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A Remark on the Stability of the Determinant
in Bidimensional Homogenization

FERNANDO FARRONI - FRANCOIS MURAT

Abstract. — For conductivity problems in dimension N =2, we prove a variant of a
classical result: if a sequence A* of matrices H-converges to A® (or in other terms if A®
converges to A in the sense of homogenization) and if det A® tends to c° a.e., then one
has det A® = ¢,

1. — Main result and comments.

A classical result in bidimensional homogenization of conductivity problems is
the following:

THEOREM 1.1. — Let Q be a bounded open subset of R? and let A* be a sequence
of matrices of M(a, B, Q) which H-converges to a matrixz A°. Assume that

detA® =1.
Then
detA’ = 1.
This result is a direct consequence of Theorem 1.3 below.

The aim of this note is to prove the following slight variant of Theorem 1.1:

THEOREM 1.2. — Let Q be a bounded open subset of R? and let A® be a se-
quence of matrices of M(a, , Q) which H-converges to a matrixz A°. Assume
that

(1.1) detA® — ¢ ae. inQ,
where ¢ is a function in L>(Q). Then det A° = c°.
The proofs of Theorems 1.1 and 1.2 are strongly related to the following

result which traces back to Dykhne [3] and Keller [5], and whose proof can be
found e.g. in [4], [7], [8] or [12].
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THEOREM 1.3. — Let Q be a bounded open subset of R? and let A¢ be a sequence
of matrices of M(a, 8, Q) which H-converges to a matrixz A°. Then
A g A°
2 )
det Az det A0

More in general, if a,b,c € R are such that bc > o and if R is the matrix
associated to the rotation of angle 7/2 in the plane then

(1.2)

(@A? + DR)( — al + cRA) ™ L (aA® + bR)( — al + cRA®) .

This result is proved in [2], [8] and [12] and generalizes Theorem 1.3, which
corresponds to the case where a = 0 and b = ¢ = 1, since
‘A

“1tp _ 2x2
RA R_detA VA € R

One of the key ingredients of the proof of Theorem 1.2 is following result.

THEOREM 1.4. — Let Q2 be a bounded open subset of RN with N > 1 and let A
be a sequence of matrices of M(a,p, Q) which H-converges to a matrixz A°.
Assume that b° is a sequence of measurable functions such that

(1.3) m < b(x) <M aex € Q,
where 0 < m < M < 400 and

(1.4) bt — b ae inQ.

Then

brAr L AL,

2. — H-convergence.

This section is concerned with the definition of the H-convergence. In the
context of symmetric matrices the notion of H-convergence coincides with the
notion of G-convergence defined in [11] (see also [10]).

DEFINITION 2.1. — Let a and ff be real numbers suchthat 0 < a < ff < 400 and
let Q be a bounded open subset of RY, with N > 1. We say that a N x N matric A
belongs to M(a,p,Q2)ifA € (L”(Q))N N and satisfies

(2.1) A@éE > aléf  aexeQ  vEeRY,
(2.2) A @ > P aexe Ve RN

A sequence of matrices A® of M(a, 8, Q) is said to H-converge to a matriz A° of
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M(a, B, Q) if. for every f € H-1(Q), the solution u’ of the problem

—div ADu? = in D'(Q),
w € HYQ),

satisfies

{ u® — ul in Hy(Q) weakly,
ADuf — A'Du®  in (LAQ)N weakly,

where u° is the solution of the problem

—div A°Du’ =f in D'(Q),
u® € HY(Q).

In this case one writes
H
AP AL

Observe that, in view of (2.1), the matrix A(x) is invertible a.e. so that A~1(x)
exists and is measurable. Observe also that taking { = A(x)¢ in (2.2) one has

(2.3) |A(x)é| < PIE] ae.xe Q vée RN

The following fundamental compactness result, due to Murat and Tartar [9]
and to Spagnolo [11] in the context of G-convergence, explains the interest of
Definition 2.1.

THEOREM 2.1. — Let a and f be real numbers such that 0 < a < ff < 400
and let Q be a bounded open subset of RY, with N > 1. Any sequence of
matrices A* of M(a, f, 2) admits a subsequence which H-converges to a ma-
triz AY of M(a, B, Q).

3. — Proofs.
Proor oF THEOREM 1.4. — We divide the proof in two steps.

STEP 1. — Assume first that, further to (1.3) and (1.4), one has
(3.1) b e CHQ), b’ e Cl(@), b —1b° in CH(Q) strongly.

We claim that in this case the sequence b*4¢ H-converges to b°A, i.e. that for
every f € H-1(Q), the solution %* of the problem

(3.2) { —div(b*A*Du®) = f  in D'(Q),

w € H(Q),
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satisfies
e _ .00 : Hl (9]
(33) {u U in Hy(Q),

beA*Dut — B°A°Du®  in (LA(Q )Y,
where « is the solution of the problem
(3.4) —div(b’A°Du’) = f in D'(Q),

’ u® € HY(Q).

Actually it is sufficient to prove this result for f € L?(Q). To this end, we
observe that

(3.5) —div(b*A°Du’) = —b°div(A°Du’) — A*Du’Db?,
where b*div(ADu?) € H Q) is defined by
(b*div(A*Du?), v) = (div(A*Du’), b*v) Yo € H(l)(.Q).

(Note that b*v € H{(Q) for every v € H}(Q) when b® € C'(Q); this proves that the
distribution b¢div(A¢Du?) is well-defined as an element of H1(Q).)
Set

_f +AI}DuIIDb1)
= 7{)8 .

&

Since #* is the solution of the problem (3.2), the sequence % is bounded in H (1,(.(2).
We can assume that (up to a subsequence) u* converges to u in H, (1)(9) weakly for
some u € H{(Q).

Since A* € M(a, 5, Q), from (2.3) it follows that A°Du* is bounded in L?(Q).
This proves that ¢° is bounded in L?(Q) and that (up to a subsequence) g* con-
verges to g in L?(Q) weakly for some g € L*(Q).

We now observe that u* is the solution of the problem

—div(A*Du?) = ¢¢ in D' (Q),
u® € Hy(Q).

Since A¢ is assumed to H-converges to A° and since ¢¢ converges to g in L3(Q)
weakly (and therefore in H~1(Q) strongly), we deduce that (up to a subsequence)

(3.6) A*Du? — A°Du in (L3(Q )N weakly,
where u is the solution of the problem

—div(A’Du) =g in D'(Q),
@7 {u € HY(Q).
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In view of (3.6) and of the strong convergence (3.1), we have

g _ LA DuDY

(3.8) =

Similarly to (3.5) we have, since b° € C}(Q),
—div(0°’A°Du) = —b°div(A°Du) — A°DuDb°,

so that (3.7) and (3.8) imply that « is the solution of the problem
—div(b°A°Du) = f in D'(Q),
u e H}](Q).

This implies that u coincides with «° defined by (3.4) and that the convergences
(3.3) hold for the whole sequence ¢; indeed, we do not have to extract any sub-
sequence since the limits u, A’Du and g are uniquely defined.

We have proved the result of Theorem 1.4 when hypothesis (3.1) holds true.

STEP 2. — We now prove the assertion in the general case, i.e. when only (1.3)
and (1.4) hold true. In view of Theorem 2.1 we assume that (up to a subsequence)
the sequence of matrices b°A° of M (am, pM, Q) satisfies

(3.9) par L po,

for some BY of M(am, M, Q).
Extend b* and b° to the whole of RY by

bia) =) =m  veeRM\Q

Let ps be a mollifier and let b * ps be the convolution of b* and p;. Since for 6 > 0
fixed we have

b % ps — b % ps  in CH(Q) strongly,
the result of the first step proves that for every J > 0 fixed

(3.10) (b % py) AF L (00 % py)AL.

On the other hand, since the sequence A¢ is equi-bounded in L>°(Q) (see (2.3))
we have

(3.11) |°A% — (b° * ps)A°| < 95,
where 5 is the function defined by

Vo = BIb® = (0 % py);
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for every ¢ > 0 fixed. Hypothesis (1.4) implies that
(3.12) % — ) ae. inQ,
where 7Y is the function defined by

(3.13) 75 = BIb° — @ py)l,

for every ¢ > 0 fixed. Then (3.9), (3.10), (3.11), (3.12) and Theorem 3.1 in [1] imply
for every ¢ > 0 fixed

(3.14) 1B — (0 % py)A°| < 9.

The fact that b° % p; tends to b° a.e. as J tends to zero, (3.13) and (3.14) imply then
that B = °A°. This concludes the proof of Theorem 1.4. O

PrOOF OF THEOREM 1.2. — Define b* = 1/ det A%. In view of hypothesis (1.1) the
sequence b* converges to b = 1/c a.e.in Q. Applying the result of Theorem 1.4, the
sequence b*A¢ H-converges to b’A° = A°/c’. Since here the dimension is N = 2,
Theorem 1.3 implies that (1.2) holds. Since the H-limit is unique, it results that
AY/c® = A%/ det A°, and therefore ¢ = det A°. This proves Theorem 1.2. O
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