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Bollettino U. M. 1.
(9) IIT (2010), 267-279

Transversally Pseudoconvex Foliations

GIUSEPPE TOMASSINI (*) - SERGIO VENTURINI

Dedicated to Aldo Andreotty

Abstract. — We consider real analytic foliations X with complex leaves of transversal
dimension one and we give the notion of transversal pseudoconvexity. This
amounts to requive that the transverse bundle Ny to the leaves carries a metric {4;}
on the the fibres such that the tangential (1,1)-form Q = {1;004; — 20;04;} is po-
sitive. This condition is of a special interest if the foliation X is 1 complete 1i.e.
admits a smooth exhaustion function ¢ which is strongly plusubharmonic along the
leaves. In this situation we prove that there exist an open neighbourhood U of X in
the complexification X of X and a non negative smooth function u : U — R which is
plurisubharmonic in U, strongly plurisubharmonic on U\X and such that X is the
zero set of u. This result has many tmplications: every compact sublevel X, =
{xr € X : ¢ <c} is a Stein compact and if S(X) is the algebra of smooth CR functions
on X, the restriction map S(X) — S(Xc) has a dense image (Theorem 4.1); a
tramsversally pseudoconvex, 1-complete, real analytic foliation X with complex
leaves of dimension n properly embeds in C*"*3 by a CR map and the sheaf S = Sy
of germs of smooth CR functions on X is cohomologically trivial.

1. — Introduction.

In this short note we consider real analytic foliations X with complex leaves of
transversal dimension one and we give the notion of transversal pseudo-
convexity. This amounts to require that the transverse bundle Ny to the leaves
carries a metric {/;} on the the fibres such that the tangential (1,1)-form
Q = {};004; — 202;0;} is positive (cfr. Section 3). This condition is of a special
interest if the foliation X is 1 complete i.e. admits a smooth exhaustion function ¢
which is strongly plusubharmonic along the leaves. In this situation we prove the
following result (see Theorem 3.1): there exist an open neighbourhood U of X in
the complexification X of X and a non negative smooth function % : U — R whis
is plurisubharmonic in U, strongly plurisubharmonic on U\ X and such that X is
the zero set of u. This result has many implications. First of all it allows us to

(*) Supported by the project MURST “Geometric Properties of Real and Complex
Manifolds”.
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prove that every compact sublevel X, = {x € X : ¢ < ¢} is a Stein compact and,
denoting S(X) the algebra of smooth CR functions on X, the restriction map
S(X) — S(X;) has a dense image (Theorem 4.1). Then, arguing as in the in the
complex case, we show that a transversally pseudoconvex, 1-complete, real
analytic foliation X with complex leaves of dimension n properly embeds in C#**3
by a CR map (Theorem 4.4). Finally, under the same hypothesis for X, in
Theorem 5.1 we prove that the sheaf S = Sy of germs of smooth CR functions on
X is cohomologically trivial.

2. — Preliminaries.
2.1 — g-pseudoconvex foliations.

We recall that a foliation with complex leaves of dimension n and real co-
dimension d is a smooth foliation X whose local models are subdomains
U; = V; x B;j of C" x R? and coordinates transformations are of the form

2 = fi@r, )
1) 7
t = gjk(tk)
where fix = (fi. i)y Gk = @) -- -, g%) are smooth maps and fj, is holo-

morphic with respect to z;. If we replace R? by C? and we suppose that f and &
are holomorphic we get the notion of holomorphic foliation of (complex) codi-
mension k. A domain Uj; as above is called a distinguished coordinate domain of
X and z}, . ,z}’, t]l, .. ,t;l distinguished local coordinates.

S = Sx denotes the sheaf of germs of smooth CR functions (i.e. smooth
functions which are holomorphic along the leaves) on X and Sy = Sy x CS the
subsheaf of those germs which are constant on the leaves; both are Fréchet
sheaves. If X is a real analytic foliation then, by definition, O’ = O is the the
sheaf of germs of real analytic CR functions on X.

Given a subset C of X we denote Csx) the envelope of C with respect to the
algebra S(X).

A morphism or CR map F : X — X' of foliations with complex leaves is a
smooth map preserving the leaves and such that the restrictions to leaves are
holomorphie.

A smooth function ¢ : X — R is said to be strongly q-pseudoconvex (along the
leaves) if the restriction of ¢ to any leaf is g-pseudoconvex i.e. its Levi form has at
least n — q¢ 4+ 1 positive eigenvalues.

A foliation X with complex leaves is said to be strongly q-pseudoconvex if X
carries a smooth exhaustion ¢ : X — R™ which is strongly g-pseudoconvex out-
side a compact subset K C X, 1 < g < n + 1. In particular, X is said q-complete if
K = . We denote by X, the sublevel {x € X : ¢ < c}.
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2.2 — Complexification.

A real analytic foliation with complex leaves can be complexified. There exists
a holomorphic foliation X of codimension d with a closed real analytic CR-em-
bedding X — X. In order to construct X we consider a covering by distinguished
domains {U; = V; x B ;} and we complexify each B; in such a way to obtain do-
mains U in C" x C?. The domains U; are patched together by the local holo-
morphic transformatlons

@) { Zj :Ek(zk, %)

T = gjk(fk)

obtained complexifying the variable %, = (t}c, . ,tg) by 1t =t + 0, Or =
O, ...,00 in fy, and gy, (cfr. 1).

REMARK 2.1. — If X is real analytic Levi flat hypersurface in a complex
manifold Z then Z and X are biholomorphic along X.

In [3, Theorem 2] is proved that if X is ¢-complete with a smooth exhaustion
function ¢ then every sublevel X, = {x € X : ¢ < ¢} has a fundamental system of
neighbourhoods in X which are (¢ + 1)-complete complex manifolds.

Let X the complexification of X. Then the structure cocycle of the (holo-
morphic) transverse bundle Ny (to the leaves of X) is

3) Og(a) _ 07 ot

8Tk al'k az‘i '
Let zj, 7; holomorphic coordinates on U and let 0; =Im<z;. The we have
0; = Imgj.(z;.) on U N Uk and consequently, since Img;; = 0 on X,

d
B o
(4) 0 =>"yilo]
$=1
where y;;, = (y/;“;) is an invertible d x d matrix whose entries are real analytic
functions on U; N Uj.. Moreover, since gj; is holomorphic and gj.x = gj; is real,
we also have Yiex = Ok /Ot

3. — Tranversally pseudoconvex foliations.
Let X be a foliation with complex leaves of dimension % and real codimension

d = 1, Ny the transverse bundle to the leaves of X. A metric on the fibres of Ny is
an assignement of a distinguished covering {U;} of X and for every j a smooth
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map /1;-) : Uj — (0, + 00) such that

Denoting 0 and 0 the complex differentiation along the leaves of X the local
tangential form

_ 0 = o o 400N — 2005 NOK
(5) Q =200log /; — dlog A; NOlog A; = /103
J

actually is global. The foliation X is said to be tranversally pseudoconvex if
Q>0.

More generally, the foliation X is said to be tranversally q-pseudoconvex if a
metric on the fibres can be chosen in such a way that the hermitian form asso-
ciated to 2 has at least n — g + 1 positive eigenvalues.

REMARK 3.1. — Transverse g-pseudoconvexity is a strong condition. For in-
stance assume ¢ = 1 and that X is transversally pseudoconvex. Then, due to the
fact that the functions gj;; do not depend on z, wy = {90 log /1?} andn = {0 log /1?}
are global tangential forms on X; moreover wy is positive and exact, wy = dn, so on
each leaf wy gives a Kihler metric whose Kéhler form is exact. In particular no
positive compact complex subspace is present in X.

REMARK 3.2. — A real hyperplane X in C", n > 2, is not transversally pseu-
doconvex. Indeed, assume n = 2 and let X CC? be defined by v =0, where
z = & + 1y, w = u + v are holomorphic coordinates. Transverse pseudoconvexity
of X amounts to the existence of a positive smooth function A = A(z,w), (z,u) € CZ,
such that

Az — 237 > 0.
Consider the function /7. Then

1 20hP -
i = Tzz <0

A
so, for every fixed u, the function /! is positive and superharmonic on C,, hence
it is constant with respect to z: contradiction.

Every domain DcX = C? x R, which projects over a bounded domain
D, c C* is strongly transversally pseudoconvex. Indeed, it sufficient to take for 1
a function x~! o = where y is a positive superharmonic on Dy and 7 is the natural
projection C* x R, — C,.
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ExamPLE 3.1. — Let XCC? x R, be the smooth family of n-balls of C,
z="(21,...,2,) , w = u+ iv, defined by

v=0,
|z — a(u)[* < b(w)?

where a = a(u) is a smooth map R — C", b = b(u) is smooth from R to R and
|a(w)|, |b(w)| — + o0 as |u| — 4 oo. X is strongly transversally pseudoconvex with
function

1

b(w)? — |z — a(u)?

Mz, u) =

and 1-complete with exhaustion function 4 = ¢.
We want to prove the following

THEOREM 3.1. — Let X be a real analytic foliation with complex leaves of
dimension n and real codimension d = 1, X the complexification of X. Assume
that X is transversally pseudoconvex. Then there exist an open neighbourhood U
of X in X and a non negative smooth function u : U — R with the following
properties

D X={xecU:uk) =0}
i) u is plurisubharmonic in U and strongly plurisubharmonic on U\ X.

Proor. — Let us assume first » = 1. Keeping the notations of subsection 2.2
let y;; be the cocycle defined by (4) and £ the line bundle associated to y;;; £ which
extends Ny on a neighbourhood of X. Let {i})} be a metric on the fibres of Np;

{)79} is a smooth section of the line bundle N;* so it extends by a smooth section of
E;? giving a metric {4;} on the fibres of E.

Now consider on X the smooth function u locally defined by A]HJZ- (where
7; = t; + i0,); u is non negative and positive outside of X. Drop the subscript and
compute the Levi form L(u) of u. We have

L@)(&,n) =AEE + 2Re(BE) + Crij
(6) — 7, 20°EE + 2Re{(4zl” + i2,0)T}
+ (Al + 120 — 1220 + 2/ 2)i7.
Then
7) C=1/2+0p
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and
(8) AC — |B* = 0 )z — 2|2.]%) + 6%

where y and ¢ are smooth function. Observe that C > 0 when 6 is small enough.
The coefficient of 6% in (8) is nothing but that of the form /%Q so, being X strongly
transversally pseudoconvex, L(u) is positive definite near each point of X and
strictly positive away from X. It follows that there exists a neighbourhood U of X
such that u is plurisubharmonic on U.

Assume now that n is arbitrary. Then we need to prove that given

= (e &) A0 (Gr. . Eun) # 0 and 0 £ O then
ig=1 =1
+ Oel? +12:0 — 1220 + 2/207 > 0

if 0 is small enough.
If £ =0then #+# 0 and

Lu)(0,7) = Qz0Pi4:0 — 1220 + 2/2)n7 > 0.
If & # 0 then ¢; # 0 for some j. Performing the change of variable given by

i

S

2= wi+Lw 1A,
&= W

we have the equality

and hence
LQu)(E, 1) = hoy P& + 2 Re { (el + i, 007}
+ (gt + 1520 — 3220 + 1./ 2)ijij.
The same argument given in the proof of the case n =1 yields the desired

result. O

REMARK 3.3. — In view of (6), the Levi form L(u) at a point of X is always
positive in the transversal direction #.

THEOREM 8.2. — Let X be a real analytic foliation with complex leaves of
dimension n and real codimension d = 1, X the complexification of X. Assume
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that X is transversally pseudoconvex and 1-complete. Then for every compact
subset K C X there exist an open neighbourhood V of K in X, a smooth strongly
plurisubharmonic function v : V. — R* and a constant ¢ such that

Kc{v<einXcVnX.

PrROOF. — Let ¢:X — R" be an exhaustion function, strongly plur-
isub}larmonic along the leaves and a sublevel X, of ¢ such that K C X,. gonsider
UcX, w:U—R" as in Theorem 3.1 and the function v =au + ¢ where
¢: U — R is a smooth extension of ¢ to U and a a positive constant. Then, in
view of Remark 3.3, it is possible choose a in such a way L(v)(x) > 0 for every xin a
neighbourhood V of X, ¢ <c'. Thus, in order to end the proof, it is sufficient to
take ¢ = c. O

REMARK 3.4. — The stament of Theorem 3.2 holds if X is a transversally
pseudoconvex 1-complete real analytic Levi flat hypersurface of a complex
manifold Z (cfr. 2.1).

4. — Applications.

4.1 — Stein bases and a density theorem.

Let X be a smooth foliation with complex leaves of dimension n and real
codimension d. Let S(X) be the algebra of the CR functions in X. The
S(X) — envelope of a subset C of X is the subset

Cso = {x € X : |f@)] < [|If]le,¥f € SX)}.

C is said to be S(X) — convex if C = GS(X)- R
The foliation X is said to be S(X) — convex if the S(X)-envelope Kgx) of a
compact subset K C X is also compact.

THEOREM 4.1. — Let X be a real analytic foliation with complex leaves of
dimension n and real codimension d = 1, X the complexification of X. Assume
that X is transversally pseudoconvex and 1-complete and let ¢ : X — R™ be a
smooth function displaying the 1-completeness of X. Then

i) X, has in X a Stein basis of neighbourhoods;
ii) for every c € R the restriction map

S&X) — S(Xe)

has a dense 1mage.
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PRrOOF. — In view of Theorem 3.1 we may suppose that X = {u = 0} where
u: X — [0, + o00) is plurisubharmonic and strongly plurisubharmonic on X'\ X.

Let U be an open neighbourhood of X, in X. We apply Theorem 3.2 with
K = X.: there exists an open neighbourhood V c U of X, in X, a smooth strongly
plurisubharmonic function v : V. — R" and a constant ¢ such that

X.c{v<elnXcVnX.

It follows that for ¢ > 0 sufficiently small W = {v<c} N {u<e} cV cU is a Stein
neighbourhood of X..

In order to prove ii) it is sufficient to show that for every ¢ € R a CR function
on a neighbourhood of X, can be approximated in the C* topology by smooth CR
functions on X.

Let f be a smooth CR function on a neighbourhood V of X, in X, c¢<¢/, such
that X, C V. For everyj € N define B; = X,; and choose a Stein neighbourhod
U; of B; such that B; has Uj,; a fundamental system of open neighbourhoods
W;cU;41 N U; which are Runge domains in Uj, ;. Since By is the zero set of u the
O(Uy)-envelope of By is compact and contained in X N Uy (cfr. [4, Theorem
4.3.4]), so we may assume that By is O(Uj)-convex. Let || - H(k) be a C*-norm on B.
Then, in view of the approximation theorem of f Freeman (cfr [2, Theorem 1.3]),
given ¢ > 0 there exists f € O(Uy) such that ||f f||(k) <e&. Now, for every j > 1
take W; such that W; is a Runge domain in Uj,; and a holomorphic function
FEO(U ) satisfying

1Py —FI5 <e/2, IFy = Byl <o/2*
the C* function
+ 00
g=F1+> (Fia—Fj)
=1

is CR on X and ||g — f]|% < 2e. O
0

The construction performed in the proof of Theorem 4.1 gives, in particular,
the following approximation theorem that will be used later.

THEOREM 4.2. — Let X be a real analytic foliation with complex leaves of
dimension n and real codimension d =1, transversally pseudoconvex and 1-
complete, X the complexification of X. Let K an S(X)-convex compact subset of X.
Then every function f € OK) can be approximated uniformly on K by functions
m SX).

ProoF. — In view of Theorem 3.1 we may suppose that X = {u = 0} where
u : X — [0, 4 o0) is plurisubharmonic and strongly plurisubharmonie on X\ X.
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Let ¢: X — R" be a smooth function displaying the 1-completeness of X and
¢ € R such that K X.. In view of Theorem 4.1 we may assume that f is holo-
morphic on a Stein neighbourhood U.c U of K such that X, c U, and U. N X is
holomorphically convex with IA{UC cU.NX. Moreover, since the image of the
restriction map

ok, — SU.nX)
is everywhere dense and K is S(X)-convex, we have
K = I?S(X) = KUE

so K is O(U,)-convex. The classical approximation theorem for holomorphic
functions (cf. [4, Corollary 5.2.9]) now implies that fx is approximated by func-
tions in S(U, N X) whence by functions in S(X). O

4.2 — An embedding theorem.

Let X be a foliation with complex leaves of dimension » and real codimension
d. Denote S(X) the algebra of the CR functions in X. We say that X is a Stein
foliation if
i) S(X) separates points of X;
ii) foreveryxy € X thereexista CRmapf : X —
iii) X is S(X)-convex.

"% wwhichis regular at x;

We also denote by
CRX; CN) = S(X)™N cC™(X; CN)

the set of all smooth CR maps X — CV. Endowed with the induced topology
CR(X; M) is a Fréchet space.

THEOREM 4.3. — A transversally pseudoconvex 1-complete real analytic
foliation X of real codimension d = 1 is Stein.

Proor. — It is a consequence of Theorem 4.1. Indeed, let ¢ : X - R"bea
function displaying the completeness of the complexification of X. Given x,y € X
consider a sublevel X, of ¢ containing x,y and a Stein neighbourhood U CX
containing X, (cfr. Theorem 4.1, i)). Then there exists a function f € O(U) such
that f(x) # f(y). In order to conclude the proof of i) it is sufficient to approximate
f‘z (cfr. Theorem 4.1, ii)). The proof of ii) is analogous: given x € X, we take ho-
lomorphic functions fi, . .., f,+1 in U giving a local biholomorphism at xy and we
approximate f; ARERE foi1 X, by global CR functions. Finally, consider a compact

subset K of X and let KcX,. Consider UcX and u:U — [0, 4+ c0) plur-
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isubharmonic such that X = {« = 0} (cfr. Theorem 3.1). Arguing as in Theorem
3.2 we can construct a sequence Qg, 21, ... of Stein open subsets of X with the
following properties:

1) Q,>Xey,, v=01,...

2) Q,NQ, 1is Rungein Q, ; and 2,, v=1,2,....

Denoting K_Q the envelope of K with respect to the algebra O(Q,) we have

9) IA{QV o KS(XQQ\,)
(cfr. [4, Theorem 4.3.4]) and
(10) ]A(Q‘, = KQ‘DQM v=0,1....

(cfr. [4, Theorem 4.3.3]). On the other hand, in view of the approximaxion theo-
rem (cfr. Theorem 4.1) we have

(11) KS(X) NXery = IA{S(XQQ‘,)-
Now (9), (10), (4.3) imply
kS(X) NXe, = IA{S(XQQ“) CI?Q‘, = IA{Q‘nQO

which is a compact subset of X N €. This prove that X is (X)-convex. O

We want to prove the following

THEOREM 4.4. — Let X be a real analytic foliation with complex leaves of
dimension n and real codimension d =1. Assume that X is transversally
pseudoconvex and 1-complete. Then X embeds in C*** as a closed submanifold
by a CR map.

Let X be a complexification of X. We may assume that X is the zero set of
nonnegative pluriharmonic function % B X — [0, + 00). Every compact subset K
of X has a Stein neighbourhood V in X so, using again the approximation the-
orem (cfr. Theorem 4.1) we can extend to X the classical preparatory lemmas for
the embedding of Stein manifolds (cfr. [4]):

a) for N largethereis F' € CR(X; CNywhich is regular and one-to-one on K

b) if F € CR(X; CMyand N > n + 1 then F(K) has (Lebesgue) measure 0;

¢ if F=(Fy,...,Fyp) € CRX;CN*Y N >2n +2, is a regular map
on K then, for a = (ay,...,an) € CN outside a set of measure 0,
F=F —aiFn.1, ..., Fn — ayFyy1)is aregular one-to-one map on K

d) thesetofall F € CR(X; CY)which do not give a regular map of X — ¥
is of the first category if N > 2n + 1);

e) thesetofall F' € CR(X; Ny which do not give a regular one-to-one map
of X — C¥ is of the first category if N > 2n + 3.
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Let fi,...,fy € S(X) such that
P:{xeX: m|<1,j:1,...,N}CX.

P is said to be a CR-polyedron of order N.

1) IA{SQO = K and W is a neighbourhood of K in X, then there exists a
CR-polyedron P of order 2(n + 1) such that Kc PcW.

PrOOF OF THEOREM 4.4. — The proof runs as in [4, Theorem 5.3.9] thanks
to Theorem 4.2. In view of Theorem 4.3, X is S(X)-convex. For every
F € CR(X; C*"*3) we set |F(x) = max |F(x)|. According to e) above there

exists a one-to-one regular CR map G : X — C%*3, In order to construct a
CR embedding as in Theorem 4.4 it is sufficient to find F € CR(X; C%"*3)
such that

(12) Q={recX:|F@)|<m+|Gw|}cX

for every m € N.

In order to construct such an F' we fix an exhaustion sequence {K; } of X
by S(X)-convex compact subsets and a sequence {P } . of polyedra satlsfylng
K;CcP;jcKj+1 for every j € N. Let

M; = sup |G].

It is then sufficient to construct F € CR(X; (23 satisfying
(13) |F| > kin Py1\Pg

for all k € N. Let P, be defined by £*,....f3) ;. Then

0 <1 ®) <1
max| fi7] <1, max || <
For every fixed a € N let D* denote any derivative of order < a on X and set

F(k) (akf ®ym: where 1< ay. and my, € N. We can choose a;, and my, in such a
Way to have forl1<j<2n+1)

max |[DFFP| <27%,
Py 7

It follows that the functions F,. .., Fou11)

o (k)
Fj:kz;Fj
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are CR and satisfy
(].4) max |F]| > M1+ k.
bP,

In order to prove that (14) holds on Pj1\P; i.e. (12) we apply Theorem 4.2.
Indeed, let

A= {2 € Pyaa\Py : Lmax | [FjQ)] <My + k}

Bi={zePp: max |Fj@|<Mpo+k}.
1<j<2(n+1)

By (14) Ay, By, are compact disjoint sets and the S-envelope of 6‘k of C, = A, UB,
is contained in Kj.s, so Cy = A UBj UB), where B CX\Pj;. By virtue of
Theorem 4.2 the function which is 0 on B, U B}, and a large constant on A, can be
approximated by functions in S(X), so arguing as before we construct a sequence
of functions

5. — Cohomology.
In this section we will prove the following

THEOREM 5.1. — Let X be a real analytic foliation with complex leaves of
dimension n and real codimension 1. Assume that X is 1-complete and trans-
versally pseudoconvex. Then

HX,S)=0
for every r > 1.

PRrOOF. — Let us point out the main steps of the proof.
We denote ¢: Z — R" the function displaying the 1-completeness of X and
set X, = {¢<c} NX, ¢ € R. Then we have the following:

a) H'(X,,S) = 0 for every »r > 1,¢c € R".

Indeed, in view of Theorem 4.1, X, has in Xa Stein_ basis of neighbourhood_s.
Let U such a neighbourhood and we may assume that X, is connected and U \ X,
has two connected components U+, U~. Let O* denote the sheaf of germs of

holomorphie functions on U* smooth up to U N X extended by 0 on whole U.
Extending S by 0 we get an exact sequence of sheaves

0—0—0ta0” 55—
Since U is Stein we obtain the isomorphism
HUYO)aH'(U ,0)=2H(UNX,S)

for r > 1.



TRANSVERSALLY PSEUDOCONVEX FOLIATIONS 279

Then, an 7-cocycle ¢ with values in S on a neighbourhood of X, is represented
as a difference w* — @~ where o* is a d-closed form on U+ smooth up to X. In
view of Kohn’s theorem (cfr. [5]), w* = dy* with #* smooth on V* up to X
(X.cVecU,V open), so ¢ is an r-coboundary.

B) For every ¢ € R™ there exists ¢ > 0 such that the natural homomorphism
HX...,S) — H(X,,S)

is onto for » > 1.
Since ¢ is strongly plurisubharmonic along the leaves of X the “bump lemma”
of Andreotti-Grauert applies [3, Lemma 1].

) a) and f5) together give
H(X.,S)=0
for every r > 1, ¢ € R, and then, by a classical argument we get
H'X,S)=0
for every » > 2.

0) Finally, the vanishing of the first group H(X, S) is proved, again by a clas-
sical argument, taking into account the density theorem (cf. Theorem 4.1). O
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