each reducible fiber are non-sin-
gular with intersection in two points (possibly infinitely near). Therefore, after re-
numbering, we get the following possibilities for the nine base points:

(Cy) all the p;’s are distinet points;

(Cy) ps is infinitely near to po;

(Cs) Py and pg are infinitely near to py and p; respectively;

(Cy) Dg, p7 and Pg are infinitely near to po, p1 and P2 respectively.

In Case (C), we see that A4 has nine base points and it contains only three
reducible members C; = I; U @;, where [; is a line and Q; is an irreducible conic for
1=1,2,3. The points p; of the blowing-up are the base points of the pencil A.
Moreover, the points where ; meets @; are disjoint from all the p;’s, since the
sections do not intersect the fibers at singularities. Finally, note that we can have
only four cases for the reducible fibers F';,2 = 1,2,3, on S and the corresponding
members [; U Q; of A: (a) F; are all of type Iz and [; meets @); in two distinct points
fore = 1,2, 3; (b) after renaming, F'y is of type I with [y meeting €, in two distinct
points and the other fibers F; are of type II1 with [; tangent to Q; for ¢ = 2,3; (¢)
after renaming, F; is of type III with [; tangent to @; and the other fibers F; are
of type I with [; meeting @; in two distinct points for 1 = 2, 3; (d) F; are all of type
IIT and [; is tangent to @; for ¢ = 1,2, 3. This proves that A is as in Construction 3.

In Case (Cs), we have that A4 has eight base points, one of which, say py, is a
double point. In this situation, if 1 = ©y U O, is a reducible fiber, one component
of F'1, say 0, is contracted to a point giving as image either (j) a rational cubic
curve with a node in py if ©y and @; meet transversally, or (jj) a rational curve
with a cusp at pg if ©y and @, are tangent. Note that we can obtain (j) from (a), (b)
or (c) of Case (Cy) (see, e.g., Figure 12) by the Cremona transformation
c: P2 ——> P? whose base points are p, ps, ps as in Construction 3, where I, and Q;
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meet in two distinct points (see Figure 3). By a similar argument, it is not
difficult to see that (jj) comes from (b), (c) or (d) of Case (C;) by a Cremona
transformation whose base points are p1, ps, ps as in Construction 3 (see Figure 3),
assuming now that the line [; is tangent to the conic Q).

c(p7)
e L e(Qy)

/ Qn‘C(lnX
c(lss) c(ps) /
—————0"

«(Q2)=Q

71 = e(pa)

cly) / ‘
Fig. 12. — Case (Cy)(j), where py = c(l1s).

In Case (C3), 4 has seven base points, two of which, say po and py, are distinct
double points on P2, In this situation, only one component of two distinct reducible
fibers, say F'y = @BD U @51) and Fy = @5)2) U @gz), is contracted to a point giving as
image in P for each fiber F;, i = 1,2, either a rational cubic curve with a node at
(orpy)if @(()i) and @gi) meet transversally, or arational curve with a cusp at po (or p1) if
@f? and @gi) are tangent. Also in this case, one can easily see that all the configura-
tions obtained come from those of Case (C2) by a suitable Cremona transformation.

- ellis) = 8

c’(e(lag)) =n
®

C’(lql)q‘.’) =B

CQ=Q

1 ¢’(Igoq1) =€ -
o o Gai) =

T @) =Q
c'()

Fig. 13. — A situation of Case (C3) in which F; and F; have as image in P? two rational
cubic curves with a node at p, = ¢ and p; = ¢ respectively.
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E.g., the situation of Case (Cs) in which F; and F have as image in P? a
rational cubic curve with a node at py and p; respectively (see Figure 13), can be
obtained from the pencil of Figure 12 by a Cremona transformation ¢’: P2 ——> [P
with base points qg, q1, ¢2. Thus, by the composition of two Cremona transfor-
mations ¢ and ¢, it is possible to obtain A from a pencil as in Construction 3.
Therefore, in a similar way, one can see that it is possible to obtain all the si-
tuations of Case (C3) from the cases (a), (b), (¢c) and (d) of (C;) by the composition
of two Cremona transformations.

Finally, in Case (Cy), 4 has six base points, three of which, say p; fori = 0,1, 2,
are distinct double points on P%. Note that for all the three reducible fibers
F; = @é U @i3i = 1,2,3) of S, only one component is contracted to a point giving
as image in P2 for each fiber F; a rational cubic curve with a node in p;_; if @f) and
6! meet transversally, or a rational curve with a cusp at p; ; if @) and &' are
tangent for i = 1,2, 3.

c”(Q)

Fig. 14. — A situation of Case (C,) in which all the F; (i = 1,2, 3) have as image in P?
a rational cubic curve with a node at py= ¢’(e), p1 = ¢’(6) and p» = ¢”(ly)
respectively.

In this situation, one can see that all the configurations obtained come from
those of Case (C3) via a Cremona transformation. E.g., the case of (Cy) in which
all the F; (@ = 1,2, 3) have as image in P? a rational cubic curve with a node at Di1
(see Figure 14), can be obtained from the pencil of Figure 13 by a Cremona
transformation ¢”: P2 ——> P? with base points a, £, y. So we can conclude that by
the composition of three suitable Cremona transformations ¢, ¢’ and ¢”, it is
possible to obtain all the pencils A of Case (Cy) from a pencil as in (a), (b), (c) and
(d) of Case (C).

This gives Case (C) of the statement. O
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4. — Appendix to the case r = 8.

We know that a Rational Elliptic Surface (RES) with Mordell-Weil (MW)
group of rank eight arises from a linear pencil of cubic curves on I’ supported on
nine distinct points in general position (that is, no three on a line and no six on a
conic). It is well known, see [4] and [7], that if we choose one of them as zero
section (in the sense of the point in E(K) corresponding to the exceptional curve
of the blown-up at the point on P%), the group generated by the other eight is of
index three in E(K). On the other hand, the geometry of the base points of the
pencil gives us a great number of points in the Mordell-Weil group for which is
really simple to compute the height pairing. Such points are the proper trans-
form of the lines through two of the nine base points (these are exactly 36), and
the proper transform of the conic through five of the nine base points of the
pencil (these are exactly 126). It turns out that for a suitable choice of the points,
it is quite easy to find a system of generators for F(X). In what follows, we give a
proof of this fact. With abuse of notation, we do not distinguish between ex-
ceptional curves on S and points in E(K).

PROPOSITION 4.1. — Let S be the RES arises from a linear pencil of cubic
curves supported on nine distinct points in general position on P say p; for
1 =0,..,8 Set P; the exceptional curve of the blown-up at p;. Fix Py as zero in
E(K). Let [ be the proper transform of the line through py and p;. Then the set
{P,..., Pr, 1} is a system of generators for the MW group E(K).

ProOF. — The heigh pairing of the set {Py, ..., P71} is computed as follows:

(P, P) 2, i:j;< ) 2, fori=1,..,6;
YR, i Y, i=T

The sublattice generated by {P,...,Pg} with [ = Pg is of finite index in E(K)
and it has the Gram matrix A = ((P;,P})), ., . Since det A =1, from [7,
Theorem 10.4 (i)], and the equation (2), it follows that this sublattice is actually
the full Mordell-Weil group E(K). |

(1,1 = 4.

REMARK 4.1. — By Theorem 3.1, Proposition 4.1 and the results of [3], we have
a complete description of all RES with MW group of rank r > 5.
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