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On the Variational Inequality and Tykhonov Well-Posedness
in Game Theory

C. A. PENSAVALLE - G. PIERI

Abstract. — Consider a M-player game in strategic form G = Xy,....Xu,91,---,9u)
where the set X; is a closed interval of real numbers and the payoff function g; is
concave and differentiable with respect to the variable x; € X;, forany i =1,..., M.
The aim of this paper is to find appropriate conditions on the payoff functions under
which the well-posedness with respect to the related variational inequality is
equivalent to the formulation of the Tykhonov well-posedness in a game context. The
idea of the proof is to appeal to a third equivalence, which is the well-posedness of an
appropriate minimum problem.

1. — Introduction.

Consider a M-player game G = (X1,Xz,...,Xy,91,92,.-.,9u) Where, for
any fixed ¢ € PL = {1,2,3,..., M}, the strategy space X; is a nonempty closed
interval of real numbers.

M
Let X = J] X; be the set of multistrategies and x = (x1, %2, ..., xy) € X.

=1
The behavior of the i-th player is described by the action on X of the function
¢; which measures his payoff, associating with any multistrategy x« a real
number g;(x).
Denote by —i the set PL — {i}. Therefore, X = X_; x X; with X_; = [[ X; and

for any x € X then x = (x_;, ;) where x_; € X_; and x; € X;. J#i
M
Consider u = (uy,up, . .., uy) € R, the norm |u| =5 |u;| and the usual
scalar product (-, -) ;. =1

In this paper, for any 7 € PL, assume:

(1) The property of continuity on X for the function g;;
(2) The property of concavity for the map u — g;(x_;, u);
Jg;(x)
axi ’
(4) The existence of a positive constant H such that g;(x) < H, for any
x e X.

(3) The existence of the derivative

for any x € X
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91 99 89M> the operator acting on X such that

L F=—"—
et note < I Ty

_ (9g1(x) Oga(x) Ogy () M
F(x)_(axl 9 8902 ] 59011/1 )GR °

and write the variational inequality related to the game G as follows:

M

(1.1 (Fo),u— )y =Y

i=1

0g;(x
89@

(u; — ;) <0, for any u € X.

See [9] and [2] for a complete presentation of variational inequalities and [7] for
the formulation in a game context.

Remember that a multistrategy w is a Nash equilibrium for the game G when
the following two conditions occur:

1) we X,
@) gi(w) > g;(w_;,u;), for any u; € X; and 7 € PL.

Note NE(G) the set of the Nash equilibria for the game G.

From now on suppose NE(G) nonempty and remember that because of the
assumptions expressed above, w € NE(G) if and only if w is a solution of varia-
tional inequality (1.1). See [7] and [11].

For any ¢ > 0 define the set:

1.2) T ={rxecX/(F@),u—x), <écu—wx, forany u € X}

and denote the diameter with diam 7'(¢).

DEFINITION 1.1. — The well-posedness of the game G with respect to the var-
1ational inequality (1.1) (VI-wp) is defined as follows:

1) T(e) # 05
2) ling diam 7T'(e) = 0.

See [11] for the above definition and [8] for the first formulation of well-po-
sedness with respect to the variational inequality.

In order to extend the concept of Tykhonov well-posedness in a game context,
let us recall the classical formulation.

Let Y be a set endowed with a convergence structure and ¢:Y — R be a
function. Consider the problem of minimizing ¢(x) subject to « € Y. Denote this
problem with (Y, ¢).

DEFINITION 1.2. — The Tykhonov well-posedness of the minimum problem
(Y, @) is defined as follows:
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(1) There exists a x* € Y such that (x*) < ¢(x), forall x € Y;
(2) for any sequence x,, € Y with lilll d(x,) = p(x*), then lir+n Xy, = X%
N——+00 N—-+00

See [13] and [5] for an in-depth on well-posedness.
For any ¢ > 0, define the set:

Ly(e) = {w € Y/¢(w) < Inf ¢u) + ¢}

and note the diameter with diam L(e).
According to Furi and Vignoli [6] the following statements are true:

(1) The Tykhonov well-posedness of (Y, ¢) implies lina diam Ly(e) = 0.

(2) The sequentially lower semicontinuity and the loi;er boundedness of ¢, the
completeness of Y and the fact that lim diam Lg(e) = 0 imply the Tykhonov well-
posedness of (Y, ¢). 0

Remember that a sequence x, € X is an asymptotically Nash equilibrium
(@-NE(®)) if sup {g:((@_;)p, ;) — gi(x,)} — 0, for any 7 € PL.

x;eX;
We are now ready to formulate the concept of Tykhonov well-posedness in a

game context.

DEFINITION 1.3. — The Tykhonov well-posedness (T-wp) of a game G is de-
fined as follows:

(1) NEG) = {x*};
(2) every a-NE(Q) sequence converges to x*.

See [4] and [10].

Relate to the game G the function f: X — [0, + co) defined as follows:

M
p@) = (i) — gi(x)), where li(x) = sup gi@@_;, ).
=1 ueX;
For any & > 0 let Ly(e) = {x € X/p(x) < e}.
The following proposition states a characterization of Tykhonov well-posed-
ness in a game context.

ProposITION 1. — Let NE(G) be nonempty. The following facts are equi-
valent:

1) the game G has the property T-wp;
(2) the problem (X, ) has the property of Tykhonov well-posedness;
3) 1i116 diam Lg(e) = 0.
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ProOOF. — By Proposition 3.1 in [11], § is lower semicontinuous, in}f( px) >0
and f(w) = 0 if and only if w € NE(G). e
Therefore:

(1) & (2) follows by remark 2.1 in [12];
(2) & (3) follows by the Furi-Vignoli result stated above. O

See [1] and [3] to characterize the Nash equilibria of a game with a scalar
function.

The following sets of conditions are determinant to establish the field of ap-
plicability of our main result. The first set identifies a class of games for which the
well-posedness with respect to the variational inequality implies the Tykhonov
well-posedness.

Dgie!) _ Dgi)|_

CONDITIONS 1. — (1) There exists K >0 such that <
8967; 8902

Klx' —&"| for any «',&" € X and i € PL;
@) Fix 1€ PL, if X; =(—00,b;] or X; =[a;,b;] or X; =[a;, +00), then
391‘(90_?‘75@') <0 and 0g;(x_

i a’i)
> 0.
ox; ox; -

Observe how condition (2) prevents the possibility for any component of the
equilibrium to be known a priori.

Instead, the second set identifies a class of games for which the Tyhkonov
well-posedness implies the well-posedness with respect to the variational in-
equality.

2.
CONDITIONS 2. — (3) Fori € PL the functionz — ° 92(”;) is well defined on X;
. . ' 02g:(x)
(4) There exists a positive number 6 > 0 such that ) < — 9, for any
Ly

reX

With the aim of clarifying the consistency of these conditions, it is useful to
consider the following game which satisfies both sets of conditions but does not
have anyone of the well-posedness properties considered.

ExamMpLE 1. — Consider the 2-player game G = (X1,X3,091,92) where
X1 =X; =R and ¢i(x) = g1(x1, ) = ga(@) = go(w1,x2) = — (&1 — x2)”. Let us
verify that G has both sets of conditions.

The functions g; act continuously on X and are bounded from above by zero.
They are differentiable and concave. As well as

Igr(@)  O0ga (") dga(a)  Oga(”)

< 2 !l
0x1 0x1 0% oxe |~ | v

<2|a—«"| and
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Since the points (a,a) € NE(G) for any a € R, then G does not have the
T-wp property.
Fix ¢ > 0. The point (21, x2) € T(e) if and only if for any (u,v) € R?

((— 21 — a2),2(2c1 — x2)), (U, V) — (®1,22))g <& U —21 | +e|v—222].

Since the points (a, a) € T(¢) for any a € R, then G does not have the VI-wp
property. O

Now we are ready to state our main result.

THEOREM. — Under Conditions 1 and 2 on a game G, the VI-wp is equivalent
to the T-wp.

Section 2 of this paper deals with the proof of: VI-wp implies T-wp, when the
first set of conditions apply. Instead, section 3 deals with the proof of: T-wp
implies VI-wp, when the second set of conditions apply. Section 4 presents a final
remark.

2. — VI-wp implies T-wp.

First of all we need to state the Ekeland Optimality Principle, see [1].

EKELAND OPTIMALITY PRINCIPLE. — Let (X, | - |) be a complete metric space,
the function 4:X — [0,+00) continuous and i,y positive constants. If for
any x € X

x) < inf I(u) + Au,
ueX

then there exists y € X such that: 9(y) < Nx); |x —y| < 4 and for any z € X
Ay) < I@) + plz —y|.

Fix x in X and define the function X 3 v — J,(v) as follows:
M
Se0) = =Y gi@ ).
J=1
LEMMA 2.1. — Let x be in X and fix ¢ > 0. The following facts are true:
M
1) ) = sup Y (gi@ i, u;) — gi());
X -1

the function 9, is continuous; if f(x) < ¢ then

(2.2) Ipa) < irel)f( Sp(u) + &.
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PrOOF. — By definition f(x) > Z(gl(m_@,w) g;(x)), for any u; € X; and
1 € PL. Therefore,

plx) > SUPZ(!L(% i ui) — 9i(@)) .

ueX
Vice versa, fix ¢>0 and for any i€ PL let v; €X; be such that

e
9i@_i,v) > 1; — i Then

M M
> i, v) — gi@) > > Ui@) — gi@) — & = fla) — .
i-1 =1

This means that

sup Z Gi@w_i, ) — gi(@)) > B@) —&.

MEXll

By the arbitrariness of ¢ the result (2.1) is proven.
Let y = (y1,¥e, - .., ym) and z = (1,22, ..., 2y) be two arbitrary points of X.
Then

| oY) — Su2) | =

M M M
i@ z) = > g y)| <Y | git_iz) — g,y | -
= i i1

By the continuity of g;, the function J, is continuous.
Fix x in X, then

Bx) = sup Z Gil@-i, wi) — gi(@) = sup Zm (@i, u) + Z (—gi(w_i, @)

ueX 1 i=1

= sup (— Gp(w)) + Gp(x) = Jp(@) — irg)f( Sp(u).

ueX
Being f(x) < ¢ the result (2.2) is proven. O

LEMMA 2.2. — Fix e > 0 and x € Lg(e). Under Conditions 1 there exists y € X,
with |y —x |< Ve, such that y € T(K + 1) v/e).

ProOF. — By equation (2.2), if f(x) < ¢ and . = u = /¢ then we can apply the
Ekeland Optimality Principle to the function J,. Since &,(x) < inf 9,(u) + ¢,
there exists y € X such that | y —  |< /¢, S(y) < J.(x) and e

for any 2z in X.
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Fix 1 € PL and h in R. In (2.3) let 2 be the point (y_;,y; + k). Then
SeW—iy ) < S _isyi + )+ Ve | Wi, y) — W_inyi + h) |,
i, i + 1)+ Sy i, y) < Vel k|,

> g y) + gy B = g y) — g y) < Vel k|,
J# J#

GiY_isyi +h) —9iy_i,y) <Vel|h| .

Considering & > 0, there are three possible different situations.

FIRST CASE. — Let y; + 1 € X; and y; — h ¢ X;. Then

9i(@_;, y; + h}z —9i(@_i, y:) < .

Due to the arbitrariness of # and by condition 1.2, we have

0gi(x_i, yi)
2.4 <L 7L .
2.4) 0< on = Ve

SECOND CASE. — Let y; + h ¢ X; and y; — k € X;. Then, by similarity,

9@ i, Yi — f)h— 9:(_i,Y:) > V.

Due to the arbitrariness of % and by condition 1.2, we have

0g:i(x_i, yi)
) > LTIV > e
2.5) 0> o, > /e
THIRD CASE. — Let y; + h € X; and y; — h € X;. Then,
2.6) Ve BV

By (2.4), (2.5) and (2.6) there exists y € X with | ¥ — « |< /¢ such that

‘591(901, Yi)

< e
ox; < Ve

for any ¢ € PL. Therefore, by condition 1.1 it follows:

a . 8 Y_i, i 8 .x_.7 . a ..%-_.’ .
%Z;y) (i — ;) = |: gz(gxz. Yi) _ gz(axz. yz)](ul )+ gl(awl_ yz)(
09:y—i,y)  0gi(x_i, ) 0gi(@—,y;)
< _ o Tyt g C
— ‘ awi axl | ul yl ‘ + 89€L | ul y’t |

ui — Y;)
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wi — i | +ve | ui—y; |

< 990,y _ 9gi@_i,y:) |
- ox; ox;

<K | Wiy — @_yy) 1w — i | +Ve | wi — i |
<Kl|ly—al|lu—yi|+Ve|wi—yi |<E+Dvelu —y|,

for any u; € X; and ¢ € PL.
Adding with respect to 1:

M
GORTSIEDS

=1

09:(y)
6907;

(w; — )

M
S(K+1)\/52|%‘—%|:(K+1)\/5|“_?/|7
1=1

for any u € X. That is y € T((K + 1)/e). O

The following is the proof of how under Conditions 1, the VI-wp implies the
T-wp, which is a straightforward application of the two lemmas and the
Proposition 1.

Let S # () be a subset of R and for any p > 0 define

I(p,S)={peRM/|u—p|<p, for some u € S}.

Fix ¢ > 0 and x € Lg(e). By Lemma 2.2, there exists a point y € X such that
|2 —y |< eand y € T((K + 1)v/e). Therefore, x € I(/e, T(K + 1)y/¢)) and

2.7 Ly(e) C I(Ve, T(K + 1)V/e) .

By definition, the property of well-posedness with respect to the variational
inequality implies that diam T'(¢) — 0 and by (2.7), diam Lg(¢) — 0. Therefore, by
Proposition 1, the game G has the property of T-wp.

3. — T-wp implies VI-wp.

Let us fix 0<e < 6 and prove that 7'(e) C Ly(Me).

Our assumption that NE(G) is nonempty, implies 7'(¢) is nonempty as well.

Let x be an element of this set and fix ¢ € PL. If u € X is such that u; = x; for
j # 1, then for any u; € X; by (1.2) and the concavity of g; we have

9gi(x)
(9967;

gil@e_i,ui) — gi(e_s, x;) < (wi —w) <elu;—a;|.

As a consequence,

sup {9i@_i,u) — gi(w_,2)} <e.
w;eX; and |u;—a;|<1
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Proceeding by contradiction, let sup {g;(x_;,u;) — gi(x_;, 2;)} > &. Then there
w;€X;
exists v; € X; such that |v; — a;| > 1 and
(3.1 9i(@_i,vi) — gi(@w_i, ;) > ¢.

By hypothesis, there exists ¢; between x; and v; such that

0g;(x_;, ;) 1 82g;(x_;, c;)
B2 gilw_i,vi) = gilw_i, ;) + %Tzl(w —@)tg géT;gl W; — ;) .
By equations (3.1), (3.2) and condition 2.4 we have
0g;(x_;, ;) 1 &%gi(x_i, c;)
e<gi(@_i,vi) — 9i(x_i, ;) = %Tzl(w —@) ty W W; — ;)"
1
Selvi—ai| =50 v~ 2.
Let a be the positive number such that | v; — x; |= 1 + a. Then
o1 + ay’ o oa? ¢ e
P _Z_ 7 _ <edeq — = _
e<el+a) 2 e+ ea 57 % oa < e+ e 575 ea<e

which is a contradiction. Therefore, for any « € T(¢) and 0<e < 0
L) — gi(w_;, ;) <e.
Adding with respect to i, we have f(x) < Me. This means x € Lg(Me) and
3.3) T(e) C Lg(Me).

By the Tykhonov well-posedness of G, Proposition 1 and (3.3) we have the
VI-wp of the game.

4. — Remark.

In this section we present a game which does not verify condition 2.4, with the
property T-wp and without the property VI-wp.

ExaMpLE 2. — Consider the 2-player game G = (X1,X3,01,92) where

-1 -1
X: =Xo =1[1,400), g1(x1,x2) = L and go(x1, 22) = 4 . The related

function /3 is defined as follows: “ 2

xo—1 x;—1
Blacy, @) = =2 +2 -

Ly L2

902—1+901—1
L1 X2

Therefore, the game G has only one Nash equilibrium point.

Now f(x1,x2) =0 if and only if =0 which is (x1,22) = (1,1).
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By Proposition 1, the fact that this game has the property of T-wp, it is
equivalent to say that (X, ) has the property of Tykhonov well-posedness. This is
what we are going to prove now.

Let ((x1),, (®2),,) € X be a sequence such that

. IR (mZ)n -1 (gcl)n -1 _
N lm G = lim (C2mt CE ).

We must verify that lir}rl ((@1)y, (®2),,) = (1,1). Being the space X in question
N——+00
[1,4+00) x [1,+00) this is equivalent to prove that

max lim ((x1),, @z),) = (1, 1).
Let ((x1)g, (w2)r) be a subsequence of ((w1),, (x2),) with

klirf ‘((961)1“ (@) = H}iﬁliom (@), (@2)y) -
There are four different cases to consider.

CASE 1. — klim (e, (2)r) = (I, m), where [,m > 1. In this case,
—+00

lim (@), (@2)p) = lim
k—+oc0 k

—+00

((%z)k—1+(901)k—1>:WL—1+Z—1‘

(@) (@2, l m

_1+l__1:0,thatism:landl:1.
l m

By (4.1) we have mn

CASE 2. — klim (g, (@2)r) = (I, +00), where I > 1. In this case,
—+00

lim ((Wz)k_1+(xl)k_1):+oo

b—too \ (@1 (2

which is not compatible with (4.1).

CASE 3. — klim ((@D)k, (@2)r) = (+ oo, m), where m > 1. In this case,
—+00

lim ((Wz)lc -1 n () —1 ) — too

k—+oo \ (@1 (2)x

which is again not compatible with (4.1).

CASE 4. — klir+n (1), (2)) = (+ 00, 4+ 00). In this case, let (1), (x2);,) be a

subsequence of the sequence ((x1);, (2);), wWith

. (96‘2);,, -1 Lo (@) —1
lim —~—— = minlim —~—

>0
h—+00 (acl)h k—+00 (xl)k
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and

lim ———
h—+oo  (2)y, k—+oo (2

By (4.1), we have:

0= lim (W’C BRI 1): min lim ((”2)’“ R Y, 1)

b—too \ (@1 (2 k—-+00 (1) (@2
> min lim @) — 1 + min lim @1y — 1 >
k—too (1) k—toc  (X2)g
Therefore,
(o) —1 omin Jim (@) —1 0
h—too (X)) k—too (X1
and
(@)p =1 mmin lim () —1 _
h—too  (X2)) koo (2
Finally,
lim (1), = + oc; lim (2), = + o0
h—-+00 h—+-00
and

m(xz)h—l_o, I (xl)h—lzo

h—+00 (96‘1)h ' h—-+00 (xg)h

These conditions are incompatible. Therefore, G has the property T-wp.

Let now show that the game G does not have the property VI-wp.
Fix 0<e<1 and choose 0</ <& Consider the point (x1,x2) = (7 ah.
Therefore,

< (891(11, 27 9g07107h

1441
T . >,((u,v)—(/1 A ))>2

= (7 =D2,0T = DB, -2 v =),
(R oy o W (T Ry IR /Ay o (T ) W N ¢y 1 (YR

<Adu—i"t+iv=t<e|u—2t | 4e|v—AT1,
for any (u,v) € X7 x Xo.
Hence, (171,271 € T(e) and diam T'(e) = +oo. O
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At the moment, the authors do not have available a significant case of a game
which does not verify Conditions 1, with the property VI-wp and without the
property T-wp.
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